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Clustering with Bandit feedback Problem (CBP)

Bandi learning proocol

Consider a mul-armed bandi wih N arms. Each arm a ∈ {1, . . . , N} is associaed wih a
muldimensional mean-vecor µa ∈ Rd (wih d possibly large).

For each me sep t = 1, . . . , T ,
chooses an arm At ∈ {1, . . . , N} (based on he passed observatons)
receives Xt wih mean µAt

and σ-subGaussian noise (e.g., Xt ∼ N (µa, σ
2Id))

Hidden paron assumpon

We assume ha here exiss a hidden paron G∗ o [N ] ino exacly K non-empy groups,
such ha all arms in he group G∗

k share he same mean-vecor Λ(k).

Objecve: clusering in he PAC-setng

Given a prescribed probabiliy δ ∈ (0, 1), he objecve o he learner is o recover exacly
he unknown partton of he arms. She collecs observaon unl some me T , a which
she is condence enough o consruc a paron Ĝ equal o G∗ wih high probabiliy (up o
permuaton of he groups).

An algorihm A is δ-PAC i or any environmen ν , PA,ν(Ĝ ∼ G∗ up o permuaton )> 1− δ .

Objecve: minimizing he budge spen

The perormance o a δ-PAC algorihm is mesaured by is budge T (by E[T ] or ‖T‖∞) – as
he number o samples colleced o consruc Ĝ.

For an environmen ν , we dene wo quanes, he minimal gap ∆∗(ν) = mink ”=k′ ‖Λ(k) −
Λ(k′)‖, and he balancedness θ∗(ν) = mink |G∗

k|
N . We denoe as E(∆, θ) as he amily o envi-

ronmen such ha ∆∗ > ∆ and θ∗ > θ.

Our main conribuon is in showing ha he complexiy o he problem is characerizing by
he ollowing quany:
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Figure 1. In his illusraon, N = 5, K = 3, d = 2, ∆∗ = ‖Λ(1)− Λ(3)‖ and θ∗ = 1/5. Based on X1, . . . , Xt−1, he
algorihm chooses At = 5 and observes Xt cenred on µ5 = Λ(2).

Algorithms

Algorihm 1: Sequenal Represenave Iden-
caon (SRI)
Inpu: δ,∆, θ
Resul: S a se o arms
Pick randomly a0 ∈ [N ] ;
Se S = {a0}
µ̂a0, µ̂

′
a0
← empirical_mean(a0, nmax) ;

/* Estimate µa0 */
for u = 1, . . . , U do

Sample uniormly a random au ∈ [N ]
for s = s0, . . . , r do

µ̂au, µ̂
′
au
← empirical_mean(a0, n02s) ;

/* Estimate µau */
if minb∈S〈µ̂a − µ̂b, µ̂

′
a − µ̂′

b〉 ≤ ∆2

2 hen
Break ; /* reject au */

if s = r hen /* if au passed all
tests */

S ← S ∪ {au} /* Add au to S */
µ̂au, µ̂

′
au
← empirical_mean(au, nmax)

/* Estimate µau */

if |S| = K or budge > Tmax hen
Break /* Terminate u loop */

reurn S /* Return a set of
representatives */

Algorihm 2: Acve Disance-based Classier
(ADC)
Inpu: δ,∆ and S = {b1, . . . , bK}
Resul: Ĝ a paron o he arms
Compue I = T ∗/N and J = T ∗/K
for j ∈ [K ] do

µ̂(j), µ̂′(j) ← empirical_mean(bj, J) ;
/* Estimate the centers */

ĝ(bj) ← j

for a ∈ [n] \ S do
µ̂a, µ̂

′
a ← empirical_mean(a, I) ;

Compue
ĝ(a) ∈ argminj=1,...,K

〈
µ̂a− µ̂(j), µ̂′

a− µ̂′(j)
〉

; /* Classify arm a */
reurn {ĝ(1), . . . , ĝ(n)} /* Return a
clustering */

Algorihm 3: Acve Clusering Bandis (ACB)
Inpu: δ,∆, θ
Ŝ ← SRI(δ/2,∆, θ) ; /* Alg 1 */
reurn Ĝ = ADC(δ/2,∆, Ŝ) ; /* Alg 2 */

Lower bound

We derive a lower bound, combining mehods rom inormaon heory and high-
dimensionnal sascs:

For any algorihm A, any ∆ > 0, θ > 2/N , here exiss an environmen ν ∈ E(∆, θ),
such ha EA,ν[T ] > cT ∗ .

Theorem 1

Upper bound

We inroduce ACB, an algorihmwhich works as a wo sep procedure (describe in he above
column in pseudocode):

1. (SRI): idenying S, a se o arms wih exacly one arm rom each cluser
2. (ADC): esmae he common means o he clusers and classiy he arms wih a

disance-based classier,

Contributions

We answer he ollowing quesons:

1. Can we improve he budge o a simple uniorm sampling sraegy ?
Yes, we provide he ACB Algorihm, a polynomial-me algorihm which ouperorms
he uniorm sampling sraegy.

2. Can we achieve opmaliy ?
Yes, ACB is δ-PAC, and we bound is budge, which maches he lower bound T ∗ in
mos regimes (or θ no oo small, e.g., wih balanced groups).

3. Is here an inormaon-compuaon gap or ACP?
No, here is no compuaonal gap (conrary o he bach setng), ACB is opmal and
compuaonnaly efcien.

Numerical experiments

Figure 2. Comparison o he necessary
budge or ACB and oracle-BOC wih
varying number o clusers. In blue (resp.
orange) he (empirical) budge o ACB†
(resp. ACB) compued wih 100 simulaons.
Algorihm ACB knows ∆, θ, while ACB does
no know ∆ (we use a doubling rick). In
green, he smalles budge or which
oracle-BOC (uniorm sampling ollowed by
kmeans++) makes less han 10% o error ou
o 100 experimens.
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