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CHAPTER 1

INTRODUCTION (VERSION FRANGAISE)

1.1 Contexte et motivations

Un objectif central en statistique moderne et en apprentissage automatique est de retrouver
une structure cachée a partir de données. Alors que 'apprentissage supervisé entraine des modeles
a partir de données annotées, I'apprentissage non supervisé vise a inférer une structure latente
sans acces aux annotations (Berry et al., 2020). Dans les formulations classiques, 1’apprentissage
est typiquement batch : I'apprenante (désignée au féminin dans toute la suite) regoit un jeu de
données collecté a 'avance, en un bloc, et infere la structure cible a partir d’observations passives.

Cependant, dans de nombreuses applications modernes, les données sont collectées de maniere
séquentielle et adaptative, par exemple dans les systémes de recommandation (Zhou et al., 2012;

Lu et al., 2015), ’'expérimentation en ligne comme les essais cliniques adaptatifs (Chow and Chang,
2008), ou 'apprentissage sur des plateformes collaboratives crowdsourcing (Raykar et al., 2010;
Ariu et al., 2024). Dans ces contextes, ou 'apprenante peut adapter sa stratégie d’échantillonnage
au fur et a mesure de la collecte, la ressource clé est le budget d’échantillonnage, c’est-a-dire

le nombre d’observations nécessaires pour retrouver la structure cible de maniere fiable. Cela
motive naturellement une perspective de bandit en exploration pure (Lattimore and Szepesvari,

2020), dans laquelle 'apprenante alloue les échantillons de maniére adaptative pour identifier une
structure inconnue avec une garantie d’erreur controlée.

L’apprentissage actif peut améliorer fortement I'efficacité par rapport a I’échantillonnage passif,
en concentrant les observations sur les parties informatives du probleme. Mais 'adaptation a aussi
un colt : avant d’exploiter des requétes informatives, ’apprenante doit d’abord découvrir ou se
trouve cette information. Cette theése étudie plusieurs problemes d’exploration pure sous cet angle,
en se concentrant sur le compromis entre le colit d’identification de requétes informatives et le
colit de reconstruction de la structure latente. Pour traiter les régimes de grande dimension et de
grande échelle, de plus en plus courants en pratique (Giraud, 2021; Rigollet and Hiitter, 2023),
nous développons une analyse non asymptotique qui capture a la fois les bénéfices et les limites
intrinseques de 1’échantillonnage adaptatif pour 'apprentissage non supervisé.

Plan de l’introduction. Cette introduction est organisée comme suit. La Section 1.2 présente
un cadre général qui couvre I’ensemble des problemes étudiés dans cette these. La Section 1.3
énonce nos questions directrices. Nous concluons par un résumé des contributions, chapitre par
chapitre (Section 1.4), puis par une présentation de la structure de la theése (Section 1.5). Remar-
quez que lintroduction en anglais (Chapitre 2) est une version plus détaillée de cette introduction :
elle contient notamment une revue de littérature détaillée en Section 2.3 et un exemple motivant
de détection de signal en Section 2.5.
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1.2 Apprentissage actif non supervisé
1.2.1 Exploration pure dans des environnements de bandits matriciels

Modeéle de structure latente. Nous étudions des problemes dans lesquels une apprenante vise
a retrouver une structure inconnue Cj, encodée par un modele matriciel latent M € R™*4,

Considérons n objets indexés par [n] = {1,...,n} et d attributs indexés par [d| = {1,...,d}.
Chaque objet ¢ possede un vecteur latent d’attributs M;. € R?, formant les lignes d’une matrice
inconnue M € R™4. La structure inconnue C}; est définie comme une fonction de M. L’objectif
de 'apprenante est de retrouver exactement Cj,, ou a une précision donnée.

Le probléme classique d’identification du meilleur bras en bandits (Best Arm Identification,
BAI) peut étre vu comme un cas particulier, ot C3; est 'indice de I'entrée maximale de M (Au-
dibert and Bubeck, 2010). Plus généralement, la structure latente peut prendre différentes formes
selon le probleme : Cj; est une partition en clustering (Kaufman and Rousseeuw, 2009), un
graphe en détection de communautés (Jin et al., 2021), une permutation en ranking (Saad et al.,
2023), ou un sous-ensemble d’entrées en détection de points de rupture (Niu et al., 2016). Dans
I'identification du vainqueur de Condorcet, Cj, est 'indice de la ligne qui domine toutes les autres
dans les comparaisons deux & deux (Bengs et al., 2021). Dans cette theése, nous étudions plusieurs
problemes relevant de ce cadre. Les Chapitres 3 a 5 portent sur le clustering, ou Cj; est une
partition de [n] en K clusters. Le Chapitre 6 traite de I'identification du vainqueur de Condorcet,
ou Cj, est l'indice de ce vainqueur, c’est-a-dire I'objet préféré comparativement a tous les autres.
Le Chapitre 7 traite de I'identification de multiples points de rupture, ou Cj; est I’ensemble des
positions de rupture de la distribution sous-jacente.

Protocole d’apprentissage séquentiel et adaptatif. Dans l'apprentissage non supervisé
classique que 'on nomme ici “batch”, I'apprenante recoit un ensemble fixe d’échantillons in-
dépendants collectés a priori. Ici, au contraire, elle collecte des observations séquentiellement

et adaptativement : a chaque étape, elle décide quelles entrées observer en fonction des observa-

tions passées. La matrice M est inconnue de ’apprenante, qui y accéde en interagissant avec un
environnement de type bandit (Lattimore and Szepesvéari, 2020).

Nous considérons un environnement de bandit v qui renvoie des observations bruitées des en-
trées de M. A chaque tour, 'apprenante sélectionne des entrées de M, recoit des observations
bruitées des entrées sélectionnées, puis, apres T requétes, produit une estimation C. Nous consid-
érons le cadre fixed-confidence : étant donné un niveau de confiance prescrit 6 € (0,1), I'objectif

est d’assurer une reconstruction exacte, c’est-a-dire ¢ = Cys, avec probabilité au moins 1 — § (ou
une reconstruction exacte a précision fixée au Chapitre 7).

Au temps ¢, elle sélectionne un objet I; € [n] et un sous-ensemble d’attributs J; C [d], puis
recoit Xy = (Xt;)c,-
les attributs (J; = [d]), ou elle observe tous les attributs de I'objet sélectionné ; (ii) sélection des

Nous nous concentrons sur deux cas extrémes : (i) observation de tous

attributs (|.J;| = 1), ou elle n’observe qu’un seul attribut. Des régimes intermédiaires ont également
été étudiés (Ariu et al., 2024), nous ne les considérons pas ici. Conditionnellement au choix I, = i

et Jy = J, X; est tiré selon une distribution inconnue v; ; de moyenne E[X;] = (M, ;) Le

jeJ
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bruit &, = (X¢; — M It’j)je 7, est indépendant des observations passées. Nous notons v; = v; g la
loi d’une observation de ligne complete de l'objet ¢, et v; j = v; (4 la loi d’une observation d’une
unique entrée (7, 7). Apreés 7 € N tours, 'apprenante produit C pour estimer Cy,. Le temps d’arrét
T est une variable aléatoire choisie de maniére adaptative.

Etant donné § € (0,1), I'apprenante vise & retrouver exactement Cj, avec probabilité au
moins 1 —J. Une stratégie m est d-correcte si IP)TB,,((f = Cj3s) > 1 —9. Son budget d’échantillonnage

T=(v,0) est le nombre (aléatoire) de données collectées pendant l’exploration, qui sert de mesure
de performance.

Une stratégie d’exploration pure 7 comporte trois composantes (Kaufmann et al., 2016) : (i)
une régle d’échantillonnage qui choisit (I, J;) selon I'historique ; (ii) une régle d’arrét qui décide

quand s’arréter ; (iii) une régle de recommandation qui produit Ca partir des échantillons. Ces

trois composantes peuvent étre aléatoires ; Pr ,, désigne la loi induite.

Budget d’échantillonnage comme mesure de performance. Dans de nombreuses appli-
cations modernes, I'acquisition d’échantillons est cofiteuse ; le budget d’échantillonnage est donc
une ressource a économiser (Bubeck et al., 2009). L’apprentissage actif peut procurer des gains
substantiels en concentrant 'effort sur les entrées les plus informatives. L’objectif est donc de
minimiser 7;(v,d) tout en garantissant la d-correction. Nous nous intéressons en particulier a la
caractérisation du budget d’échantillonnage optimal, défini comme le budget minimal requis par
n’importe quelle stratégie pour retrouver la structure inconnue avec probabilité au moins 1 — 4.
L’obtention de bornes supérieures et inférieures fines de cette quantité est une question centrale
de cette these.

Notre analyse est non asymptotique : aucun des parametres (n,d,d, ainsi que les quantités
spécifiques au probléme telles que le nombre de clusters K') n’est supposée dominer asymptotique-
ment les autres. Ce point de vue capture les bénéfices de ’échantillonnage séquentiel et adaptatif
dans différents régimes et met en évidence les situations ou 'adaptation devient cofiteuse, en parti-
culier en grande dimension (grand d) ou & grande échelle (grand n). Nous utilisons 7 (v, §) comme
métrique principale de performance. En particulier, nous étudions le budget moyen E [T (v, d)]
et des garanties en quantiles de la forme Py ,(7(v,0) <T) >1— 6.

Le Tableau 1.1 donne une vue unifiée de tous les problemes étudiés dans cette these. Nous
décrivons maintenant chacun d’eux plus en détail.

1.2.2 Clustering actif (CBP)

Dans le probléme de clustering actif (Clustering with Bandit Feedback, CBP) (Yang et al.,
2024; Ariu et al., 2024; Yavas et al., 2025), la structure latente C}; est une partition de [n] en K
clusters : C3y = {Cf,...,Cx}, avec Ci C [n] et U, Ci = [n]. Deux objets i,7" € [n] appartiennent
au méme cluster si et seulement s’ils partagent les mémes distributions d’attributs {I/Z'J}je[ d-
L’objectif de I’apprenante est de retrouver exactement la partition Cj,;. Nous étudions trois vari-
antes du CBP, qui different par le modéle d’observation et les hypotheses sur la distribution du
bruit d’échantillonnage.

Chapitre 3 (CBP paramétrique). L’apprenante choisit adaptativement un objet et regoit
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une évaluation bruitée de tous ses attributs (J; = [d]). Chaque ligne M;. € R? est la moyenne de
v;. Elle choisit I; € [n] et observe X; ~ vy, avec E[X;| = My, .. Le bruit est o-sous-gaussien (o > 0
connu), ce qui couvre les cadres gaussiens et bornés. Introduit dans Yang et al. (2024), ce cadre
généralise le clustering classique dans un cadre séquentiel et adaptatif.

Chapitre 4 (CBP non paramétrique). Dans le chapitre 4, nous étudions une version
non paramétrique du CBP, ot I'objectif est un clustering distributionnel (Dhillon et al., 2004).
Comme dans le cas paramétrique, ’apprenante choisit adaptativement un objet et recoit une
évaluation bruitée de tous ses attributs (J; = [d]). Cependant, aucune hypothése paramétrique
n’est imposée sur les distributions v;. Nous supposons que les distributions sont supportées sur un
espace topologique séparable X' (potentiellement de dimension infinie), de sorte que le modele de
bruit est arbitraire. Nous abordons ce cadre général a I'aide de méthodes a noyau.

Chapitre 5 (CBP avec sélection d’attributs). Au chapitre 5, nous étudions une variante
du CBP paramétrique avec sélection adaptative d’attributs, proche de Ariu et al. (2024). Dans ce
protocole entierement adaptatif, 'apprenante sélectionne a chaque tour a la fois un objet et un
seul attribut (|J¢| = 1). Au temps t, elle choisit I; € [n] et J; € [d], puis observe X; ~ vy, j,, une
évaluation bruitée de My, j, avec bruit o-sous-gaussien. Nous nous concentrons sur le cas a deux
clusters (K = 2).

1.2.3 Identification du Vainqueur de Condorcet (CWI)

Dans le Chapitre 6, nous étudions le probléme d’Identification du Vainqueur de Condorcet
(Condorcet Winner Identification, CWI) dans des dueling bandits (Bengs et al., 2021). Nous con-
sidérons K objets [K], avec une matrice d’environnement Q € [0, 1]KXK. Dans ce cadre, les roles
des objets et des attributs sont symétriques, doncn =d = K.

Pour une paire d’objets (7,7), la quantité @); ; est la probabilité que l'objet i soit préféré a
l'objet j. Au temps t, Papprenante choisit (I3, J;) € [K]* et observe X; ~ Bernoulli(Qy, 7). Par
construction, Q vérifie la relation @); ; = 1 —@Q);;. Cela correspond a des situations ou I’apprenante
n’accéde a ’environnement qu’au travers de comparaisons entre pairs d’objets. La matrice des
écarts est définie par A, ; = Q;; — 3, donc A; j = —A;; (anti-symétrie). La structure inconnue

a retrouver est le vainqueur de Condorcet (Condorcet Winner, CW) : un bras i* € [K] tel que

A« ; > 0 pour tout j # %, ce qui signifie qu’il gagne en espérance contre tous les autres bras.
L’objectif de 'apprenante est d’identifier ¢* avec grande probabilité. On peut voir cela comme une
généralisation de 'identification du meilleur bras (BAI) & un cadre de dueling bandit.

1.2.4 Identification de Points de Rupture Multiples (MCP)

Dans le Chapitre 7, nous étudions le probleme de détection de rupture (Multiple Change Point
Identification, MCP), dans une formulation proche de Lazzaro and Pike-Burke (2025b). Nous
considérons un espace continu d’objets [0, 1]. L’environnement est caractérisé par une fonction
f :[0,1] — R, constante par morceaux, avec m points de rupture en des positions inconnues
0 <z} <- - <uay, <1, les points de rupture étant définis comme les positions ou la fonction
change de valeur. Ainsi, f est constante sur chaque intervalle (z}_,z}], avec = =0 et 2, ; =1,

10
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et présente des discontinuités aux points de rupture. L’apprenante choisit séquentiellement des
points I; € [0,1] et observe X; = f(I;) + &, ou & est un bruit o-sous-gaussien. La structure
spatiale de [0, 1] est une caractéristique essentielle qui distingue ce probléeme du CBP.

Dans ce modeéle continu, la localisation exacte des points de rupture est impossible. A la
place, 'apprenante cherche a localiser les points de rupture avec une précision donnée n > 0, et
une probabilité d’erreur § € (0,1). L’objectif est de construire m estimateurs 21, ..., &, tels que
P (maxie[m] |2 —af| < 77) >1-6.1

Table 1.1 — Résumé des différents problémes et cadres étudiés dans cette these. Ici, CBP désigne
le Clustering actif, CWI I'ldentification du Vainqueur de Condorcet, et MCP I’Identification de
Points de Rupture Multiples. Pour chaque probléeme, nous précisons I’ensemble d’objets, I’espace
des attributs, la structure inconnue, le schéma d’observation, le modele de bruit et ’objectif.

Probleme | Objets| Attributs | Structure | Observation| Bruit Objectif
inconnue / tour
3 CBP [n] R? K clusters un objet, o-sous- | Confiancg
paramétrique (d < 00) tous les gaussien fixée
attributs
4 CBP non [n] X K clusters un objet, arbitraire | Confiance
paramétrique (d < o0) tous les fixée
attributs
5 CBP avec [n] R? K clusters | un objet, un | o-sous- | Confiance
sélection (d<o0) | avec K =2 attribut gaussien fixée
d’attributs
6 CWI [K] / Vainqueur | comparaisons | Bernoulli | Confiance
de par paires fixée &
Condorcet budget
fixé
7 MCP [0, 1] R (d=1) positions évaluation o-sous- | Confiance
(con- des points de f en un gaussien fixée
tinu) de rupture point

1. En introduction, nous nous concentrons sur le probleme de localisation de l'intégralité des points de rupture.
Dans le chapitre 7, nous considérons un cadre plus général ou ’apprenant doit ne produire qu’un sous-ensemble de
N < m points de rupture.

11
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1.3 Questions directrices

Nous sommes motivés par les questions suivantes, qui guident les contributions de cette these.

Question 1. Comment retrouver efficacement une structure inconnue dans des problémes de
bandits matriciels ?

Une part centrale de cette thése est consacrée a la conception d’algorithmes de reconstruction
de structure dans des problemes matriciels de bandits, ainsi qu’a ’analyse de leur complexité
d’échantillonnage. Nos algorithmes partagent un principe commun : ils équilibrent une phase
d’exploration/détection, ou 'apprenante identifie les entrées informatives, et une phase de recon-
struction/certification, ou elle reconstruit la structure inconnue et certifie son estimation. Nous
concevons des stratégies efficaces pour ces deux phases en exploitant la structure spécifique du
probleme, via des inégalités de concentration, du sous-échantillonnage, des schémas de doublement,
de I'élimination séquentielle et 'agrégation de tests d’hypotheses. Nous établissons des garanties
non asymptotiques a la fois en espérance et en grande probabilité.

Question 2. Quels sont les coits incompressibles de la reconstruction de structure ?

Pour chaque probleme, nous établissons des bornes inférieures informationnelles sur la complex-
ité d’échantillonnage de tout algorithme, fournissant une référence d’optimalité algorithmique.
Notre stratégie de preuve consiste a construire des environnements difficiles dans lesquels la re-
construction de structure se ramene a des problémes classiques de test en grande dimension (tests
d’adéquation, détection de signal), puis & appliquer des outils informationnels standards tels que
I'inégalité de Fano ou des inégalités de data-processing. Nous établissons également des bornes
inférieures sur les quantiles en grande probabilité du budget d’échantillonnage, ce qui met en
évidence de nouvelles limites intrinseques de ’exploration pure au-dela des bornes en espérance.

Question 3. Dans quels régimes l’analyse non asymptotique apporte-t-elle de nouveaux éclairages?

Nous développons une analyse non asymptotique qui caractérise la complexité d’échantillonnage
optimale sur I’ensemble des régimes de parametres, et pour tout niveau de confiance §. Alors que
la complexité optimale est souvent bien comprise asymptotiquement (6 — 0), notre analyse met
en évidence la dépendance précise a tous les parametres. Cela est particulierement pertinent dans
les régimes emblématiques de grande dimension (grand d) et de grande échelle (grand n), ot nous
révélons des effets jusqu’ici masqués.

Question 4. Quels sont les bénéfices de lapprentissage actif par rapport a 'apprentissage passif ¢

Nous comparons des stratégies adaptatives a des approches de référence “batch” passives. Pre-
mierement, nous identifions les régimes dans lesquels 'adaptation conduit a une complexité
d’échantillonnage strictement plus faible, et nous quantifions précisément ces gains. Deuxieme-
ment, nous mettons en évidence les bénéfices computationnels des stratégies adaptatives. En
particulier, pour le clustering, nous montrons que les observations séquentielles et adaptatives
peuvent casser la barriére computationnelle (information-computation gap) présente en “batch”,
permettant a des algorithmes polynomiaux d’atteindre la complexité d’échantillonnage optimale.

12
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1.4 Présentation des contributions

1.4.1 Clustering actif paramétrique (Chapitre 3)

Le Chapitre 3 est un travail conjoint avec Alexandra Carpentier 2, Christophe Giraud?, et
Nicolas Verzelen*, publi¢ dans les actes de la conférence Algorithmic Learning Theory (ALT
2025) (Thuot et al., 2025).

Cadre du probléme. Le Chapitre 3 étudie le probleme de clustering actif paramétrique (Clus-
tering with Bandit Feedback Problem, CBP), tel que décrit en Section 1.2. Dans ce probléme,
chaque objet a € [n] posséde un vecteur moyen inconnu j, € R%, et deux objets a,b € [n] appar-
tiennent au méme cluster si et seulement si p, = up. La difficulté du probléme dépend, au-dela de
n, K, d et 02, de la séparation minimale entre clusters et de la proportion d’objets dans le plus
. |Cxl c 1 1 }

A, = min ||u — ¢ 6, = min el —
il —plls e m o <l

Ces deux quantités caractérisent la difficulté du probléme : celui-ci devient plus difficile lorsque

petit cluster :

les clusters sont moins séparés (A, petit) ou lorsque les groupes sont plus déséquilibrés (6. petit).

Borne inférieure. Nous établissons une borne inférieure non asymptotique sur le budget moyen
minimal requis par tout algorithme §-correct sur une classe d’environnements ayant une séparation
minimale au moins égale & A, une proportion minimale au moins égale & 6, et un bruit o%-sous-
gaussien. Dans le cas équilibré 0, ~ 1/K, & des constantes universelles pres, Théoreme 3.3.1

implique que o2 n "
E[T] 2 n+ A2 [nlog <5> +4/dKnlog <5>1 ,

Le premier terme n est le colit incompressible lié a 'observation d’au moins un échantillon par
bras. Le deuxieme terme ng—z log(n/d) correspond au coit de certification de I'appartenance de
chaque bras au bon cluster et apparait méme lorsque les centres de clusters sont connus. Ce terme
domine en faible dimension, lorsque d est petit devant n, et il est optimal dans le régime asymp-
totique 6 — 0 (Yang et al., 2024). Le troisiéme terme Z—;\/dKn log(n/0) capture le cott addi-
tionnel d’apprentissage des centres des clusters en grande dimension et domine dans ces régimes.
Ce dernier terme, dépendant de d, est nouveau par rapport aux analyses asymptotiques telles
que (Yang et al., 2024). Notre preuve requiert une réduction fine du clustering vers un prob-
léeme de test d’adéquation en grande dimension entre gaussiennes de moyennes inconnues, ce qui

constitue une contribution originale de ce chapitre.

Borne supérieure et optimalité. Nous concevons l'algorithme ACB (Algorithme 4), une
procédure en temps polynomial qui est d-correcte. Le Chapitre 3 montre qu’ACB atteint un
budget moyen qui coincide avec la borne inférieure informationnelle a des facteurs logarith-
miques pres pour tout (n, K, d, A, 0, 3d), tout en restant computationnellement efficace — voir le

2. Institut fiir Mathematik, Universitdt Potsdam, Potsdam, Germany.
3. Université Paris-Saclay, Laboratoire de mathématiques d’Orsay, Orsay, France.
4. INRAE, Mistea, Institut Agro, Univ Montpellier, Montpellier, France.
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Théoreme 3.C.1. ACB suit une stratégie en deux étapes :
1. Une phase d’identification de représentants Sequential Representative Identification (Algo-

rithme 2), qui identifie adaptativement un ensemble de K bras représentatifs contenant,
avec grande probabilité, exactement un bras par cluster. Cette phase repose sur du sous-
échantillonnage adaptatif et agrégation de tests d’adéquation en grande dimension.

2. Une phase de classification Active Distance-based Classification (Algorithme 3), qui concen-
tre les échantillons sur les K représentants pour obtenir des estimations précises des centres
de clusters, puis classe chaque bras restant en comparant sa moyenne empirique a ces centres.

Comparaison avec le clustering “batch”. Le CBP est la version séquentielle et adaptative du
clustering classique. Une comparaison naturelle est ’échantillonnage uniforme suivi d’un clustering
“batch”. Si 'apprenante dispose d’un budget fixé T', allouer T'/n observations par bras réduit la
variance a no?/T, et les seuils de séparation de la Section 2.3.1 se traduisent directement en
exigences de budget. Cette stratégie d’échantillonnage uniforme sert de base de comparaison pour
évaluer les bénéfices de 'apprentissage séquentiel et adaptatif. Par exemple, lorsque d > n, que le
bruit est isotrope et que les clusters sont équilibrés (6, ~ 1/K), I’échantillonnage uniforme requiert
un budget d’ordre Z—;vdK 2n pour réussir avec une probabilité d’erreur non triviale (Even et al.,
2024), ce qui est sous-optimal d’un facteur V'K par rapport & la borne inférieure VdKnlog(n).?
Cet écart hérite du gap computationnel du clustering “batch”, comme discuté en 2.3.1.

Le message principal du Chapitre 3 est qu’il fournit un exemple concret de probléeme ou
I’apprentissage séquentiel et adaptatif franchit une barriere computationnelle présente dans le
probléme “batch” correspondant.

Chapitre 3 Résumé des contributions

1. Nous formalisons le probléme de clustering actif (CBP) sous bruit sous-gaussien,

dans un cadre paramétrique, et identifions les quantités clés (As, 02, K, d,n, 0,) qui
gouvernent sa complexiteé.

2. Nous établissons des bornes inférieures non asymptotiques sur le budget minimal
requis par tout algorithme J-correct, distinguant ainsi les régimes de faible et de
grande dimension, et montrant que la complexité optimale suit

nlog <Z> + 4/dKnlog (Z)]

3. Nous introduisons I’algorithme ACB, une procédure en temps polynomial fondée sur

0.2

n—i—E

la sélection de bras représentatifs, et prouvons qu’ACB est d-correct et atteint la
borne inférieure a des facteurs logarithmiques preés dans les régimes équilibrés.

4. Dans le cadre séquentiel et adaptatif, nous prouvons ’absence de gap computationnel.

5. Pour faciliter la comparaison, nous omettons ici tous les termes en log(1/4) ; cette discussion est donc valable
dans le régime de confiance modérée § ~ const.
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1.4.2 Clustering actif non paramétrique (Chapitre 4)

Le Chapitre 4 est un travail conjoint avec Sebastian Vogt®, Debarghya Ghoshdastidar”, et
Nicolas Verzelen ®, disponible en prépublication (Thuot et al., 2026).

Cadre non paramétrique. Le Chapitre 3 repose sur un cadre paramétrique structuré, avec
des clusters linéairement séparables et une géométrie simple (par exemple gaussienne isotrope). Le
Chapitre 4 étend le probléme a un clustering non paramétrique avec des géométries plus complexes
(voir Section 1.2), ou les bras sont regroupés selon leurs distributions sous-jacentes plutdt que selon
des vecteurs moyens de dimension finie. Chaque v; est supportée sur un espace topologique sépara-
ble X' (potentiellement de dimension infinie), et nous n’imposons aucune hypothése paramétrique
au-dela de conditions faibles sur le noyau.

Noyau et méta-algorithme. Nous adoptons une approche a noyau (Gretton et al., 2012;
Muandet et al., 2017; Wolfer and Alquier, 2025). Nous considérons le plongement de chaque
distribution v; dans un espace de Hilbert a noyau reproduisant (RKHS) H via le kernel mean
embedding (KME) p; = Ex.~.,[g(X,-)], ou ¢g est un noyau borné, invariant par translation et
caractéristique sur X x X. Sous I’hypothese de noyau caractéristique, v; = v; équivaut a p; = p; ;
le CBP non paramétrique se ramene donc a un clustering des bras selon leurs KME dans H. Nous
mesurons la séparation entre clusters par le carré de la mazimum mean discrepancy, c’est-a-dire
la distance carrée entre les KME correspondants dans H : MMD?(v;,v5) = || — p|3,-

Borne supérieure. Pour capturer la difficulté du probléme, nous introduisons un rapport
signal-sur-bruit propre au chapitre, s2, qui dépend conjointement de la séparation inter-clusters
dans H (en MMD) et des variances en RKHS. Il est défini par

» VIV G

(v) := max ;
* i#jeln) \ e — w5l 2l — plln
Wi

S

ou V¥ est le proxy de variance RKHS associé au bras i (défini au Chapitre 4), et g est une borne
supérieure du noyau g. Le Théoréme 4.3.1 montre que notre algorithme KACB (Algorithme 9)
atteint, avec probabilité 1 — §, un budget majoré par

T <ns;%log (Z)

Cette borne comporte deux termes. Le premier, n ”Mfil”Q log(n/d), est 'analogue a noyau du
0 3l

deuxiéme terme du cadre paramétrique (712—22 log(1/9)), et domine lorsque la variance est grande.
Le second terme, n\/g/| (i — pjll2, constitue une limitation dépendant de la borne supérieure g
du noyau ; ainsi, la prise en compte de la variance en RKHS n’améliore la borne que lorsque cette
variance est suffisamment élevée.

L’idée algorithmique de KACB est volontairement simple. Nous échantillonnons uniformément

6. Contribution égale—Technical University of Munich, Munich, Germany.
7. Technical University of Munich, Munich, Germany.
8. INRAE, Mistea, Institut Agro, Univ Montpellier, Montpellier, France.
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tous les bras, exécutons un test d’adéquation a noyau pour chaque paire (i, j), puis relions ¢ et j des
que le test ne rejette pas ’hypothese nulle v; = v;. Nous utilisons des inégalités de concentration
tenant compte de la variance pour les KME empiriques (Tolstikhin et al., 2016; Wolfer and Alquier,
2025), afin de controler les déviations pour des MMD empiriques. Le clustering estimé est alors
lensemble des composantes connexes du graphe obtenu sur {1,...,n}. Le budget par bras est
augmenté de maniére adaptative via un schéma de doublement jusqu’a ce que les tests par paires
soient suffisamment précis pour séparer les clusters de fagon fiable.

Limites. Contrairement a ’algorithme ACB paramétrique du Chapitre 3, cette procédure est
plus naive. Sa force principale est sa robustesse : elle est d-correcte sous des hypotheses struc-
turelles nettement plus faibles. En revanche, notre analyse est limitée par ’absence de bornes
inférieures correspondantes, qui seraient nécessaires pour caractériser complétement la complexité
d’échantillonnage optimale. Il s’agit d’une question ouverte importante pour des travaux futurs.

Chapitre 4 Résumé des contributions

1. Nous formalisons une version non paramétrique du probléme de clustering actif

(CBP), ou les bras sont clusterisés selon leurs distributions sous-jacentes, et re-
formulons la tache comme un clustering de kernel mean embeddings dans un RKHS.

2. Nous introduisons l'algorithme Kernel Active Clustering with Bandit (Algorithme 9),
une méta-procédure simple reposant sur des tests d’adéquation a noyau. Nous mon-
trons que KACB est §-correct et atteint un budget total

T < ns;?log (g),

a des facteurs logarithmiques pres, ot s2 est un parametre de complexité dépendant
de I'instance, piloté par la séparation minimale en MMD et les variances a noyau.

3. Nous établissons que des garanties non asymptotiques pertinentes restent possibles
au-dela du cadre paramétrique du Chapitre 3, étendant ainsi le cadre du clustering
actif a une classe plus large de problemes de clustering distributionnel.

1.4.3 Clustering actif avec sélection d’attributs (Chapitre 5)

Le Chapitre 5 est un travail conjoint avec Maximilian Graf®, et Nicolas Verzelen 9, publié
dans les actes de ICML 2025 (Graf et al., 2025).

Variante avec sélection d’attributs. Dans le Chapitre 5, nous étudions le probleme de
clustering actif (CBP) dans la variante avec sélection d’attributs. En plus de choisir un objet,
I’apprenante choisit un attribut a chaque tour. Au temps t, elle sélectionne une paire objet-attribut

9. Contribution égale—Institut fiir Mathematik, Universitidt Potsdam, Potsdam, Germany
10. INRAE, Mistea, Institut Agro, Univ Montpellier, Montpellier, France
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(I3, Ji) € [n] x [d] et regoit une observation bruitée de My, j, avec bruit sous-gaussien. Nous nous
concentrons sur le cas a deux clusters (K = 2), ou les deux groupes ont pour vecteurs moyens
o, 1 € R%, et nous notons A = p; — g le vecteur d’écarts.

Borne supérieure. Nous introduisons un algorithme entierement adaptatif, BanditClustering
(Algorithme 13), construit & partir de deux sous-routines séquentielles. Les deux étapes reposent
sur une adaptation de Sequential Halving (SH) avec sous-échantillonnage, utilisée pour équilibrer
la détection (trouver des attributs informatifs) et la classification (classer tous les objets une fois
un bon attribut trouvé).

1. CandidateRow (Algorithme 11) identifie un objet représentatif de chaque cluster avec grande
probabilité. Cette étape est interprétée comme un cas particulier du probleme de détection
de signal (Probleme (i), Section 2.5), et est réalisée via une combinaison de méthodes de
sous-échantillonnage, couplées a la stratégie d’élimination SH de Karnin et al. (2013a).

2. ClusterByCandidates (Algorithme 12) identifie un attribut fortement discriminant et classe
tous les objets a I’aide de cet attribut. Cela est réalisé via un schéma de doublement, qui aug-
mente adaptativement le budget d’échantillonnage afin de détecter un attribut suffisamment
informatif pour séparer les clusters avec grande probabilité.

La borne supérieure non asymptotique obtenue dépend de 'instance — voir le Théoréme 5.3.1.
A des facteurs logarithmiques prés, avec probabilité au moins 1 — 4§, le budget vérifie T <

log(1/§) H, avec d 1 1 d 1
H=2(_" 1= in (& 1
H(HAH%+5*)+§%<S+"> (a@ﬁ ) |

ot 6 est le degré d’équilibrage de la partition, Ay > -+ > A(g) sont les écarts absolus ordonnés,
et s* € argmax,c(q SA%S) est un parametre de parcimonie effective.

Nous exploitons la capacité des techniques d’élimination a bien fonctionner dans les situations
ou il existe de nombreux bons bras (ou de nombreux attributs informatifs) (Karnin et al., 2013a),
ce qui est un aspect clé du probleme. L’algorithme obtenu est computationnellement efficace et
adaptatif a la structure inconnue de A. L’intuition centrale est que, dés qu’un bon attribut est
identifié, le probleme se rameéne a classer n objets a partir de cet attribut, tdche nettement plus
simple que le clustering dans ’espace original de dimension d.

Borne inférieure et optimalité. Nous établissons en outre une borne inférieure dépendant de
Iinstance, montrant que tout algorithme é-correct doit dépenser au moins

log= v " log~
A2 08 A2 08¢
OlAllz 7o~ Ay 79
sur certaines instances permutées. Dans le Corollaire 5.3.2, nous montrons que les bornes supérieure

et inférieure coincident a des facteurs polylogarithmiques pres dans les régimes a deux niveaux ou
A € {0,n}".

Discussion. Le terme de complexité comporte plusieurs composantes. Pour simplifier, nous
discutons le cas A € {0, h}d, étroitement lié aux exemples motivants de la Section 2.5. Dans ce
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cas, les bornes supérieure et inférieure se réduisent a ﬁ log(1/6) + 7 log(1/6). Le premier terme

est un coiit de détection, correspondant a l'identification de deux objets représentatifs, un par
d
s
second groupe et un attribut discriminant entre les groupes. De plus, % log(1/0) est le cotit de

cluster. Le facteur £ x % est le coflit intrinseque de sous-échantillonnage pour trouver une ligne du
certification que ’écart correspondant est non nul avec un niveau de confiance 1 — . Le second
terme, 7% log(1/4), est le cofit de classification de tous les objets a I'aide de cet attribut. Pour un
A général, la stratégie optimale consiste a s’adapter & un certain niveau de parcimonie effective
s* qui réalise le minimum dans la borne supérieure.

Le message principal du Chapitre 5 est que la complexité d’échantillonnage dépend de la
structure complete du vecteur d’écarts A, et qu’il est possible de s’adapter a la dimensionnalité
effective du probleme.

Chapitre 5 Résumé des contributions

1. Nous formalisons un modele de CBP avec sélection d’attributs, dans lequel

I’apprenante doit identifier conjointement des coordonnées informatives et retrou-
ver les clusters sous garantie de confiance fixée.

2. Nous proposons BanditClustering, un algorithme J-correct, fondé sur une recherche
d’attributs de type Sequential Halving (SH). Avec probabilité au moins 1 — ¢, le bud-
get vérifie T < Hlog(1/d), ou H est le terme de complexité dépendant de 'instance

H d ( ! T ! > + mi (d = ) ! +1
===z += min | — = .
ONTATR " 5/ " aela \s )\ A7

3. Nous établissons une borne inférieure informationnelle dépendant de 'instance et

défini par

montrons une quasi-coincidence des bornes supérieure/inférieure a des facteurs poly-
logarithmiques pres dans les régimes a deux niveaux.

1.4.4 Identification du Vainqueur de Condorcet (Chapitre 6)

Le Chapitre 6 est un travail conjoint avec E1 Mehdi Saad ' et Nicolas Verzelen 12, disponible
en prépublication sur arXiv (Saad et al., 2026).

Cadre du probléme. Le Chapitre 6 étudie 1'Identification du Vainqueur de Condorcet (CWT)
dans des dueling bandits stochastiques (voir Section 1.2.3). Le vainqueur de Condorcet (CW) est
un bras i* € [K] préféré a tous les autres bras, c’est-a-dire tel que A« ; > 0 pour tout j # i*.

En supposant qu’un CW existe, I'objectif est d’identifier ¢* avec probabilité au moins 1 — § tout
en minimisant la complexité d’échantillonnage 7.3 Une caractéristique clé de notre analyse est

11. Contribution égale—UMG6P College of Computing, Rabat, Morocco.
12. INRAE, Mistea, Institut Agro, Univ Montpellier, Montpellier, France.
13. Le cadre & budget fixé est également étudié dans ce chapitre.
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qu’elle ne repose pas sur des hypotheses structurelles sur la matrice de préférences A, en particulier
sur ’existence d’un ordre total des bras.

Méthodes de référence. Nous comparons nos algorithmes a deux références :

1. D’abord, nous comparons au budget Hew = >, 4 Al_*zz log(1/0) obtenu dans la méthode de
létat de lart de Maiti et al. (2024). La quantité H., correspond au coiit d’élimination des
bras sous-optimaux en les comparant directement au CW. Ce budget est optimal lorsque le
CW est le bras le plus fort face a tous les autres, c’est-a-dire lorsque A« ; = max;-; A; ; pour
tout j # i*. Toutefois, cette complexité peut étre arbitrairement grande lorsque le CW est
presque a égalité avec d’autres bras. Notre analyse améliore cette garantie en général en ex-
ploitant la matrice complete des écarts, tout en la retrouvant lorsque le CW est effectivement
le bras le plus fort contre tous les autres.

2. Nous discutons aussi 'approche de Karnin (2016), avec le budget asymptotique

Digis MDA, <0 A jQ log(1/4), qui est optimal lorsque 6 — 0. Cette borne est naturellement
incompressible : décider que i* est le CW revient a décider que chaque bras sous-optimal
1 # 1" n’est pas un CW. Cela impose d’éliminer chaque bras de ce type en le comparant
a un adversaire j tel que A;; < 0, a colit minimal lorsque I'on utilise I’adversaire le plus
fort, argmax;, A; ;<0 A; ;. Ainsi, le budget asymptotique de Karnin (2016) correspond au
cotlit minimal d’élimination de chaque bras sous-optimal via son adversaire le plus fort, et ce
colit est incompressible, comme le montre la borne inférieure de Haddenhorst et al. (2021b).
Néanmoins, cette borne est asymptotique et valide dans le régime § — 0. Dans notre analyse
non asymptotique, nous montrons que pour des niveaux de confiance modérés (par exemple
en grande échelle avec grand K et § pas trop petit), cette borne asymptotique masque un
cotit intrinseque d’exploration que nous caractérisons entierement.

Compromis entre exploration et certification. L’élimination d’un bras sous-optimal ¢ # ¢*
implique deux cotits : 'exploration (trouver un adversaire qui bat i) et la certification (prouver
que l'écart correspondant est négatif avec grande confiance). Notons Kj.«o := [{j : A;; < 0}] et
Ay < <A (Ki.) < 0 les écarts négatifs ordonnés contre . Pour une certaine parcimonie
effective s; < Kj. 0, ces colits se comportent comme K/(SiA?,(Si)) et log(l/é)/Af’(Si), comme le
suggere I’exemple motivant de la Section 2.5. Ainsi, pour éliminer le bras i, il faut trouver un
adversaire j tel que A; ; = A; () pour un certain s;, puis certifier que A; ; < 0. Le choix optimal
de s; dépend a la fois de 'instance et de J, et est sélectionné adaptativement par notre algorithme.

Pour capturer les cofits d’exploration et de certification qui en résultent, nous définissons, pour

tout s = (s1,...,sK) avec s; < Kj. <o,
Klog(1/6 log(1/d
Hexplore(s,0) = rf;fﬁ(SAgQ(/) + Z AT Heertity(8,0) = Z Agg/) .
v, (s4) i TV () it i)(s)

La complexité d’échantillonnage se décompose en un compromis entre ces termes.

Idées algorithmiques. FB-CWI (Algorithme 16) est un algorithme d’élimination fondé sur
deux sous-routines : une recherche d’adversaire “fort” (adaptée de Sequential Halving Karnin et al.
(2013a)) et une recherche d’adversaire “faible” basée sur une estimation adaptative de quantile
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via RANGE-QUANTILE (Algorithme 15). Leurs sorties définissent un score qui élimine une fraction
constante des bras actifs a chaque étape. Fait intéressant, RANGE-QUANTILE est une nouvelle
procédure qui estime le s-iéme quantile d’un vecteur et peut étre d’intérét indépendant.
FC-CWI (Algorithme 17) encapsule FB-CWI dans un schéma de doublement et ajoute deux
tests d’arrét : (i) une certification directe du CW, qui vérifie si le candidat CW possede une ligne
positive, et (ii) une certification de frontiére d’élimination, qui vérifie que notre élimination fondée
sur le score est correcte. L’algorithme est -correct et, a des facteurs logarithmiques en K pres et
avec un terme additionnel en loglog(1/d) (voir le Théoreme 6.3.1), satisfait avec probabilité au
moins 1 — 9 :

T S Hew(0) A min{ (Heertity (5, 8) + Hexplore(s,6)) } -

Si le CW est le bras le plus fort contre tous les autres, on retrouve la garantie Hcy(d) de Maiti
et al. (2024) ' ; sinon, notre borne I"améliore. Cependant, notre borne est toujours moins bonne
que la borne asymptotique de Karnin (2016). En effet, pour des niveaux de confiance modérés,
le colit d’exploration domine le coiit de certification, alors que la borne asymptotique ne capture
que ce dernier. Par exemple, si l'on traite log(1/0) comme une constante, le membre de droite de
K

notre borne supérieure est dominé par le terme ming ) ;4 —xo— = D ;4 ﬁ, a un facteur
P ,(s) i 112

log(d) prés,*® qui peut étre plus grand que la borne de Karnin (2016) d’un facteur au plus K.
Notre borne inférieure confirme que ce cotit d’exploration est intrinseque et incompressible.

Bornes inférieures et optimalité. La borne inférieure de Haddenhorst et al. (2021b) établit
que le terme de complexité de Karnin (2016) est incompressible.

Dans le Théoréme 6.4.2, nous établissons une borne inférieure en grande probabilité, apportant
une compréhension nouvelle de la complexité du probleme de CWI. La preuve repose sur une
réduction a un probleéme de tests multiples actifs, ce qui est inédit dans ce cadre. Pour simplifier,
nous donnons ici la version minimax (Corollaire 6.4.4), valable pour tout algorithme é-correct et
toute matrice d’écarts A. Pour tout algorithme d-correct ,

_sup inf {X > 0 s.t.: IP’AJ(N(; < x) < 6} e msin {Hcertity (8, 0) + Hexplore(s,0)}

Acb(A)
ou D(A) est un ensemble de perturbations de A qui préservent le CW, la structure de signe de
A, et le niveau de parcimonie optimal s’ .9 Globalement, cette borne inférieure confirme que
le compromis exploration-certification est intrinseque et incompressible, et que notre méthode est
d’ordre optimal.

Le message principal de ce travail est que nous améliorons les bornes existantes et obtenons
une meilleure compréhension de la complexité du probléeme de CWI lorsque aucune hypothese
structurelle n’est imposée & la matrice de préférences A, a Iexception de lexistence d’'un CW.
De plus, notre analyse vaut pour tous les niveaux de confiance § € (0,1), ce qui permet une
compréhension plus complete du probleme, particulierement pertinente en grande échelle lorsque
K est grand.

14. Et, par corollaire, la borne de Karnin (2016), égale & Hcw(d) sous cette hypothése.

15. D’apres l'inégalité maxpeqi,.. x} kx? < Zfil z? < log(4K) maXpe(1,... K} kx?, valable pour toute suite
décroissante x1 > --- > xk.

16. Nous renvoyons au Chapitre 6 pour la définition précise de cette classe locale D(A).

,,,,,,,,,,
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Chapitre 6 Résumé des contributions

1. Nous introduisons FB-CWI et FC-CWI, deux nouveaux algorithmes d’élimination
pour les cadres a budget fixé et a confiance fixée, construits a partir de Sequential
Halving, d’une nouvelle sous-routine RANGE-QUANTILE, et d’une regle d’élimination
fondée sur un score. FC-CWTI est d-correct et satisfait, avec probabilité au moins

1-09,
7:5 5 ch(d) A msin{(Hcertify(sv(s) +Hexp10re(375))} )

ce qui améliore, dans tous les régimes, la complexité fondée sur le seul vainqueur
Hy(0).

2. Nous établissons de nouvelles bornes inférieures pour CWI, obtenues via une réduc-
tion & un probléeme de tests multiples actifs. Cette borne fournit une borne inférieure
locale-minimax montrant que le compromis exploration-certification est intrinseque
et incompressible.

3. Nous mettons en évidence des phénomenes invisibles aux analyses asymptotiques,
ainsi que le role non trivial de la matrice complete des écarts plutét que de la seule
ligne du vainqueur. Ce compromis exploration-certification constitue une contribu-
tion nouvelle & la théorie du CWI.

1.4.5 Identification de points de rupture multiples (Chapitre 7)

Le Chapitre 7 est un travail conjoint avec Maximilian Graf'?, disponible en prépublication
dans (Graf and Thuot, 2026).

Cadre du probleme. Dans le Chapitre 7, nous étudions le probleme de détection de ruptures
multiples (Multiple Change Point Identification, MCP) dans un cadre actif. Nous considérons
une fonction constante par morceaux f : [0,1] — R avec m points de rupture en des positions
inconnues 0 < 2] < --- <z, < 1, de sorte que f est constante sur chaque intervalle (z}_;, z}]
(avec la convention z§ = 0 et zy, ,; = 1). A chaque tour, Iapprenante sélectionne un point
I, € [0,1] et observe X; = f(I;) + &, ot & est un bruit o-sous-gaussien indépendant des requétes
passées. Dans le cadre a confiance fixée, 1'objectif est de retrouver les m points de rupture avec

une précision n et une probabilité au moins égale & 1 — ¢, tout en minimisant le nombre total de
requétes 7. ¥ Plus précisément, I'objectif est de construire m estimations (Z1,. .., %) telles que
MaXe(m) [Tk — 25| < n avec probabilité au moins 1 — 4.

Comparaison avec la littérature. Ce probleme peut étre vu, apres discrétisation, comme une

17. Contribution égale—Institut fiir Mathematik, Universitdt Potsdam, Potsdam, Germany
18. Nous considérons le cadre plus général de la localisation d’'un sous-ensemble de N < m points de rupture ;
voir le chapitre 7 pour les détails.
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variante structurée du probléme de clustering actif (CBP), auquel cas la dimension de 1’espace
des attributs est d = 1. La différence clé avec le CBP est que la structure spatiale de [0, 1]
peut étre exploitée : une requéte en un point z est informative non seulement sur la valeur
locale de f, mais aussi sur l'existence possible d’'un point de rupture proche. Cela motive une
approche algorithmique fondamentalement différente, fondée sur une recherche binaire récursive
(dichotomique) et des tests d’hypothéses locaux.

Le probleme a d’abord été étudié dans Lazzaro and Pike-Burke (2025b), ou I'analyse se con-
centre sur le régime asymptotique § — 0. Leur résultat est de la forme limg_,q % < Hiocalizes
avec Hiocalize '= D peq A,f et Ay :=|f(x;T) — f(«;7)| la hauteur du saut en z}. Cette borne est
optimale dans le régime asymptotique et correspond au cofit de certification de chaque point de
rupture estimé au niveau de confiance 1 — §. Cependant, cette caractérisation asymptotique ne
capture pas I'exploration, c’est-a-dire le cotlit de détection de la présence des points de rupture. En
outre, la dépendance au parametre de précision 1 est masquée par le régime asymptotique. Notre
analyse est non asymptotique a la fois en § et en 7, et améliore la dépendance en 1 de linéaire
en 1/n a logarithmique en 1/7n. Cela est crucial dans les régimes de grande échelle ou une haute
précision de localisation est requise.

Notre analyse quantifie aussi I’exploration. Inspirés par la littérature passive, nous introduisons
un parametre d’énergie 5,3 = skAz, ou s capture les espacements locaux via s, := Yr_1 A Jg,
avec U 1= x| —xp pour k=1,...,m—1, et par convention Jy = ¥, = 1. Cela induit un terme
de complexité de détection d’ordre Hgetect := maxy 1/ 5,?, qui est inévitable d’apres nos résultats
de bornes inférieures.

Conception algorithmique. Nous introduisons LocalizeChangePoints (LCP), un algorithme
adaptatif qui encapsule une procédure a budget fixé dans un schéma de doublement et s’arréte
deés qu’'un ensemble estimé de points de rupture est certifié correct. La méthode comporte quatre
étapes : (i) une étape de détection, qui identifie des points dans chaque plateau de la fonction
constante par morceaux f via des tests multi-échelles ; (ii) une étape d’estimation, qui estime
la hauteur de saut de chaque point de rupture ; (iii) une étape de localisation, qui raffine les
estimations a la précision 7 via une recherche binaire ; et (iv) une étape de vérification, qui
confirme les estimations. Les étapes d’estimation et de vérification contribuent & un cofit d’ordre
Hiocalize log(1/6), en accord avec Lazzaro and Pike-Burke (2025b).

Par ailleurs, ’étape de détection introduit un cotit additionnel d’ordre Hgetect = maxy 1/ 5,3. 11
s’agit d’un effet véritablement non asymptotique, invisible lorsque § — 0. De plus, le raffinement a
la précision n induit un terme supplémentaire Hgcalize l0g(1/n), qui est la dépendance optimale a
la précision n. Globalement, la méthode est J-correcte et satisfait des garanties non asymptotiques
& la fois en grande probabilité et en espérance. A des facteurs logarithmiques pres,

1 7
E[ﬂ S Haetect + Hiocalize 10g<6n> en esperance ,

1 1
T < Hietect log<6) + Hiocalize log((s) avec probabilité au moins 1 — §
n

Pour la borne en espérance, nous retrouvons la méme dépendance en 4, a savoir Hjocalize l0g(1/9),
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que Lazzaro and Pike-Burke (2025b), tout en améliorant la dépendance en 1. Nous identifions aussi
une complexité non asymptotique additionnelle Hgetect, qui peut dominer lorsque les points de
rupture sont tres proches. Ce coilit de détection est intrinseque et incompressible d’apreés nos
bornes inférieures. La complexité Hgetect €St toujours plus grande que Higealize, €t I'écart peut
étre arbitrairement grand lorsque les points de rupture sont extrémement proches et difficiles a
détecter.

Bornes inférieures et optimalité. Nous établissons des bornes inférieures informationnelles
pour la localisation MCP. Ces bornes inférieures coincident avec nos bornes supérieures a des
facteurs logarithmiques prés. A notre connaissance, il s’agit de la premiére caractérisation de la
complexité de localisation MCP & ce niveau de précision. La preuve repose sur une réduction a
un probleme de détection de signal, proche de celui discuté en Section 2.5. Comparées & Lazzaro
and Pike-Burke (2025b), dont la garantie est asymptotiquement optimale lorsque 6 — 0 mais non
optimale pour des valeurs générales de d, nos bornes améliorent la dépendance en 7 de linéaire en
1/n alogarithmique en 1/7, tout en conservant la méme dépendance en ¢. Cela est particulierement
pertinent dans les régimes de haute précision.

Chapitre 7 Résumé des contributions

1. Nous introduisons LocalizeChangePoints (LCP), un algorithme adaptatif qui com-

bine détection multi-échelle, estimation des sauts, localisation par recherche di-
chotomique et vérification. La méthode est J-correcte et satisfait des garanties non
asymptotiques en grande probabilité comme en espérance. A des facteurs logarith-
miques pres,

1 7’
E[T] < Haetect + Hiocalize lOg(6n> en espérance ,

1 1
T < Hietect log((S) + Hiocalize 10g(577> avec probabilité au moins 1 — 9

ol Hdetect = maxj 1/512 et Hlocalize = Z?ll ]-/A%Z)

2. Nous prouvons de nouvelles bornes inférieures informationnelles, montrant que tout
algorithme doit payer a la fois un cofit de détection et un cofit de localisation. Sur une
classe locale-minimax d’instances, ces bornes inférieures coincident avec les bornes
supérieures a des facteurs logarithmiques pres, pour les garanties de budget moyen
comme de quantiles.

3. Nous mettons en évidence un phénomeéne véritablement non asymptotique : la com-
plexité d’échantillonnage est gouvernée conjointement par les amplitudes de saut
et les espacements locaux (via les énergies £2 = s;A?), au travers d'un compromis
détection-vérification. En particulier, cela affine notre compréhension du probléme
MCP dans les régimes de haute précision (petit 7).
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1.5 Structure de la thése

La theése est organisée comme suit. Dans les Chapitres 3-5, nous étudions plusieurs variantes du
Clustering with Bandit Feedback (CBP). Le Chapitre 3 traite du cas paramétrique, le Chapitre 4
du cas non paramétrique, et le Chapitre 5 du CBP avec sélection d’attributs. Dans le Chapitre 6,
nous étudions le probleme d’Identification du Vainqueur de Condorcet (CWI) dans des dueling
bandits. Dans le Chapitre 7, nous étudions la localisation de points de rupture multiples (MCP).

Chaque chapitre est autonome et peut étre lu indépendamment des autres. '

19. Par ailleurs, ces chapitres sont disponibles en ligne sous forme d’actes de conférence ou de prépublication.

24



CHAPTER 2

INTRODUCTION (EXTENDED ENGLISH VERSION)

2.1 Context and motivation

A central goal of modern statistics and machine learning is to recover hidden structure from
data. While supervised learning trains models using labeled data, unsupervised learning aims
to infer latent structure without access to labels (Berry et al., 2020). In classical formulations,
learning is typically batch: the learner receives a dataset collected in advance, in a batch, and

infers the target structure from passive observations.

However, in many modern applications, data are collected sequentially and adaptively, for
example, in recommendation systems (Zhou et al., 2012; Lu et al., 2015), online experimentation
such as adaptive clinical trials (Chow and Chang, 2008), and crowdsourcing (Raykar et al., 2010;
Ariu et al., 2024). In such settings, where the learner can adapt the sampling strategy on the fly
during data collection, the key resource is the sampling budget, namely the number of observations

needed to recover the target structure reliably. This naturally motivates a pure-exploration bandit

perspective (Lattimore and Szepesvéri, 2020), in which the learner allocates samples adaptively
to identify an unknown structure with high confidence.

Bandit feedback can substantially improve efficiency over passive sampling by concentrating
observations on informative parts of the instance. Yet adaptation also incurs a cost: before ex-
ploiting informative queries, the learner must discover where this information lies. This thesis
studies several pure-exploration problems through this lens, focusing on the trade-off between
the cost of identifying informative queries and the cost of recovering latent structure. To address
high-dimensional and large-scale regimes that are increasingly common in practice (Giraud, 2021;
Rigollet and Hitter, 2023), we develop a non-asymptotic analysis that captures both the benefits
and the intrinsic limits of adaptive sampling for unsupervised learning.

Outline of introduction. This introduction is organized as follows. Section 2.2 presents a
general framework that covers all the problems studied in this thesis. Sections 2.3.1 and 2.3.2
review the relevant literature in unsupervised learning and pure-exploration bandits. Section 2.4
states our guiding questions, and Section 2.5 provides a motivating example that introduces the
key concepts used throughout the thesis. We conclude with a chapter-by-chapter summary of
contributions (Section 2.6) and an outline of the thesis structure (Section 2.7).
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2.2 Unsupervised learning with bandit feedback

2.2.1 Pure exploration in matrix bandit environments

Latent structure model. We study problems in which a learner aims to recover an unknown
structure C3; encoded by a latent matrix M € R™*4,

Consider n items indexed by [n] = {1,...,n} and d features indexed by [d] = {1,...,d}. Each
item ¢ has a latent feature vector M;. € R?, forming the rows of an unknown matrix M € R™*¢,
The unknown structure Cj, is defined as some function of M. The learner’s goal is to recover Cy,
exactly, or up to some specified precision.

The classical best-arm identification problem in multi-armed bandits can be viewed as a special
case, where Cj; is the index of the maximum entry of M (Audibert and Bubeck, 2010). More
generally, the latent structure may take different forms depending on the problem at hand: Cj, is
a partition in clustering (Kaufman and Rousseeuw, 2009), a graph in community detection (Jin
et al., 2021), a permutation in ranking (Saad et al., 2023), or a subset of entries in change-point
detection (Niu et al., 2016). In Condorcet winner identification, Cj; is the index of the row that
dominates all others in pairwise comparisons (Bengs et al., 2021). In this thesis, we study several
problems that fit this framework. Chapters 3 to 5 address clustering, where Cj, is a partition of [n]
into K clusters. Chapter 6 studies Condorcet winner identification, where Cj, is the index of the
Condorcet winner, i.e., the item preferred to all others in pairwise comparisons. Chapter 7 studies
Multiple Change Point Identification, where Cj3; is the set of change points of the underlying
distribution.

Sequential and adaptive learning protocol. In classical batch unsupervised learning, the

learner (referred to as she throughout) receives a fixed set of i.i.d. samples collected a priori. Here,
by contrast, she collects observations sequentially and adaptively: at each step, she decides which

entries to query based on past observations. This allows the learner to focus on the most informa-
tive entries, potentially reducing the number of samples needed for accurate recovery. The matrix
M is unknown to the learner, who accesses it by interacting with a bandit environment (Lattimore
and Szepesvari, 2020).

We consider a bandit environment v that returns noisy observations of the entries of M. At
each round, the learner selects entries of M, receives noisy observations of the selected entries,
and after 7 queries outputs an estimate C. We focus on the fixed confidence setting: given a

prescribed confidence level 6 € (0, 1), the typical goal is to ensure exact recovery, i.e., ¢ = Cir
with probability at least 1 — 6.1

At each time ¢, she selects an item [; € [n] and a feature subset J; C [d]. We focus on two
extreme cases: (i) full-feature observation (J; = [d]), where she observes all features of the selected
item; (ii) feature selection (|J;] = 1), where she observes a single feature. Intermediate regimes
have also been studied (Ariu et al., 2024), but we do not consider them here. Conditionally on the

choice I; = i and J; = J, the learner receives X; = (X; ;) which is sampled from an unknown

JEJ’

1. Or exact recovery up to some precision in Chapter 7.
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distribution v; ; with mean E[X;] = (Mm)jeJ.
across time ¢ and from past interactions. We write v; = v; g for the distribution of a full-row

The noise e; = (X¢; — My, ) ¢, is independent

observation of item i, and v;; = v; ;1 for the distribution of a single-entry observation (i, j).
After 7 € N rounds, the learner outputs C, an estimate of Cj,;. The stopping time 7 is a random
variable chosen adaptively by the learner.

Given 0 € (0,1), the learner aims to recover Cj; with probability at least 1 — d. A strategy
7 is d-correct if ]P’W,,,((f = C};) > 1 — 4.2 Its sampling budget 7, (v,d) is the (random) number of
samples collected during the exploration, which serves as a measure of performance.

In the fixed confidence setting, a pure exploration strategy 7 consists of three components (Kauf-
mann et al., 2016): (i) a sampling rule selecting (I, J;) based on history; (ii) a stopping rule
deciding when to stop; (iii) a recommendation rule outputting C. All three components may use

external randomness; P , denotes the induced law.

Sampling budget as measure of performance. In many modern applications, collecting
samples is costly, so the sampling budget is a scarce resource (Bubeck et al., 2009). The objective
is therefore to minimize 7;(v,d) while guaranteeing d-correctness. We are particularly interested
in characterizing the optimal sampling budget, defined as the minimum budget required by any
strategy to recover the unknown structure with probability at least 1 — §. Deriving tight upper
and lower bounds on this quantity is a central question of this thesis.

Our analysis is non-asymptotic: none of the parameters (n,d,d, and problem-specific quan-
tities such as the number of clusters K in clustering) is assumed to dominate asymptotically
the others. This viewpoint captures the benefits of adaptive sampling across regimes, especially
in high-dimensional settings (large d) or large-scale problems (large n). We use 7T;(v,d) as the
main performance metric. In particular, we study the expected budget E ., [7Tx(v, )] and quantile
guarantees of the form P, ,(7x(v,0) <T) >1—¢.

The next two Subsections, and Table 2.1 give a unified overview of all problems studied in this
thesis.

2.2.2 Clustering with bandit feedback (CBP)

In the Clustering with Bandit Feedback Problem (CBP) (Yang et al., 2024; Ariu et al., 2024;
Yavas et al., 2025), the latent structure Cj, is a partition of [n] into K clusters: C3, = {C},...,Ci },
with C;; C [n] and |, C;; = [n]. Two items 4,7 € [n] belong to the same cluster if and only if they
share identical feature distributions {v; }j cld’ The learner’s goal is to recover the partition Cj,
exactly. > We study three variants of CBP, which differ in the observation scheme and noise model.

Chapter 3 (parametric CBP). The learner adaptively chooses an item and receives a noisy
evaluation of all its features (J; = [d]). Each row M;. € R? is the mean of v;. She picks I; € [n]
and observes X; ~ vy, with E[X;] = Mj, .. The noise is o-sub-Gaussian (¢ > 0 known), which
covers Gaussian and bounded settings. Introduced in Yang et al. (2024), this generalizes classical
clustering to a sequential and adaptive framework.

2. We use here d-correct instead of the other common terminology J-PAC.
3. As usual in clustering, one needs to recover Cj,...,Cjk up to a permutation of cluster labels.
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Chapter 4 (non-parametric CBP). In Chapter 4, we study a non-parametric version of
CBP, where the objective is distributional clustering (Dhillon et al., 2004). As in the parametric
case, the learner adaptively chooses an item and receives noisy evaluations of its full feature
distribution v;, but no parametric assumption is imposed on v;. Instead, we assume that the
distributions are supported on a separable topological space X (possibly infinite-dimensional), so
that the noise model is arbitrary. We tackle this general setting through kernel methods.

Chapter 5 (CBP with feature selection). In Chapter 5, we study a variant of CBP with
adaptive feature selection, close to Ariu et al. (2024), in a parametric setting. In this fully adaptive
protocol, the learner selects both an item and a single feature at each round (|J;| = 1). At time
t, she chooses I; € [n] and J; € [d], and observes X; ~ vy, j,, a noisy evaluation of My, j, with
o-sub-Gaussian noise. We focus on the two-cluster case (K = 2).

2.2.3 Condorcet Winner Identification in dueling bandits (CWI)

In Chapter 6, we study the Condorcet Winner Identification (CWI) problem in dueling ban-
dits Bengs et al. (2021). We consider K items [K], with environment matrix @ € [0,1]***. In
this setting, the roles of items and features are symmetric, son =d = K.

For a pair of items (i, j), the quantity @Q; ; is the probability that item i is preferred to item j.
At time ¢, the learner picks (Iy, J;) € [K]? and observes X; ~ Bernoulli(Q 1..7,;)- * This corresponds
to settings where the learner can access the environment only through pairwise comparisons. The
gap matrix is defined by A; j = Q; j— %, so A; j = —A;; (anti-symmetric). The unknown structure
to recover is the Condorcet winner (CW): an arm ¢* € [K] such that A ; > 0 for all j # ¥,
meaning it wins in expectation against every other arm. The learner’s goal is to identify * with

probability at least 1 —§. This can be viewed as a pairwise-comparison generalization of best-arm
identification.

2.2.4 Multiple Change Point Identification (MCP)

In Chapter 7, we study Multiple Change Point Identification (MCP), in a formulation close
to Lazzaro and Pike-Burke (2025b). We consider a continuous item space [0, 1]. The environment
is characterized by a function f : [0,1] — R that is piecewise constant, with m discontinuities,
denoted as Change Points (CP) at unknown locations 0 < z} < --- < z}, < 1. Hence, f is constant
on each interval (z7_;,z|, with 25 = 0 and z},; = 1. The learner sequentially queries points
I; € [0,1] and observes X; = f(I;) + &;, where ¢; is o-sub-Gaussian noise. The spatial structure of
[0,1] is a key feature that distinguishes this problem from CBP.

As we work in a continuous action space, exact recovery of the change points is impossible.
Instead, the learner aims to recover the change points with a localization precision > 0 and
error rate d € (0,1). The goal is to output estimates {Z1,..., &} such that max; |Z; — | <7
with probability at least 1 —4§.°

4. By construction, @Q satisfies the relation Q;; =1 — Q.
5. We focus on the problem of localizing the full set of Change Points in this introduction. In Chapter 7, we
consider the more general setting where the learner has to output only a subset of N < m change points.
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Table 2.1 — Summary of the different problems and settings studied in this thesis. Here, CBP stands for Clustering with Bandit
Feedback, CWI for Condorcet Winner Identification, and MCP for Multiple Change Point Identification. For each problem, we
specify the item set, the feature space, the unknown structure, the observation scheme, the noise model, and the objective.

Chap. Problem Items Features Unknown Observation/ Noise Objective
Structure step
3 Parametric [n] R4 K clusters one item, all o-sub- Fixed confidence
CBP (d < 00) features Gauss.
4 Non- [n] X K clusters one item, all any Fixed confidence
parametric (d < o) features
CBP
5 CBP with [n] R? K clusters with one item, one o-sub- Fixed confidence
feature (d < o0) K =2 feature Gauss.
selection
6 CWI [K] / Condorcet pairwise Bernoulli Fixed confidence &
winner comparisons fixed budget
7 MCP 0,1] R(d=1) Change Point evaluation of f o-sub- Fixed confidence
(contin- locations at one point Gauss.
uous)

(u01s490 YSYLUL PIPUILTI) UOLINPOLIUT



Introduction (extended English version)

2.3 Related work

Our work lies at the intersection of unsupervised learning and pure-exploration bandits. First,
we present a selective overview of unsupervised learning, with a focus on clustering, which serves
as a comparison point for our bandit-based approach to clustering. Then, we review the literature
on pure-exploration bandits, which provides the methodological foundation for our work.

2.3.1 Unsupervised learning

Classical batch clustering. Unsupervised learning aims at discovering patterns in data with-
out access to labels. Typically, we consider a setting where one observes n independent samples
X1,...,X, on a d-dimensional space R? and the goal is to recover some latent structure C* over
the data. The nature of the latent structure depends on the problem at hand: it can be a partition
of the data (clustering), a graph (community detection), a permutation (ranking), or a subset of
items (change point detection).

Clustering is arguably its most classical instance, where the goal is to partition the data into
groups of similar items. Standard textbooks (Kaufman and Rousseeuw, 2009; Jain et al., 1999)
and monographs (Giraud, 2021) present a wide range of clustering methods, from k-means to
hierarchical procedures. The K-means paradigm, introduced in the foundation work of McQueen

(1967), consists in finding a partition Ci,...,Cx of [n] that minimizes the within-cluster sum of
squares K N

> X = Xe )%

k=11eCy

where Xck is the mean of the points in cluster Cr. This simple objective has made K-means stan-
dard in applications (Jain et al., 1999) from image processing to market segmentation. However,
the K-means problem is known to be NP-hard in general (Aloise et al., 2009), and the global
minimizer of the K-means criterion is impossible to find in practice. Heuristic approximation al-
gorithms such as Lloyd’s method (Lloyd, 1982) are widely used in practice. It consists of iterating
two steps: (i) assign each point to the nearest cluster center; (ii) update the cluster centers as
the mean of the groups. The initialization of the cluster centers is crucial for the performance of
Lloyd’s algorithm, and it is common to run it multiple times with different initializations. Despite
its simplicity, Lloyd’s algorithm is only known to converge to a local minimum of the K-means ob-
jective; nevertheless, it often performs well in practice. Still, the underlying optimization problem
is highly non-convex. Numerous variants and refinements have been proposed to improve its em-
pirical behavior, for instance through smarter initialization strategies such as K-means++ (Arthur
and Vassilvitskii, 2007; Celebi et al., 2013), or convex relaxation methods (Peng and Wei, 2007).
Spectral clustering (Ng et al., 2001) is another popular approach, which leverages the spectrum
of affinity matrices to capture complex similarity structures; it is commonly used to initialize
k-means. Hierarchical clustering approaches (Ward Jr, 1963) are also widely used in practice.

Model-based clustering: methods and guarantees. From a theoretical perspective, we
focus on model-based clustering, where data are assumed to be generated from an explicit proba-
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bilistic model with latent structure, such as mixture models or stochastic block models. In latent-
partition models, one assumes that each data point X; is generated from a distribution F}, where
the distribution Fj is associated with its cluster label k, and the goal is to recover the partition
of the data into clusters. In mixture models, the data are generated from a mixture distribution
F = Zszl wi Fy, where wy, is the weight of cluster k. The center of the k-th group is then defined
as the expectation of the associated distribution Ay, = Exp, [X]. A common example is Gaussian
mixture models (GMMs), where F}, is a Gaussian distribution with mean Ay and covariance Y.
In Stochastic Block Models (SBM), the data are represented as a graph, where edges are gener-
ated according to probabilities that depend on the cluster of the nodes (Abbe, 2018). Early works
showed that mixtures of Gaussian variables can be learned under suitable separation conditions
using spectral methods or method-of-moments techniques (Dasgupta, 1999; Vempala and Wang,
2002; Regev and Vijayaraghavan, 2017). More recent contributions obtained minimax character-
izations of the estimation and clustering error in high-dimensional mixtures, clarifying how the
separation between components and the ambient dimension jointly govern the difficulty of the
problem (Azizyan et al., 2013; Ndaoud, 2022). On the algorithmic side, there is now a detailed
understanding of when standard procedures like Lloyd’s algorithm or Expectation-Maximization
(EM) are statistically and computationally optimal: under appropriate initialization and sepa-
ration regimes, these algorithms converge rapidly to minimax-optimal solutions (Lu and Zhou,
2016; Segol and Nadler, 2021). For convex relaxation methods, Peng and Wei (2007); Giraud and
Verzelen (2019) obtain exponential decay of the misclassification error for general sub-Gaussian
mixture models.

Computation-information gaps. A series of works has established evidence of a computation-
information gap for clustering, that is, a gap between the information-theoretically optimal error
rate and the error achievable by polynomial-time algorithms. Such phenomena have been first
pointed out in sparse PCA (Cai et al., 2013).

For example, assume an isotropic Gaussian mixture model, where X; ~ N'(Ay, 021,) if the label
of item i is k. For isotropic Gaussian mixtures in high dimension (d > n, balanced clusters), exact
recovery is achievable via exhaustive search over partitions, at information-theoretically optimal

separation condition
[dK logn
2 2
Az o Y

—which is intractable for large n. Polynomial-time algorithms such as Lloyd’s (Lu and Zhou,
2016), spectral clustering, or SDP relaxations (Giraud and Verzelen, 2019) require the stronger

condition
dK?
ALz

in regimes where d is larger than n (Giraud and Verzelen, 2019). Strong evidence of such a gap
was proved in Even et al. (2024) via a low-degree polynomial barrier, confirming a conjecture
of Lesieur et al. (2016). Chapter 3 shows that such gap does not appear when the sampling
scheme is adaptive and sequential. Indeed, we exhibit a polynomial-time algorithm achieving the
information-theoretically optimal budget, effectively breaking the gap in the bandit setting.
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Kernel clustering and distributional clustering. Non-parametric clustering approaches re-
lax strong distributional assumptions by embedding distributions into reproducing kernel Hilbert
spaces (RKHSs) through kernel mean embeddings (KMEs), and using the maximum mean dis-
crepancy (MMD) as a distance between distributions in the RKHS distances (Sriperumbudur
et al., 2010; Muandet et al., 2017). Characteristic kernels ensure that distinct distributions map
to distinct KMEs, enabling two-sample tests and clustering guarantees without parametric struc-
ture (Gretton et al., 2012). Early kernel methods include kernel k-means, which applies k-means
to KMEs for non-linearly separable clusters (Dhillon et al., 2004), and spectral clustering, which
leverages the spectrum of affinity matrices (Ng et al., 2001). Recent theoretical advances provide
recovery rates for non-parametric mixture models under KME separation, as well as optimality
of kernel choice for high-dimensional clustering (Vankadara and Ghoshdastidar, 2020; Vankadara
et al., 2021).

Other unsupervised problems. Beyond clustering problems, many unsupervised learning
tasks fall under the general umbrella of latent-structure recovery. There is a general interest in
high-dimensional models, which is of general relevance in modern applications— see Giraud (2021);
Rigollet and Hiitter (2023). Among other classical unsupervised learning problems, we mention
community detection, change-point detection, multiple testing, and ranking.

In change-point detection problems, one observes a sequence Xi,...,X, of points in R?
(where i indexes, for instance, time) and aims to detect points where the statistical proper-
ties of the sequence change (Aminikhanghahi and Cook, 2017; Niu et al., 2016). One classical
assumption is that the sequence is piecewise constant, with m change points at unknown loca-
tions 1 < 7 < -+ < Ty < m, so that E[X;] is constant between change points, and the goal
is to recover these change points. Typical techniques include CUSUM statistics (Hinkley, 1970),
binary segmentation (Fryzlewicz, 2014), and penalized least-squares (Verzelen et al., 2023). In
high-dimensional settings, the change points are often assumed to be sparse, meaning that only a
small subset of features change at each change point (Wang and Samworth, 2018; Liu et al., 2021;
Pilliat et al., 2024).

Unsupervised learning in matrix games. Assume now that we observe data organized in a

matrix of size n xn, (X; ;) where the observations are pairwise comparisons between items.

1<i,5<n”
In stochastic block models, tﬁe goal is to recover a partition of the items into clusters, where two
items belong to the same cluster if and only if they share the same distribution of comparisons
with other items (Abbe, 2018). In ranking problems, a particular case of SST (Strong Stochastic
Transitivity), the goal is to recover a latent ordering over the items, such that after reordering, the
latent matrix exhibits a monotonic structure (Shah and Wainwright, 2018; Pilliat et al., 2024), and
in tournament settings, one seeks to recover some notion of “best” item, such as the Borda (Heckel

et al., 2019) or Condorcet winners.

This broad family of latent-structure models motivates the matrix framework we adopt in
this thesis, which encompasses structure recovery problems under noisy, sequential, and adaptive
observations.
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2.3.2 Pure exploration in bandit models

Multi-armed bandits. The multi-armed bandit model, introduced by Thompson (1933) and
formalized by (Robbins, 1952), models decision-making under uncertainty, where a learner sequen-
tially selects actions (arms) and receives feedback (rewards) from the environment. Typically, it
involves an environment v = (vy, ..., ), where v; denotes the distribution of the one-dimensional
feedback received when the learner selects arm i. Sequentially, the learner chooses some A; € [n]
and observes X; ~ v4,. The historical focus is on the regret setting, where the goal is to maximize
cumulative expected reward over time Y.L E[X;] (or equivalently minimize regret) (see Lattimore
and Szepesvari (2020); Slivkins (2019) for comprehensive reviews). A key feature of the bandit
model is that, using past observations, the learner can adapt her learning strategy on the fly. In
the regret framework, the challenge is balancing exploration, i.e., collecting information about the
environment, and exploitation, i.e., using the collected information to maximize reward. Applica-
tions include recommendation systems (Ariu et al., 2020), health (Tewari and Murphy, 2017), and
A/B testing (Kaufmann et al., 2014). This work focuses on the pure exploration setting, where
the learner’s goal is to identify some latent structure of the environment with high confidence,
rather than maximize cumulative reward.

Best arm identification. Best arm identification (BAI) (Audibert and Bubeck, 2010; Bubeck
et al., 2009) is the canonical pure exploration problem in multi-armed bandits, where the learner
aims to identify the arm with the largest mean reward. This is motivated by the fact that, in some
applications, the sampling budget is the scarce resource (Auer et al., 2002; Bubeck et al., 2009).
Two main variants have received extensive attention over the past two decades: fixed budget and
fixed confidence settings.

In the fixed budget setting, the learner is given a fixed number of samples T' (also called bud-
get), and aims at maximizing the probability of correctly identifying the best arm (Audibert and
Bubeck, 2010; Wang et al., 2023). Successful approaches include elimination strategies (Audibert
and Bubeck, 2010; Even-Dar et al., 2006; Karnin et al., 2013a) and UCB-based methods (Jamieson
et al., 2014; Katz-Samuels and Jamieson, 2020a) (see the survey Jamieson and Nowak (2014)).
Sequential Halving (Karnin et al., 2013a) stands out for its simplicity and efficiency, includ-
ing for e-best arm identification (Zhao et al., 2023). Sub-sampling (Jamieson et al., 2016) and
bracketing (Zhao et al., 2023) techniques are crucial, especially in the presence of many good
arms (De Heide et al., 2021; Carpentier and Valko, 2015). Tight lower bounds reveal an inherent
cost of adaptation (Carpentier and Locatelli, 2016), and the optimality up to constant of these
methods is well-understood.

In the fixed confidence (PAC) setting, given error probability 4, the objective is to minimize
the sample complexity 7 while ensuring correct identification with probability > 1 — § (Garivier
and Kaufmann, 2016). Asymptotically (6 — 0), the optimal complexity (with exact constants)
is reached via Track-and-Stop strategies, which solve an information-theoretic allocation prob-
lem (Kaufmann et al., 2016; Garivier and Kaufmann, 2016; Degenne and Koolen, 2019). Non-
asymptotic refinements appear in (Degenne et al., 2019; Simchowitz et al., 2017).
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Other pure exploration bandit problems. Direct variants of best arm identification include
e-good arm identification (Zhao et al., 2023) where the learner seeks to identify an arm whose
mean is within ¢ of the best, or top-k identification (Kalyanakrishnan et al., 2012), where the
goal is to identify the k-largest arms. More generally, pure exploration bandits encompass a wide
range of problems, including thresholding bandits (Locatelli et al., 2016; Ariu et al., 2022), coarse
ranking (Karpov and Zhang, 2020), and general combinatorial pure exploration (Chen et al., 2014).
One may also identify other functionals of the environment (Baharav and Tse, 2019; Chaudhuri and
Kalyanakrishnan, 2017). One line of work that is particularly important for this thesis is adaptive
signal detection, where a learner tries to detect signal in a sparse vector through sequential and
adaptive queries (Castro, 2014). Our work borrows techniques from this literature to derive optimal
bounds for unsupervised active learning problems.

Clustering with bandit feedback. Clustering with bandit feedback was first introduced
in (Yang et al., 2024). In this problem, the objective is to recover a partition of the set of arms
into clusters, where two arms (or items) belong to the same cluster if and only if they share the
same distribution. Interestingly, this setting is well-defined even when the distributions of the
arms are multidimensional, bringing high-dimensional challenges to bandit models. In Yang et al.
(2024), the authors propose the BOC algorithm based on the Track-and-Stop strategy, obtaining
an asymptotically optimal sample complexity in the fixed-confidence setting, in the asymptotic
regime where the probability of error goes to 0. Another strategy inspired by an information-
theoretic approach is also considered in Ariu et al. (2024), which encompasses a more complex
setting but does not provide theoretical guarantees. Other works tackled more general distribution-
matching problems with Track-and-Stop approaches (Yavas et al., 2025; Chandran et al., 2025).
Our work in Chapter 3 completes these works by providing a non-asymptotic analysis of the sam-
ple complexity for this problem, which is of practical relevance in high-dimensional settings. We
extend this setting to non-parametric clustering in Chapter 4.

Pure exploration in matrix bandit environments. The first matrix bandit setting studied
in the literature is the dueling bandit model with pairwise comparisons, where the learner only
accesses the environment through comparisons between pairs of items (Bengs et al., 2021). In
dueling bandits, the learner queries, at each time, a pair of items and observes the outcome of
their comparison, which can be represented as a matrix () = (Qi’j)(i,j)' The quantity Q;; is
the probability that item ¢ is preferred to item j. In this context, the notion of a “best arm” is
ambiguous, and different winners have been considered, such as the Borda winner (Jamieson et al.,
2015), the Copeland winner (Zoghi et al., 2015a), or the Condorcet winner—see Bengs et al. (2021)
for a survey. Other works have considered related objectives, such as active ranking (Jamieson
and Nowak, 2011; Saad et al., 2023), or the identification of a Nash equilibrium in a matrix
game (Maiti, 2025).

In Condorcet Winner Identification, the objective is to identify the item that is preferred
to all others, when it exists. Prior work has mainly focused on studying the budget in expec-
tation, and in asymptotic regimes. The procedure of Karnin (2016) achieves, asymptotically,
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limg_ g % < )iz miNG A, <0 ﬁ’j, corresponding to the cost of certifying one negative
entry per suboptimal row when the best opponent is known. More recently, Maiti et al. (2024)
obtained a high-probability upper bound of order Hew(0) := log(1/d) 32,4 A%*_, which depends
only on the gaps with the Condorcet winner. This follows a long line of work which focuses on the
gaps with the Condorcet winner, and which is optimal when the best opponent of each suboptimal
item is the Condorcet winner (Maiti, 2025; Bengs et al., 2021; Haddenhorst et al., 2021a). Our
work in Chapter 6 shows that this is not always the case, and that the true sample complexity
can be much smaller than H.y(d), depending on the structure of the gap matrix.

2.4 Guiding questions

This stream of literature on unsupervised learning and pure exploration in bandit models
motivates the following questions, which guide the contributions of this thesis.

Question 1. How can we efficiently recover unknown structure in bandit matriz problems?

A central part of this thesis is devoted to designing algorithms for structure recovery in matrix
bandit problems and analyzing their sample complexity. Our algorithms share a common principle:
they balance an exploration/detection phase, where the learner identifies informative entries, and a
reconstruction/certification phase, where the learner recovers the unknown structure and certifies
its estimate. We design efficient strategies for both phases by exploiting problem-specific structure,
using concentration inequalities, sub-sampling, doubling schedules, sequential elimination, and
hypothesis-test aggregation. We establish non-asymptotic guarantees both in expectation and in
high probability.

Question 2. What are the unavoidable costs of structure recovery?

For each problem, we derive information-theoretic lower bounds on the sample complexity of any
algorithm, providing a benchmark for algorithmic optimality. Our proof strategy is to construct
hard environments in which structure recovery reduces to classical high-dimensional testing prob-
lems (two-sample tests, signal detection), from which we apply standard information-theoretic
tools such as Fano’s inequality or data-processing inequalities. We also establish lower bounds on
high-probability quantiles of the sampling budget, revealing intrinsic new limits of pure exploration
that go beyond expectation bounds.

Question 3. What are the regimes where non-asymptotic analysis provides new insights?

We develop a non-asymptotic analysis, characterizing the optimal sample complexity across all
parameter regimes, and any confidence level §. While optimal complexity is often well-understood
asymptotically (6 — 0), our analysis uncovers the precise dependence on all parameters. This
is particularly relevant for the emblematic high-dimensional (large d) and large-scale (large n)
regimes, where we reveal previously hidden effects.

Question 4. What are the benefits of bandit learning compared to batch learning?
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We compare adaptive bandit strategies with batch (passive) baselines. First, we identify regimes in
which adaptation yields strictly smaller sample complexity, and we quantify these gains precisely.
Second, we highlight computational benefits of bandit strategies. In particular, for clustering,
we show that bandit feedback can break the computation-information gap present in the batch
setting, allowing polynomial-time algorithms to reach information-theoretically optimal sample
complexity.

2.5 DMotivating example

We present an example that illustrates the questions raised above. This example is closely
related to the problems studied in this thesis, both in its objective and in the methodology used
to solve it, as well as in the intrinsic limits that can be derived. We frame it as a signal-detection
problem, through the lens of balancing exploration (finding the signal) and certification (verify-
ing it with high confidence). This example, which fundamentally differs from classical best-arm
identification problems, serves as a guide for interpreting our contributions.

Before we detail the link between this example and the problems studied in this thesis, we
present it as a problem of adaptive signal detection, inspired by the work of Castro (2014).

Adaptive signal detection, and support recovery. We consider a d-armed bandit associated
with an environment vg with mean p € R?. Consider a sparse setting where the vector p is s-
sparse, with a support S = {i : u; # 0} of size s = |S|. We assume that s > 0, so that the support
is non-empty. We assume there is a fixed value A > 0, so that all non-zero entries are equal to A.
The learner has access to the distribution vg through sequential and adaptive sampling: at each
time ¢, the learner chooses a feature .J; € [d] and observes X; ~ N(u,,0?), with Gaussian noise.

We discuss two problems in the fixed confidence setting. Given a prescribed confidence level
de(0,1):

(i) signal detection: select 7 € S, such that Py, (p; #0) > 1 — 4.
The goal is to select any entry of p that is non-zero, with probability at least 1 — 4.

(i) full support recovery: estimate S C [d], such that P4 (S = S) > 1 — 4.
The goal is to recover the full support of u, with probability at least 1 — 4.

Observe that in this formulation, the learner does not know the sparsity level s, the signal
strength A, or the support S, but knows that the signal is structured as a sparse vector with
non-zero entries of equal magnitude.

2.5.1 Problem (ii): full support recovery

We start by discussing the optimal sample complexity of support recovery (problem (ii)), which
is well understood and closely related to classical pure-exploration problems.

Optimal sample complexity for support recovery. Problem (ii) is related to Top-s iden-
tification (Bubeck et al., 2013) and thresholding bandits (Chen et al., 2014), depending on which
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parameters are known. If s is known, the task reduces to Top-s identification, where the goal is to
identify the s largest arms. If s is unknown but A is known, the task can be cast as thresholding,
where the task is to identify all arms above the threshold A/2. In both formulations, the optimal
sample complexity is of order ‘2%2 log(1/4), up to logarithmic factors in d, s, and A~2. See, for
instance, Theorem 6 in Kalyanakrishnan et al. (2012), and also Castro (2014); Locatelli et al.
(2016).

This complexity can be interpreted as the cost of testing each feature while controlling the
global error rate at level 0. Interestingly, this mirrors the general Best Arm Identification (BAI)
principle: one must verify each candidate before certifying the final answer.

Link with the problems studied in this thesis. Consider problem (i7) with an environment
with n entries.

— Consider CBP (Chapter 3), where the goal is to recover a partition of n items into K clusters.
When there are two clusters (K = 2), and the dimension of the feature space is d = 1, it
reduces to support recovery, where the support corresponds to a cluster of items with mean
A, and the complement corresponds to a cluster of items with mean 0. In this case, the
optimal sample complexity is of order ”AL; log(1/9).

— For CBP with feature selection (Chapter 3), imagine that the learner has discovered a feature
J € [d] where the gap between the two clusters is A; # 0, and wants to cluster all items
based on this feature. Then, the clustering task reduces to support recovery in the exact
form of problem (ii), where y is the j-th column of the feature matrix M.

— For Condorcet Winner Identification, imagine that the learner has i* as a candidate for the
Condorcet winner, and wants to verify that this is indeed the case by comparing * with
all other items. This verification step is analogous to support recovery, where the goal is to
confirm the positivity of all non-diagonal entries of the CW row.

Overall, problem (ii) is a recurring problem in this thesis, in situations where the learner must
certify the correctness of a candidate answer by verifying multiple entries, while controlling the
global error rate at level §.

2.5.2 Problem (i): signal detection

We now discuss in detail Problem (i), for which we establish the optimal sample complexity.
This problem is more subtle than support recovery, and it reveals new insights into the intrinsic
limits of adaptive strategies for structured bandit problems. While the problem of signal detection
in the sparse vector model consists in finding a best arm, it differs from classical BAI problems
by the presence of multiple best arms, and by the fact that the mean vector is structured as a
sparse vector with non-zero entries of equal magnitude. This structure allows for new strategies,
and also new lower bounds, which are not captured by classical BAI analyses.
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2.5.2.1 Link to this thesis.

In the next paragraph, we derive the optimal sample complexity for problem (i) using a method-
ology close to the one developed throughout this thesis. Beyond this methodological similarity,
problem (i) appears directly in several chapters, either as a sub-problem or as a building block for
our algorithms. For instance, consider the following situations:

— In CBP with feature selection (Chapter 5), suppose the learner has identified two items
7 and j from different clusters and now needs a feature that separates them. With these
two representatives, the learner can sample the gap vector A = 1 — pup € R% Finding a
discriminative feature then reduces to problem (i).

— In Chapters 3 and 5, the first stage of the algorithms is to identify cluster representatives;
this stage can be framed as a signal-detection task analogous to problem (i).

— In Condorcet Winner Identification, a key step is to find, for each suboptimal item i # ¢*,
an opponent j such that A; ; < 0. This search step is analogous to problem (i).

— In change-point detection (Chapter 7), an initial step is to locate points in each plateau
of the piecewise-constant function f. This is also closely connected to a signal-detection
problem, where the signal is the gap between two plateaus.

Observe that, in all these applications, the signal vector p is not necessarily structured as a
two-valued sparse vector, and may be more general. Our analysis highlights that the simple sparse
case already captures the core difficulty of these problems. Overall, although it takes problem-
specific forms, the signal-detection task in problem (i) is a recurring sub-problem in this thesis.
It appears in the exploration phase, where the learner must first detect informative entries of the
environment before exploiting them to recover the underlying structure and certify correctness.

2.5.2.2 Intrinsic limits.

Let 7 be a d-correct algorithm for Problem (i), meaning that for every environment vg with
A>0and 0 # S C[d], Prys(pzs #0) >1—0.

Proposition 2.5.1. Assume § < 1/6e. Consider any d-correct algorithm m solving Problem (i),
and fit A #0 and 0 < s < d. Then, the worst-case budget of m on environments vg with |S| = s
is lower bounded by

1 do? o2 do?

sup Eﬂ’,l/s[ﬂ > 77+710g(1/45)7 and sup ]P)TF,I/S T > 2

log(1/60)| =6 .
S:|S|=s 6e sA2 A? S:|S|=s sA? Og( / )

Sketch of the proof. We sketch the proof of both claims and defer full details to Appendix 2.A.
First, the term 2—22 log(1/4) in the expectation bound corresponds to the cost of certifying that
a candidate feature is truly non-zero. For any support S, we compare vg and vge, which have
disjoint supports. Since 7 is J-correct, the event {7 € S} has probability at least 1 — d§ under vg
and at most ¢ under vge. A data-processing argument therefore gives KL(Pr g, Pr 1g.) 2 log(1/0).
By construction, this KL divergence is of order %22 Ex g [T], which implies E; o [T] 2 2—22 log(1/9).
Intuitively, this is the classical one-dimensional testing cost between A(0,0?) and N(A, o?).

38



Introduction (extended English version)

Second, the quantile lower bound requires a different change-of-measure argument and captures
the intrinsic cost of adaptation. Here, the key object is the stopping time 7 rather than the final
decision 7. Define Xi= sup inf{t:Pr, (T <t)>1-0),

S:|S|=s
that is, the largest (1 — §)-quantile of the budget over all supports of size s.
On the one hand, by definition of x, the algorithm stops before y with probability at least 1 — d
under vg, that is Py o (T < x) > 1—0.
On the other hand, consider 1y as the environment with an empty support, in which the observation
is distributed as A (0,02). We prove that, with probability at least 1 — 2§, the algorithm does not
stop by x, that is Pr (7 > x) > 1 — 26. Intuitively, this follows from the fact that under vy,
there is no signal, so it should not certify any entry as containing signal in finite time.

Data processing then yields KL(Pr o, Prug) 2 log(1/d), for every support S of size s. From
there, a symmetrization argument % gives

A2
Z KL(PW,VmPTr,VS) = TN Z ZEO ]1{165}2 29
(s) S:|S|=s ( ) S:|S|=si=1
using that 1y and vg differ only on features in S, and that KL(N(0,0%),N(A,0?)) = %. The
main point is that Eq[T;] does not depend on S, so we can swap the sums and obtain
oy AP s

KL 0 7er E —E
@ 2 K 222“ @ s

For interpretation, we can see that each sample on one of the s nonzero features contributes A2/o?
to the global KL. Then, under vy the algorithm must spread its effort almost uniformly (about
T /d per feature). Finally, constraining the algorithm to verify Eg [T} < X (which does not affect
any of these arguments), we combine both inequalities and get y > > log(l /0), which is exactly
the claimed quantile lower bound.

Coming back to the expected budget, this quantile bound at a constant confidence level (e.g.,
0 ~ 1/2) yields the expected-budget lower bound of order &, via a Chernoff-type argument. [

2.5.2.3 Optimal adaptive strategies.

Adaptive strategies can match these lower bounds up to constants and logarithmic factors,
while adapting to unknown s and A. The key ingredients are: (i) Sequential Halving (SH) (Karnin
et al., 2013a), (ii) sub-sampling through the variant of SH called Bracketing Sequential Halving
(BSH) (Zhao et al., 2023), (iii) a doubling schedule, and (iv) a final verification test. A pseudocode
for this procedure is given in Algorithm 1.

Proposition 2.5.2. Let 0 € (0,1), then Algorithm 1 is §-correct for Problem (i). Moreover, there
exists polynomial factors ly,ly in log(do?A~2), independent of &, so that its sampling budget T
satisfies,
E[T] < (d" log(1/6)> and, P
sAZ T A2 ’

6. That is, averaging over all possible supports S of size s.

>1-6.

do 2
T <y ( A2 log(1/5)>

39



Introduction (extended English version)

Algorithm 1: Adaptive signal detection (Informal)

1 k+1;

2 while true do

3 Run BSH with a budget 2* and output ij;

4 Sample iy, for 2F additional pulls and compute fiy;

log(12k2 /726§
5 if [ > \/2020g(/77) then

9k
6 Output 7 < i and stop;
7 end
8 k+—k+1;
9 end

Sketch of the analysis. The proof is postponed to Appendix 2.B, but we sketch the main argu-
ments here.

We rely on Theorem 6 of Zhao et al. (2023), which provides guarantees for BSH. Up to
logarithmic factors, if T 2 %5 log(l /9), then BSH returns a best-arm with probability at least
1 — 4. Intuitively, two effects are combined:

1. certifying a good arm requires about %5 log(l /0) samples for reliable testing;
2. sub-sampling introduces the multlphcatlve search cost g necessary to hit an arm in S.

The sub-sampling mechanism of BSH, and sequential elimination, are crucial to achieve this
search cost, which is optimal as shown by the lower bound. The verification threshold follows from
Hoeffding’s inequality. The factor log(k?) enables a union bound over epochs, so if BSH outputs
ip with p;, = A, verification succeeds as long as 2% > 2—22 log(k?/6), and if p;, = 0, verification
discards the wrong candidate i; with high probability, whatever the epoch.

For the quantile-budget bound, we exploit the high-probability guarantee of BSH. Define k*
as the first epoch such that 2F =< %log(l/d), up to logarithmic factors. At this scale, BSH
and verification both succeed with high probability, so the algorithm stops by epoch k*. Since
Sk _ 2K < 2K+l the budget is of order g%z log(1/4).

For the expected budget, for any epoch k > kg such that 2k ~ AQ + %= log(l/é) the stopping
probability is bounded below by a positive constant. Hence, the number of addltlonal epochs

after kg is dominated by a geometric random variable, which implies E[T] < dUQ + Xz log(l /6),

matching the lower bound up to logarithmic factors. O

2.5.3 Observations.

We formulate observations on this example, inspired by our guiding questions (Section 2.4).

Flrst for signal detection (i), the expected complex1ty dgz + Xz log(l /9) splits into a detection
cost AQ (independent of §) and a verification cost %3 log(l /9). The detection term dominates
at moderate confidence, while the verification term dominates at high confidence. This detec-
tion/verification trade-off is a recurring motif in our problems, while asymptotic (§ — 0) analyses
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emphasize the second term and can miss the first. This motivates our non-asymptotic analysis,
which is particularly relevant in high-dimensional settings.
Second, expected and high-probability guarantees have intrinsically different scales. In high

probability, detection contributes an extra log(1/d) factor, leading to a cost of order 5222 log(1/6).
This mirrors the fixed-confidence/fixed-budget gap already observed in best-arm identification (Lo-
catelli et al., 2016). A similar phenomenon appears in most of the structure recovery problems
that we study; this is a new contribution of this thesis.

Finally, the benefits of adaptive strategies are clear in this example. A non-adaptive strat-
egy that allocates T'/d samples per feature would require 7" 2 dAL; log(1/0) to succeed, which is
sub-optimal by a factor of s. Moreover, passive strategies are not able to choose the budget T
adaptively. This illustrates the benefits of adaptation, and the importance of sub-sampling and
sequential-elimination techniques to achieve optimal sample complexity. Moreover, the optimal
adaptive strategy is computationally efficient. This is a key point for problems such as clustering,
where the information-theoretic optimal sample complexity is often not achievable by polynomial-
time algorithms in the batch setting, while it becomes achievable with bandit feedback.

2.6 Outline of contributions

2.6.1 Parametric Clustering with Bandit Feedback (Chapter 3)

Chapter 3 is a joint work with Alexandra Carpentier”’, Christophe Giraud®, and Nicolas
Verzelen ?, published in ALT 2025 as (Thuot et al., 2025).

Problem setting. Chapter 3 studies the parametric Clustering with Bandit Feedback (CBP),
as described in Section 2.2. In this problem, each item a € [n] has an unknown mean vector
e € R and two items a,b € [n] are in the same cluster if and only if u, = . The hardness of
parametric CBP is governed, beyond n, K, d, and o2, by the minimal cluster separation and the
proportion of items in the smallest cluster:

. 11

A* = Hkl;i?”'uk —'LL4H2 and 0* = min — € [ﬁ’?}

These two quantities characterize the difficulty of the problem: it becomes harder when clusters
are less separated (A, small) or when groups are more unbalanced (6. small).

Lower bound. We derive a non-asymptotic lower bound on the minimal expected budget re-
quired by any d—correct algorithm over a class of environments with minimal separation at least
A,, balancedness at least 0., and o2—sub-Gaussian noise. In the balanced case 6, ~ 1 /K,

120 5 s (5) o )

7. Institut fiir Mathematik, Universitdt Potsdam, Potsdam, Germany.
8. Université Paris-Saclay, Laboratoire de mathématiques d’Orsay, Orsay, France.
9. INRAE, Mistea, Institut Agro, Univ Montpellier, Montpellier, France.
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up to universal constants— see Theorem 3.3.1.

The first term n is the unavoidable cost of observing each arm at least once. The second term
ng—z log(n/d) corresponds to the cost of certifying that each arm belongs to the correct cluster,
and appears even when the cluster centers are known. This term dominates in low-dimensional
regimes, where d is small compared to n, and is optimal in the asymptotic regime § — 0 (Yang
et al., 2024). It is similar to the budget necessary for support recovery in our motivating example
(Problem (ii) in Section 2.5). The third term Z—;W captures the additional cost of
learning the cluster centers in high dimensions, and dominates in high-dimensional regimes. This
last term, depending on d, is new compared to asymptotic analyses such as (Yang et al., 2024). Our
proof requires a careful reduction from bandit clustering to high-dimensional two-sample testing,

which is a novel contribution of this chapter.

Upper bound and optimality. We design the ACB algorithm (Algorithm 4), a polynomial-
time procedure that is d—correct. Chapter 3 proves that ACB achieves an expected budget match-
ing the information-theoretic lower bound up to logarithmic factors for all (n, K,d, A, 6.,d) in
the considered class, while remaining computationally efficient— see Theorem 3.C.1. ACB follows
a two-step strategy:

1. Sequential Representative Identification (Algorithm 2), which adaptively identifies a set of

K representative arms containing, with high probability, exactly one arm from each clus-
ter. This phase relies on adaptive sub-sampling and a carefully chosen sequence of high-
dimensional two-sample tests.

2. Active Distance-based Classification (Algorithm 3), which concentrates samples on the K

representatives to obtain accurate estimates of the cluster centers, and then classifies every
remaining arm by comparing its empirical mean to these estimated centers.

Comparison with batch clustering. The CBP is the sequential, adaptive counterpart of clas-
sical model-based clustering. A natural comparison is uniform sampling followed by classical batch
clustering. If the learner has a fixed budget T', allocating T'/n observations per arm reduces the
variance to no?/T, and the separation thresholds from Section 2.3.1 translate directly into budget
requirements. This uniform sampling strategy serves as a baseline for evaluating the benefits of
adaptive bandit feedback. For instance, when d > n, the noise is isotropic, and the clusters are
balanced (0, ~ 1/K), uniform sampling requires a budget of order 222 VdK?2n to succeed with a
non-trivial probability of error (Even et al., 2024), which is sub-optimal by a factor of VK com-
pared to the lower bound \/dKnlog(n). !? This gap is inherited from the computation-information

gap in batch clustering, as discussed in 2.3.2.

The main message of Chapter 3 is that adaptive sampling can turn a statistically feasible but
computationally hard clustering problem into one that is both sample-efficient and polynomial-
time solvable. More broadly, it provides a concrete example in which bandit feedback breaks a
computational barrier present in the corresponding batch problem.

10. For the sake of comparison, we omit all log(1/d) terms here; this discussion is therefore valid in the moderate-
confidence regime § ~ const.
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Chapter 3 Summary of contributions

1. We formalize the Clustering with Bandit Feedback Problem (CBP) under
sub-Gaussian noise, in a parametric setting, and identify the key quantities

(As, 0% K, d,n,0,) characterizing its complexity.

2. We establish non-asymptotic lower bounds on the minimal budget required by any
d—correct algorithm, thereby distinguishing low-dimensional and high-dimensional
regimes and showing that the optimal complexity scales as

o? n / n
n 4+ A_% [nlog (g) + 4/dKnlog (gﬂ

3. We introduce the ACB algorithm, a polynomial-time procedure based on the selec-
tion of representative arms, and prove that ACB is d—correct and attains the lower
bound up to logarithmic factors in the balanced regimes.

4. We show that, in the bandit setting, the computation—information gap disappears.

2.6.2 Non-Parametric Clustering with Bandit Feedback (Chapter 4)

Chapter 4 is a joint work with Sebastian Vogt!!, Debarghya Ghoshdastidar ', and Nicolas
Verzelen '3, available as a preprint (Thuot et al., 2026).

Non-parametric setting. Chapter 3 relies on a structured parametric setting with linear-
separable clusters and simple geometry (e.g., isotropic Gaussian). Chapter 4 extends the problem
to non-parametric clustering with more complex geometries (see Section 2.2), where arms are
clustered by their underlying distributions rather than finite-dimensional mean vectors. Each v; is
supported on a separable topological space X (possibly infinite-dimensional), and we impose no
parametric assumption beyond mild kernel conditions.

Kernel and Meta-algorithm. We adopt a kernel-based approach (Gretton et al., 2012; Muan-
det et al., 2017; Wolfer and Alquier, 2025). We consider the embedding of each distribution
v; into a reproducing kernel Hilbert space (RKHS) H through kernel mean embedding (KME)
pi = Ex~,[9(X, )], where g is a bounded, translation-invariant, characteristic kernel on X' x X
Under the characteristic assumption, v; = v; is equivalent to u; = pj, so the non-parametric CBP
reduces to clustering arms according to their KMEs in H. We measure separation between clusters
through the squared maximum mean discrepancy, the squared distance between the corresponding
KMEs in H, MMD?(v;,v;) = || — /3,

11. Equal contribution—Technical University of Munich, Munich, Germany.
12. Technical University of Munich, Munich, Germany.
13. INRAE, Mistea, Institut Agro, Univ Montpellier, Montpellier, France.
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Upper bound. To capture instance difficulty, we introduce the chapter-specific signal-to-noise
ratio s2, which depends jointly on inter-cluster MMD separation and RKHS variances. It is defined

by
ViV Vs g
572(v) := max - 1=V Vo ,
i#gctn) \ |lms = p5ll3  2llms — pjlla
HiF g
where V¥ is the RKHS variance proxy associated with arm 7 (defined in Chapter 4), and g is
an upper bound on the kernel g. Theorem 4.3.1 shows that our algorithm KACB (Algorithm 9)

reaches a budget upper bounded with probability 1 — § by

T <ns;%log (n)
o
This bound contains two terms. The first term n ﬁ log(n/d) is a kernel equivalent of the
7 3l

second term in the parametric setting (ng—z log(1/0)), and dominates when the variance is large.
The second term n+/g/|| s — pj]|% is a limitation depending on the kernel upper bound g, so that
taking the kernel variance into account only improves the bound when the variance V" is large.
The algorithmic idea behind KACB is deliberately simple. We sample all arms uniformly, run
a kernel two-sample test for each pair (4,7), and connect i and j whenever the test does not
reject the null hypothesis v; = v;. We use variance-aware concentration inequalities for empiri-
cal KMEs (Tolstikhin et al., 2016; Wolfer and Alquier, 2025) to control deviations of empirical
MMD statistics. The estimated clustering is then the set of connected components of the resulting
graph on {1,...,n}. The per-arm budget is increased adaptively through a doubling scheme until
pairwise tests are accurate enough to separate clusters reliably.

Chapter 4 Summary of contributions

1. We formalize a non-parametric version of the CBP, where arms are clustered accord-
ing to their distributions, and reframe the task as clustering KMEs in an RKHS.

2. We introduce the Kernel Active Clustering with Bandit algorithm (Algorithm 9),
a simple meta-procedure that relies on variance-aware kernel two-sample tests and
uniform sampling. KACB is shown to be d-correct and to achieve a total budget

n

T < ns;?log <g> ,
up to logarithmic factors, where s2 is an instance-dependent complexity parameter
driven by minimal MMD separation and RKHS variances.

3. We establish that meaningful non-asymptotic guarantees remain possible beyond the
parametric setting of Chapter 3, thereby extending the bandit-clustering setting to
a broader class of distributional clustering problems.
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Limitations In contrast to the parametric ACB algorithm of Chapter 3, this procedure is more
naive. Its main strength is robustness: it is -correct under much weaker structural assumptions.
Our analysis is limited by the absence of corresponding lower bounds, which would be needed to
fully characterize the optimal sample complexity, and remains an important open question.

2.6.3 Feature Selection in Clustering with Bandit Feedback (Chapter 5)

Chapter 5 is a joint work with Maximilian Graf'4, and Nicolas Verzelen ', published in ICML
2025 (Graf et al., 2025).

Feature selection variant. In Chapter 5, we study CBP in the feature-selection variant. In
addition to choosing an item, the learner chooses one feature at each round. At time £, she
selects an item-feature pair (I;, J;) € [n] x [d] and receives a noisy observation of My, ; with
sub-Gaussian noise. We focus on the two-cluster case (K = 2), where the two groups have mean
vectors g, 1 € R%, and we denote the gap vector by A = p; — po.

Upper bound. We introduce a fully adaptive algorithm, BanditClustering (Algorithm 13),
built from two sequential subroutines. Both steps rely on an adaptation of Sequential Halving
with sub-sampling, used to balance detection (finding informative features) and classification
(classifying all items once a good feature is found).

1. CandidateRow (Algorithm 11) identifies a representative item from each cluster with high
probability. This step is seen as a specific instance of the signal detection problem (Problem
(i), Section 2.5), and is performed through a combination of sub-sampling methods, together
with the elimination strategy Sequential Halving from Karnin et al. (2013a).

2. ClusterByCandidates (Algorithm 12) identifies a strong discriminative feature and classifies
all items using that feature. This is performed through a doubling schedule, which adaptively
increases the sampling budget to detect a feature informative enough to separate clusters
with high confidence.

The resulting non-asymptotic upper bound is instance-dependent— see Theorem 5.3.1. Up to
logarithmic factors, with probability at least 1 — d, the budget satisfies T < log(1/d) H, with

H d ( ! + = ) + mi <d + > = +1
= |——5+—)+mn(-+n) |-
o \]AlZ s seld] \ s A%S) ’

where ¢ is the balancedness of the partition, Ay > --- > A(g) are ordered absolute gaps, and
s* € arg MaXse[d] SA%S) is an effective sparsity parameter.

We rely on the ability of elimination techniques to perform well in settings where there are
many good arms (or features) (Karnin et al., 2013a), which is a key aspect of the problem. The
resulting algorithm is computationally efficient and adaptive to the unknown structure of A. The
key intuition is that, once a good feature is found, the problem reduces to classifying n items based
on that feature, which is a much easier problem than clustering in the original d-dimensional space.

14. Equal contribution—Institut fiir Mathematik, Universitidt Potsdam, Potsdam, Germany
15. INRAE, Mistea, Institut Agro, Univ Montpellier, Montpellier, France
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Lower bound and optimality. Additionally, we establish an instance-dependent lower bound
showing that any d-correct algorithm must spend at least
d | 1 v noy 1
AR 085 V Az logs
Olallz = Ay 70

on some permuted instance. In Corollary 5.3.2, we show that the upper and lower bounds match
up to poly-logarithmic factors in the two-level regimes where A € {0, h}d.

Discussion. The complexity term contains several components. For simplicity, we discuss the
case A € {0, h}d, which is closely related to the motivating examples in Section 2.5. In this case,
the upper and lower bounds reduce to ﬁ log(1/6)+ 45 log(1/9). The first term is a detection cost,
corresponding to finding two representative items, one from each cluster. The factor % X % is the
intrinsic sub-sampling cost of finding a row in the second group and a feature that discriminates
between the groups. Besides, % log(1/0) is the cost of certifying that the corresponding gap is
non-zero at confidence level 1 —4d. The second term, ;3 log(1/d), is the cost of classifying all items
using that feature. For general A, the optimal strategy involves adapting to some effective sparsity
level s* reaching the minimum in the general bound.

The main message of Chapter 5 is that the sample complexity depends on the full structure

of the gap vector A, and one can adapt to the effective dimensionality of the problem.

Chapter 5 Summary of contributions

1. We formalize CBP with feature selection, where the learner must jointly identify

informative features and recover the clusters under a fixed-confidence guarantee.

2. We propose BanditClustering, a d-correct algorithm, based on Sequential-Halving-
style feature search. With probability at least 1 — §, the budget satisfies T <
Hlog(1/0), with H the instance-dependent complexity term defined by

B=5 (a5 )+ (5 +n) (5 +1
AN seld] \ S A%s) '

3. We establish an information-theoretic lower bound, and show near-matching up-
per/lower bounds up to poly-logarithmic factors in two-level regimes.

2.6.4 Condorcet Winner Identification (Chapter 6)

Chapter 6 is a joint work with El Mehdi Saad !¢, and Nicolas Verzelen !7, available as a preprint
in (Saad et al., 2026).

Problem setting. Chapter 6 studies Condorcet Winner Identification (CWI) in stochastic du-
eling bandits (see Section 2.2.3). The Condorcet winner (CW) is an arm ¢* € [K] that is preferred

16. Equal contribution—UMG6P College of Computing Rabat, Morocco.
17. INRAE, Mistea, Institut Agro, Univ Montpellier, Montpellier, France.
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to every other arm, i.e., A;; > 0 for all j # ¢*. Assuming a CW exists, the fixed-confidence
objective is to output ¢* with probability at least 1 — ¢ while minimizing the sample complexity
T.18 A key feature of our analysis is that, except the existence of a CW, it does not rely on
structural assumptions on the preference matrix A: no total order over the arms is assumed.

Baselines. We compare our algorithms to two baselines.

1. First, we compare to the budget Hew = 32,4 A;?i log(1/§) obtained in the state-of-the-
art method of Maiti et al. (2024). The quantity H,y corresponds to the cost of eliminating
suboptimal arms by comparing them directly to the CW. This is optimal when the CW is the
strongest arm against all others, i.e., when A« ; = max;»; A; ; for all j # i*. However, this
guarantee can be arbitrarily loose when the CW is nearly tied with other arms. Our analysis
improves this guarantee in general by leveraging the full gap matrix, while recovering it
when the CW is indeed the strongest arm against all others.

2. We also discuss the verification-based approach of Karnin (2016), with asymptotic budget
Dizix MiNGA, <0 A;’f log(1/4§), which is optimal as § — 0. This bound is naturally unavoid-
able: deciding that i* is the CW is equivalent to deciding that each suboptimal arm i # ¢*
is not a CW. This requires eliminating each such arm by comparing it to some opponent
J with A; ; < 0, at minimal cost when using the strongest opponent, argmax;, Ai ;<0 A j
Hence, the asymptotic budget of Karnin (2016) corresponds to the minimal cost of elimi-
nating each suboptimal arm using its strongest opponent, and this cost is unavoidable, as
shown by the lower bound in Haddenhorst et al. (2021b). Still, this bound is asymptotic in
the regime § — 0. In our non-asymptotic analysis, we show that for moderate confidence
levels (e.g., large-scale settings with large K and not-too-small §), this asymptotic bound
hides an intrinsic exploration cost that we fully characterize.

Exploration and certification trade-off. Eliminating a suboptimal arm ¢ # * involves
two costs: exploration (finding an opponent that beats i) and certification (proving that the
corresponding gap is negative with high confidence). Let Ko := [{j : A;; < 0}| and let
Ajy < - < Ay, < 0 be the ordered negative gaps against i. For some effective spar-
sity s; < Kj.<0, these costs scale as K/(SiA?,(si)) and log(1/6)/A? (51)?
tivating example in Section 2.5. Hence, to eliminate arm i, one should find an opponent j with

as suggested by the mo-

Aij = A, for some s;, and then certify that A;; < 0. The optimal choice of s; depends on
both the instance and ¢, and is selected adaptively by our algorithm. To capture the resulting

exploration and certification costs, we define, for any s = (s1,...,sk), with s; < Kj. <,
Klo K lo
Hexplore(saé) ‘= Inax gz( / ) + Z A2 ’ Hcertify(S,(S) = Z gg / ) .
FESiBis) i S (s) i Sisi)

The sample complexity decomposes as a trade-off between these terms.

18. The fixed-budget setting is also studied in this chapter.
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Algorithmic ideas. FB-CWTI (Algorithm 16) is an elimination algorithm based on two sub-
routines: a strong-opponent search (adapted from Sequential Halving Karnin et al. (2013a)) and
a weak-opponent search based on adaptive quantile estimation via RANGE-QUANTILE (Algo-
rithm 15). Their outputs define a score that eliminates a constant fraction of active arms at each
stage. Interestingly, RANGE-QUANTILE is a new procedure that estimates the s-th quantile of a
vector and may be of independent interest.

FC-CWTI (Algorithm 17) wraps FB-CWT in a doubling schedule and adds two stopping tests:
(i) a direct CW certification, which checks whether the candidate CW has a positive row, and
(ii) an elimination-frontier certification, which verifies that our score-based elimination is correct.
The algorithm is d-correct and, up to logarithmic factors in K and an additional loglog(1/0) term
(see Theorem 6.3.1), satisfies with probability at least 1 — ¢:

Ts S ch(5) A msin{(Hcertify(sy(s) +Hexplore(376))} .

If the CW is the strongest arm against all others, this recovers the Hy (d) guarantee of Maiti et al.
(2024) 1; otherwise, it improves upon it. However, our bound is always worse than the asymptotic
bound of Karnin (2016). This is because, for moderate confidence levels, the exploration cost
dominates the certification cost, while the asymptotic bound captures only the latter. For instance,
if log(1/6) is treated as a constant, the right-hand side of our upper bound is dominated by the
term ming -, ﬁ =Y ﬁ, up to a log(d) factor,?® which can be larger than the
bound of Karnin (20163 by a factor o% at most K. Our lower bound confirms that this exploration
cost is intrinsic and unavoidable.

Lower bounds and optimality. The lower bound from Haddenhorst et al. (2021b) establishes
that the complexity term from Karnin (2016) is unavoidable.

In Theorem 6.4.2, we establish a high-probability lower bound, yielding a new understanding
of the instance-dependent complexity of CWI. The proof relies on a reduction to active multiple
testing, which is novel in this setting. For simplicity, we state here the minimax version (Corol-
lary 6.4.4), which holds for any d-correct algorithm and any gap matrix A. For any J-correct
algorithm 7,

_sup inf {X > 0 s.t.: ]PAJ(NE < x) < 5} e msin {H ertity (8,0) + Hexplore(s,0)}
AeD(A)

where D(A) is a set of perturbations of A that preserve the CW, the sign structure of A, and the
optimal sparsity level s . 21 Overall, this lower bound confirms that the exploration-certification
trade-off is intrinsic and unavoidable, and that our method is order-optimal.

The main message in this work is that we improve existing bounds and obtain a better under-
standing of the instance-dependent complexity of CWI when there are no structural assumptions
on the preference matrix A except the existence of a CW. Besides, our analysis holds for all con-

19. And, by corollary, the bound of Karnin (2016), which is equal to Hcw(d) under this assumption.

20. From the inequality maxye(i,  x} kzp < ZL 27 < log(4K)maxye(1, . x} kxy, valid for any decreasing
sequence rj > - -+ > TK.

21. We postpone to Chapter 6 for the precise definition of this local class D(A).

..........
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fidence levels § € (0,1), which allows for a more comprehensive understanding of the problem,
particularly in large-scale regimes where K is large.

Chapter 6 Summary of contributions

1. We introduce FB-CWI and FC-CWI, new elimination-based algorithms for the
fixed-budget and fixed-confidence settings, built on Sequential Halving, a new
RANGE-QUANTILE subroutine, and a score-based elimination rule. FC-CWTI is 6-
correct and satisfies, with probability at least 1 — d,

T S Hew(8) A min{ (Heersity (5, 8) + Hoxplore(s,9)) } ,

improving over the winner-only guarantee Hey(d) in all regimes.

2. We establish new instance-dependent lower bounds for CWI, obtained via a reduction
to active multiple testing. This bound yields a local-minimax lower bound showing
that the exploration-certification trade-off is intrinsic and unavoidable.

3. We uncover phenomena that are invisible to asymptotic analyses, and the non-
trivial role of the full gap matrix rather than only the winner row. This exploration-
certification trade-off is a new contribution to the theory of CWI.

2.6.5 Multiple Change Point Identification (Chapter 7)

f22

Chapter 7 is a joint work with Maximilian Graf““, available as a preprint in (Graf and Thuot,

2026).

Problem setting. In Chapter 7, we study Multiple Change Point Identification (MCP) under
bandit feedback. We consider a piecewise-constant function f : [0, 1] — R with m change points at
unknown locations 0 < 7 < --- <z, < 1, so that f is constant on each interval (z}_,, z;] (with
the convention zf = 0 and x;,,; = 1). At each round, the learner selects a query point I; € [0, 1]
and observes X; = f(I;) +¢&¢, where g, is o-sub-Gaussian noise independent of past queries. In the
fixed-confidence setting, the goal is to recover the m change points with precision 7 and probability
at least 1 — ¢, while minimizing the total number of queries 7.2 More precisely, the objective
is to output m estimates (Z1,...,Zm) such that maxcpy, |Tx — o3| < 1 with probability at least
1—0.

Comparison with the literature. This problem can be viewed as a structured variant of
Clustering with Bandit Feedback, after discretization, in which case the features dimension is
d = 1. The key difference from CBP is that the spatial structure of [0,1] can be exploited: a
query at a point z is informative not only about the local value of f, but also about the possible

22. Equal contribution—Institut fiir Mathematik, Universitdt Potsdam, Potsdam, Germany
23. We consider the more general setting of localizing a subset of N < m change points; see Chapter 7 for details.
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existence of a nearby boundary. This motivates a fundamentally different algorithmic approach
based on recursive binary search and local hypothesis testing.

The problem was first studied in Lazzaro and Pike-Burke (2025b), where the analysis focuses on
the asymptotic regime § — 0. Their result has the form limgs_,q % < Hiocalize, With Higealize 1=
S AL and Ay = |f(zpt) — f(z7)| is the jump magnitude at z}. This bound is optimal in
the asymptotic regime and corresponds to the cost of certifying each estimated change point at
confidence level 1 — §. However, this asymptotic characterization does not capture exploration,
namely the cost of detecting the presence of change points. In addition, the dependence on the
precision parameter 7 is hidden by the asymptotic regime. Our analysis is non-asymptotic in both
9 and 7, and improves the dependence on 7 from linear in 1/7 to logarithmic in 1/7. This is crucial

in large-scale regimes where high localization precision is required.

Our analysis also quantifies exploration. Inspired by the batch MCP literature, we introduce
an energy parameter 5,3 = skAz, where s captures local spacing through si := Y1 A U, with

VU =xp, —xp for k=1,...,m —1, and by convention 9y = ¥, = 1. This yields an additional
detection complexity term of order Hgetect := maxy 1 /5,3, which our lower bounds show to be
intrinsic.

Algorithmic design. The chapter introduces LocalizeChangePoints (LCP), an adaptive algo-
rithm that wraps a fixed-budget procedure in a doubling schedule and stops once an estimated set
of change points is certified to be correct. The method has four steps: (i) a detection step, which
identifies points in each plateau of the piecewise-constant function f using multiscale tests; (ii)
an estimation step, which estimates the jump of each change point; (iii) a localization step, which
refines the estimates to precision 7 using binary search; and (iv) a verification step, which confirms
the estimates. The estimation and verification stages contribute a cost of order Hiocalize log(1/0),
matching Lazzaro and Pike-Burke (2025b).

Besides, the detection stage introduces an additional cost of order Hgetect = maxy 1/ 5,3. This
is a genuinely non-asymptotic effect, invisible when § — 0. In addition, refinement to precision
7 induces an extra Hiocalize 10g(1/n) term, which is the optimal dependence in the precision 7.
Overall, the method is d-correct and satisfies non-asymptotic guarantees in both high probability
and expectation. Up to logarithmic factors,

1
E[ﬂ 5 Hdetect + Hlocalize 10g(5> in eXpeCtatiOD s
n

1 1
Hactect log<> + Hiocalize log() with probability at least 1 — §

T 1) on

N

For the expectation bound, we recover the same dependence on d, namely Hiocalize 10g(1/0),
as Lazzaro and Pike-Burke (2025b), while improving the dependence on 7. We also identify an
additional non-asymptotic complexity Hgetect, Which can dominate when change points are very
close. This detection cost is intrinsic and unavoidable by our lower bounds. The complexity Hgetect
is always larger than Hjgcalize, and the gap can be arbitrarily large when change points are ex-
tremely close and hard to detect.
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Lower bounds and optimality. We establish information-theoretic lower bounds for MCP
localization. These lower bounds match our upper bounds up to logarithmic factors. To the best
of our knowledge, this is the first characterization of MCP localization complexity at this level of
precision. The proof relies on a reduction to a signal-detection problem, similar to the one discussed
in Section 2.5. Compared with Lazzaro and Pike-Burke (2025b), whose guarantee is asymptotically
optimal as 6 — 0 but not non-asymptotically tight, our bounds improve the dependence on 7 from
linear in 1/7n to logarithmic in 1/7n, while maintaining the same dependence on §. This is especially
relevant in high-precision regimes.

Chapter 7 Summary of contributions

1. We introduce LocalizeChangePoints (LCP), an adaptive algorithm that combines

multiscale detection, jump estimation, binary-search localization, and verification.
The method is d-correct and satisfies non-asymptotic guarantees in both high prob-
ability and expectation. Up to logarithmic factors,

1
E[T] < Haetect + Hiocalize log(&) in expectation ,

1 1
T < Hietect log(5) + Hiocalize log<5) with probability at least 1 — §
n

where Hetect = max; 1/E2 and Hiocalize = Y q 1/ A%i)'

2. We prove new information-theoretic lower bounds, showing that any algorithm must
pay both a detection cost and a localization cost. On a local-minimax class of in-
stances, these lower bounds match the upper bounds up to logarithmic factors, for
both expected-budget and quantile guarantees.

3. We reveal a genuinely non-asymptotic phenomenon: the sample complexity is jointly
governed by jump magnitudes and local spacings (through energies £2 = 5;A?), via
a detection-verification trade-off. In particular, this sharpens our understanding of
MCP localization in high-precision regimes (small 7).

2.7 Thesis structure

The thesis is organized as follows. In Chapters 3-5, we study several variants of the Cluster-
ing with Bandit Feedback (CBP) problem. Chapter 3 addresses the parametric case, Chapter 4
the non-parametric case, and Chapter 5 CBP with feature selection. In Chapter 6, we study
the Condorcet Winner Identification (CWI) problem. In Chapter 7, we study Multiple Change
Point Identification (MCP). Each chapter is self-contained and can be read independently of the

others. 24

24. Besides, these chapters are available online as conference proceedings or as an author’s preprint.
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Appendix of the Introduction

2.A Proof of Proposition 2.5.1

The proof of Proposition 2.5.1 relies on the same arguments as the proof of Theorem 5.4.1 and
Theorem 7.4.1, but in a simplified setting. It is detailed below for the sake of completeness.

Proof of Proposition 2.5.1. First, we use a classical change-of-measure argument to obtain an
instance-dependent lower bound for the expectation of the budget, which corresponds to the
term cgz log(1/d). Then, we establish the lower bound on the quantile of the budget of order

. AQ log(l /9), with a proof strategy that is inspired by the proof of Theorem 5.4.1. Finally, we
show that the term AQ is also a lower bound on the expectation of the budget, by using Markov’s
inequality.

Lower bound on the expectation of the budget. Fix an algorithm 7, and consider a fixed
vector p with support S of size s, with non-zero entries equal to A. We denote as vg for the
associated environment with Gaussian noise of variance o?. Assume that s < d, so that p has at
least one zero entry.

Let m be a d-correct algorithm for problem (i). We also denote as 7 the random variable
corresponding to the arm selected by 7 at the end of the learning process, and as T' the random
variable corresponding to the stopping time of 7. We denote as Pg the probability distribution
induced by 7 in the environment vg. By §-correctness for the problem (i), we have Pg(i € S) >
1—29.

Then, consider the alternative environment vge whose support is the complement of S, i.e.,
S¢:=1[d]\ S, and denote as Pgc the distribution induced by 7 in this environment. Since the
support is empty under Pge, we have, by d-correctness, Pge(7 € S) < 0.

Applying the Bretagnolle-Huber inequality (see Lattimore and Szepesvari, 2020, Thm. 14.2),
we obtain

1
B exp (—KL(]P’S,]P)Sc)) < Pg(ie S)+ ch(i € S) <26,

which implies
1

46

Next, using the decomposition of KL divergence for bandit models (Lattimore and Szepesvéri,

log — < KL(Pg, Pge) . (2.1)

2020, Lemma. 15.1), and the Gaussian assumption, we have

(2.2)

A2
KL(Ps, Psr) = 3 Bs[TI KL (%) N = Al,0%) = L EsTil 5 = EslTlg 5

where T; is the number of times the learner samples the i-th arm, so that >, 7; = T. We use the
fact that under vg and vge, the distributions of the arms are Gaussian with means differing in
absolute value by A.
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Combining with (2.1), and rearranging, we obtain the first lower bound on the expectation of
the budget Eg[T] > 2% log L.

Lower bound on the (1—J§)-quantile of the budget. In this proof, we exploit events relative
to the stopping time of 7, instead of the recommendation 7. This allows us to obtain a lower bound
on the quantiles of the budget. The result that we obtain is a local-minimax lower bound, on the
class of environments with support of size s and non-zero entries equal to A.

Let Eper(t) denote the set of Gaussian environments obtained by permuting p by any permu-
tation 7. Define the environment v, as follows:

Vr = (N(MT(1)702)7 s 7N(,u“r(d)70-2)> .

Under v,, the unknown support is {s;7(s) € S} = 771(S). This permutation allows us to take
into account in the lower bound that the learner does not know the support S.
Define x as the smallest integer such that for all permutation 7 of 1,...,d, the following
inequality holds:
PTfl(S)(T > X) <9 . (2.3)

In other words, x is the largest (1 —d)-quantile of the budget of m over all environments in Eper(1t).
Our goal is to derive a lower bound on x.

Introduce Py as the probability distribution induced by 7, in an environment where the support
is empty, and all observations are drawn from N(0,0?). We use this distribution as a reference
distribution for the change-of-measure arguments. We justify that the event T" < x has small
probability under Py. Since 7 is d-correct, we have

Po(T < x) <26 . (2.4)

This comes from the fact that under Py, the support is empty, so the algorithm cannot stop in
finite time, which would mean that the learner certifies a non-zero entry while there is none. This
bound is obtained by decomposing the event 7' < y into the union of the events {7 < x,i € S}
and {T' < x,7 ¢ S}, and using the d-correctness of 7 for both events, observing that vy is as close
as possible to environments with support S [resp. S¢] and non-zero entries equal to €, with e — 0.
We refer to the proof of Lemma 7.C.4 for a rigorous argument.

Applying the Bretagnolle-Huber inequality (see Lattimore and Szepesvari, 2020, Thm. 14.2),
and Equations (2.3) and (2.4), we obtain

1
2 ©xXP (— KL(P07PT—1(S))) SPy(T < x) +Pr1(5y(T > x) <36,

which implies

1
log @ < KL(PQ,]P)T—l(S)) . (25)

Observe that the event T' < x is measurable with respect to the first y samples, so that the above
application of the Bretagnolle-Huber inequality is still valid for the truncated algorithm that stops
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at time T A x.

Next, using the decomposition of KL divergence, we have

AZ
KL(Po, P,-1(s)) ZEO N(0,1),N ZEO Loes = -

Averaging both sides over all permutations 7, and using Equation (2.5), we get
A?

log d' ZZ (i)es o - (2.6)

Now, observe that each element in i € {1,...,d} appears exactly (d—1)! times in the multi-set
{7(i)}., so that we can permute the sums to obtain

A2
jeS‘*

A2

1
a ; ; L e 5

— QTEO[T] .

Using the fact that we consider the truncated algorithm with stopping time T A x, we can
bound Ey[T] < x. Finally, it follows that:
N 2d 1 1
X2 A2 %65

Since x is the maximum over all permuted environments in Eyer (1) of the (1—9)-quantile of the
budget this inequality implies that there exists an environment in Eper (1) for which P 16y (T >

. AQ log & 5) > 6, which is exactly the claimed quantile lower bound.

Lower bound on the expectation of the budget.

Finally, we show that the term AQ is also a lower bound on the expectation of the budget.
Using Markov’s inequality, and the quantile bound, we have, for any § < 1/6, there exists an
environment vg with |S| = s such that

2do? 1 do?
EW,”S [7-] 2 72 lOg @ : Pw,ys T 2 2@ 10g(1/66)

do? 1 do?
A2 5 log(1/60) - 6 > ToSAZ

22
where the last inequality follows by choosing § = 1/(6e). O
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2.B Proof of Proposition 2.5.2

The meta-structure of the algorithm is close to the strategy used in Localize ChangePoints
(Algorithm 20).

Proof of Proposition 2.5.2. First, we derive two key ingredients: the guarantees of BSH and the
verification test. Then, we combine these ingredients to prove the correctness guarantee and the
bounds on the budget.

Key ingredients. First, we use Theorem 6 of Zhao et al. (2023), which provides guarantees on
BSH (Algorithm 3 in Zhao et al. (2023)), applied with € = A/2. From this theorem, there exists
a poly-logarithmic factor Iy in do?A~2 such that if 7 > ll%, then, denoting by % the output of
BSH with budget T', we have

sA?
P(u; = 0) < exp (—ll A d02> . (2.7)

We deduce two consequences: we can choose /1, a polylogarithmic term in d - 0 - A=2, so that
it T > ll%, the probability that BSH outputs a non-zero entry is at least 1/8, and if T >
llj%2 log(1/6), the probability that BSH outputs a non-zero entry is at least 1 — 4.

Now, consider the verification test. Let 6 < 1, let ¢ € [d], and let fi; be the empirical mean of

i after T samples. From Hoeffding’s inequality, for any ¢ € (0,1),

P (mi — ] > /202 1og(2/5)/T> <5

So if p; = 0, then |fi;] < \/20210g(2/8)/T with probability at least 1 — 8, proving Equation (2.8).

On the other hand, as long as A > 21/2021log(2/4)/T, this guarantees that |fi;| > \/202log(2/6)/T

with probability at least 1 — . This is equivalent to 7' > 8- 2—22 log (%), which concludes the proof
of Equation (2.9). We then have the two following guarantees for the verification test:

2 ~
If u; =0, then]P’(/fLi<“2;‘log<§)> >1-6. (2.8)
o?log (%) [ 2 9
4 ~ o ~
Ifui:AandTZS'T, then P | fi; > 2T-10g<5) >1-4. (2.9)

Now, we have all the ingredients to prove correctness and the bounds on the budget.

Correction Consider a run of Algorithm 1 with input 4.
The correctness guarantee relies only on the verification step. Consider the k-th epoch, where

BSH returns a candidate ;. From Equations (2.8) applied with T}, = 2%, and 6}, = %%, we have

that if p;, = 0, then with probability at least 1 — 0, f1;, < \/202 log(12k2/72§)/2%. In this case,

55



Introduction (extended English version)

our stopping condition is not met. By a union bound over epochs, the probability of outputting a

6‘5 = ¢, which proves the correctness guarantee.

zero entry is therefore bounded by Z+°°

Bound in high probability. Now, we prove the high-probability bound on the budget. De-
note as k* the smallest integer such that 28 > ll%log@/é) v 82—22 log(12k2/725), then, from
Equation (2.7), BSH returns a non-zero entry with probability at least 1 — §/2 at epoch k*.
Moreover, from Equation (2.9), the verification test succeeds with probability at least 1 — d/2 at
epoch £*. By a union bound, the algorithm stops by epoch k* with probability at least 1 — 4.
Since S8, 2% < 28"+1 and epoch k uses a budget 28t!, the budget is bounded by 2¥"+2 with
probability at least 1 — 4.

Now, from standard computation, we have that there exists a poly-logarithmic term I such
that, with probability at least 1 — §, the budget 7 satisfies

. do?
T2 <lh— Az os(1/0)
which concludes the proof of the high-probability bound on the budget.

Bound in expectation. Finally, we prove the bound on the expected budget. Let kg > 3 be

do? o2 12k3
oko > 1) — log [ —2
> b5 V85 (7725 ’
where, if needed, we enlarge the constant hidden in I; so that Equation (2.7) implies that BSH

returns a non-zero entry with probability at least 7/8 whenever T' > ll%

the smallest integer such that

Fix any epoch k& > kg, and condition on the event that the algorithm has not stopped before

epoch k. At this epoch, BSH is run with budget 2¥ > 250 5o it returns a non-zero entry with
i S

in the definition of kg together with Equation (2.9) ensures that the verification step accepts this

probability at least 7/8. Moreover, since kg > 3, we have 0 = , and the second condition
non-zero entry with probability at least 1—0y > 7/8. Therefore, at every epoch k > ko, conditional
on reaching epoch k, the stopping probability is at least 3/4.

Denote by K the random epoch at which the algorithm stops. The previous argument shows
that (K — ko) V0 is stochastically dominated by a geometric random variable with parameter 3/4.
Since each epoch k costs at most 287! samples, the total budget satisfies

K
T< Y M <g 2K g 0ho ko0

k'=1

Hence ( ) > 1\!3
’ E[T] < 4- 2k E[2(E—RIV0) < 4. oko 2€<><6-2k0.
7] [ ] >2(3) ]

By definition of kg, this is of order c+ 2 Az Iog(l /9), up 1:0 logarithmic factors, which concludes
the proof of the expectation bound.

O]
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CHAPTER 3
CLUSTERING WITH BANDIT FEEDBACK
BREAKING DOWN THE COMPUTATION/INFORMATION GAP

Abstract. We investigate the Clustering with Bandit feedback Problem (CBP). A learner interacts
with an n-armed stochastic bandit with d-dimensional subGaussian feedback. There exists a hidden
partition of the arms into K groups, such that arms within the same group, share the same mean
vector. The learner’s task is to uncover this hidden partition with the smallest budget — i.e., the
least number of observation — and with a probability of error smaller than a prescribed constant
0. We provide two complementary results, (i) we derive a non-asymptotic lower bound for the
budget, and (ii) we introduce the computationally efficient ACB algorithm, whose budget matches
the lower bound in most regimes. We improve on the performance of a uniform sampling strategy.
Importantly, contrary to the batch setting, we establish that there is no computation-information
gap in the bandit setting.

Related publication. This Chapter is a joint work with Alexandra Carpentier !, Christophe
Giraud 2, and Nicolas Verzelen 3, published in ALT 2025 as (Thuot et al., 2025).

3.1 Introduction

We consider a sequential and active clustering problem, the Clustering with Bandit feed-
back Problem (CBP) introduced, for instance in (Yang et al., 2024; Yavas et al., 2025). In
this setting, there are n items, represented by a d-dimensional mean. At each time ¢, the learner
chooses one of the items, and samples it — i.e., obtains a noisy evaluation of the d-dimensional
mean that characterizes it — until termination of the sampling process at time 7. The number
of samples collected 7, which we call the budget, is chosen by the learner. We assume that the
items are clustered into K unknown groups — and two items are in the same group if and only if
their (unknown) means are the same. For a prescribed confidence level ¢, the aim of the learner is
to recover perfectly this clustering, on an event of probability larger than 1 — ¢, and with a final
budget T that is as small as possible. Clustering problems are ubiquitous in modern data analysis,
and CBP arises e.g., in digital marketing, where accurate clustering of the customers is crucial
for adapting recommendations to specific groups of customers, and where repeated feedback can

1. Institut fiir Mathematik, Universitdt Potsdam, Potsdam, Germany.
2. Université Paris-Saclay, Laboratoire de mathématiques d’Orsay, Orsay, France.
3. INRAE, Mistea, Institut Agro, Univ Montpellier, Montpellier, France.
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be collected online. Since feedback collection is costly, the goal is to recover the clusters with a
minimal number 7 of feedback requests. See (Yang et al., 2024) for further motivations.

In the low-dimensional setting, where K, d are small, Yang et al. (2024) proves that, when §
converges to 0, an asymptotic expected budget for perfectly recovering the groups is at most of
the order 9

%nlog(l/é) , (3.1)

where A, is the minimal Euclidean distance between the means, and o2 is the variance of the
observations.

High-dimensional setting. We consider the high-dimensional setting, where K, d can be large,
possibly larger than 1/6 or n (for d). In the classical clustering setting, where there is no repeated
measurements on each item, clustering in high-dimension can be nearly impossible in practice.
Indeed, in high-dimension, the best polynomial-time algorithms require a very large separation
of the means for successful clustering with no repeated measurements. This requirement has
two origins. First, it is difficult to localize the means in high-dimension, making the clustering
problem harder when d becomes large compared to n/K. Second, a computation-information gap
is conjectured (i) for clustering (Lesieur et al., 2016; Even et al., 2024) when d is very large, and
(ii) for estimation (Diakonikolas et al., 2017, 2023) in some high-dimensional non-isotropic setting.

For instance, when there is no repeated measurement, that is for vanilla clustering prob-
lems where each item is only observed once, clustering a mixture of n isotropic Gaussians with
covariance Iy and balanced size of the groups, in the high-dimensional setting where d > n and
K > log(n), low-degree polynomial algorithms requires a separation at least A2 > 02./dK?/n (see
Even et al., 2024, Thm. 1), while a separation A2 > o2,/dK log(n)/n is enough at the information
level (see Even et al., 2024, Thm. 4). This is a strong evidence of a computation-information gap
for the problem of clustering isotropic Gaussian mixture in high dimension.

When repeated measurements are possible, let us consider the simple scheme where we sample
T times each item. This scheme corresponds to oracle-BOC sampling of Yang et al. (2024), when
the groups have similar sizes, and the clusters are equidistant. Sampling T' times each item is
equivalent to shrinking the variance from o2 to 0?/T. Then, applying standard polynomial time
algorithms (Giraud and Verzelen, 2019) to the average values for each item, we can recover the
clustering in polynomial time with confidence 6 = 1/n when T 2 Z—;\/dK 2/n. A clustering
procedure is said to be a batch if it uses one single observation of each item to recover the
partition, as it is the case in vanilla clustering problems. The total number of requests of this

simple batch algorithm is then 9
o

’T:nTzn—i—Ah2k

dK2n. (3.2)

Question 5. This set of results raises two fundamental questions:

1. Can we improve upon the number of requests of the simple batch algorithm, by implementing
a more careful sequential design strateqy?

2. What is the minimal budget for perfect recovery in high-dimension, and is there a funda-
mental computation-information gap for clustering with bandit feedback?
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Contributions. We provide an answer to these two fundamental questions.

1. First, we provide a polynomial-time algorithm that recovers exactly the clustering with
probability higher than 1 — §. In the balanced case (all groups have a similar size), it has an
expected budget of order

2

n + Z—z [nlog (n/é) + \/dnK log (n/é)] , (3.3)

which outperforms the budget (3.2) required by the simple batch algorithm.

2. Second, we prove that the budget (3.3) is information-theoretical optimal, meaning that there
is no computation-information gap for clustering with bandit feedback in high-dimension,
contrary to the classical case with no repeated measurement.

Our results are non-asymptotic in n, K, d, and 4, in order to account for high-dimensional
phenomenon, and possible computational barriers —see the discussion for more details. Compared
to the asymptotic minimal budget (3.1) obtained in Yang et al. (2024) for § — 0, an additional term
pops up in the non-asymptotic minimal budget (3.3), which is dominant when dK > nlog(n/é).
Our algorithm is based on ideas related to sub-sampling, in order to localize in a more efficient
way the mean of each group. The possibility of performing sub-sampling enables us to bypass
combinatorial problems arising in clustering with no-repeated measurements. Our algorithm has
a quasi-linear complexity, and is also order-optimal for all §, n, K, and d, for a broader family
of problems defined below. From a technical perspective, our information-theoretical results use
novel techniques as those combine arguments from high-dimensional statistics and from bandit
theory.

Related literature in clustering. The problem of clustering a mixture of subGaussian is
a classical problem, which has lead to a large literature both in statistics and in machine learn-
ing (Dasgupta, 1999; Vempala and Wang, 2004; Lesieur et al., 2016; Lu and Zhou, 2016; Diakoniko-
las et al., 2018; Regev and Vijayaraghavan, 2017; Giraud and Verzelen, 2019; Fei and Chen, 2018;
Chen and Yang, 2021; Kwon and Caramanis, 2020; Segol and Nadler, 2021; Romanov et al., 2022;
Liu and Li, 2022; Diakonikolas et al., 2023). In low-dimension and for large values of n, state-of-the
art polynomial-time procedures for recovering the groups have been introduced by (Liu and Li,
2022), and are based on generalization of higher moments methods —see also (Diakonikolas et al.,
2018; Kothari and Steinhardt, 2017). In high-dimension, the best known conditions for exact re-
construction in polynomial-time are based on an SDP relaxation of K-means (Peng and Wei, 2007;
Giraud and Verzelen, 2019). For K = 2, a simple Lloyd algorithm achieves perfect recovery at the
information level (Ndaoud, 2022), thereby establishing the absence of computation-information
gap for K = 2. For larger K, (Lesieur et al., 2016) conjectures a computation-information gap in
high-dimension, and (Even et al., 2024) exhibits a low-degree computational barrier for the clus-
tering of a mixture of isotropic Gaussians, when d > n. Some computation-information gaps have
also been shown for Statistical-Query algorithms for learning mixture of non-isotropic Gaussian,
with unknown covariance, in moderately high-dimension — see Diakonikolas et al. (2017, 2023).
In the sequel, we refer to clustering with no repeated measurements as batch clustering.
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Sequential literature related to CBP. When turning to the sequential learning literature,
the CBP belongs to the family of pure exploration problems in the sequential active learning
framework. An iconic such problem is the best-arm identification problem — see (Jamieson and
Nowak, 2014) for a survey. In this stream of literature, the Thresholding Bandit Problem (TBP)
is quite related — see (Chen and Li, 2015; Chen et al., 2014; Locatelli et al., 2016). This is a
specific instance of our setting in dimension d = 1 and for two groups, i.e., K = 2. In this active
binary classification problem, the learner aims at finding the arms that have a mean larger than
a given threshold (here d = 1), and to divide them in K = 2 groups. Note that (Katariya et al.,
2018) propose a generalization of these ideas to multiple groups, albeit still in dimension 1. The
optimal asymptotic budget 7 for perfect recovery in the TBP is A;2nlog(1/6) when & goes to
0, and there are no computational gaps, see (Tirinzoni and Degenne, 2022) for state-of-the-art
results on TBP.

The CBP, first introduced in (Yang et al., 2024), can be seen as a generalization of the TBP
in dimension d. This generalization is highly non-trivial: subtle phenomenons make clustering
problems with d > 2 very different from clustering in dimension 1. (Yang et al., 2024) provides
an algorithm called BOC, which perfectly recovers the groups with probability higher than 1 — 4,
and which has an expected budget at most of the order (3.1) in the asymptotic regime where &
goes to zero. Note that this rate is reminiscent of the TBP (where d = 1, K = 2). A closer look
at the proofs in (Yang et al., 2024) exhibits an exponential dependence of second-order terms (in
9) on K, d. Then, Algorithm BOC — or at least its current analysis — is effective only in the
asymptotic regime, when K, d are considered as being constants. In fact, since the oracle version
of BOC samples equally all the arms when the clusters are balanced and equidistant, the BOC
budget in this case is at least (3.2) in high-dimension (Even et al., 2024), which is suboptimal.
Our non-asymptotic analysis allows to recover the shape of the optimal budget in the so-called
high-dimensional regimes where d or K are not considered as constants. Quite recently, Yavas et al.
(2025) have extended the analysis of Yang et al. (2024) to other distributions beyond subGaussian
ones.

A somewhat related problem was studied in (Yun and Proutiere, 2019), in the Stochastic Block
Model within the fixed-budget setting. To extract hidden structure, the interaction between pairs
of nodes can be sampled several times, in an active manner. The setting is however quite distinct
from our work, and is also focusing on the asymptotic regime where § goes to 0. In (Ariu et al.,
2024), the related problem of clustering items based on binary feedback is studied — but therein,
the feedback corresponds to a single coordinate of a chosen vector. In our work, we observe the
full d-dimensional vector at each time, so that the settings differ. Finally, it is worth mentioning
that our problem should not be confused with that of online clustering, for example studied
in (Cohen-Addad et al., 2021).

Outline. We formally introduce the CBP in Section 3.2. An information-theoretical lower
bound on the minimal budget for exact recovery is established in Section 3.3. We introduce and
analyze our procedure ACB in Section 3.4. Numerical experiments are provided in Section 3.5.
All the results are discussed in Section 3.6.
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3.2 Setting and notation

The sequential and active setting. We consider a set of n arms, indexed by [n]. Each arm
a € [n] is associated to an unknown probability distribution v, on R%. We refer to v = (v,) a€ln]
as the environment. At each time ¢, the learner chooses an arm A; € [n] based on the past
observations. Conditionally on the chosen arm Ay, she receives from the environment a random
observation X; € R?, distributed as v4,.

For each arm a € [n], we write p, € R? for the mean of the distribution v,. Both in the
context of multi-armed bandits, and in the context of clustering, it is common to assume that the

distributions are subGaussian.

Assumption 3.2.1 (o-subGaussian arm observations). For any arm a € [n]|, we assume that
there exists a symmetric d x d matriz X, such that, (i) maxep, [|Sallop < 02, where ||.|lop is

the operator norm; (ii) the coordinates (E;) of E = E;l/Z[X — lg] are independent and fulfills
Elexp(tE;)] < exp(t?/2) for all t € R.

Remark 3.2.2. This assumption encompasses the emblematic settings where the data are Gaussian,
and where the data are bounded. If the distributions (v,) are Gaussian, then Assumption 3.2.1
holds by e.g., choosing ¥,’s to be the covariance matrices, and associate o. If the distributions
(Va), are such that the coordinates are independent and lie in [0, 1], the collection (vg) is 1/4-
subGaussian.

Clustering with Bandit Feedback. As for the vanilla clustering problem, our objective is to
partition the set of arms into groups of arms that share the same expectation p,. For this purpose,
we make the following modeling assumption.

Assumption 3.2.3 (Hidden partition C* of the arms into K groups). Consider n > K > 1. We
assume that there exists a partition C* = {C{,...,Cy} of [n] into K groups such that any two
arms a and b are in the same group if and only if they share the same expectation (pg = pp).
For notation purpose, we introduce the vectors p(1),...,u(K) € RP such u(k) corresponds to the
common expectation in Cj. Henceforth, (k) is called the center of the group Cj.

In CBP, the goal of the learner is to uncover the true partition C* of the arms, while using as
few samples as possible. The learner samples arms sequentially and, when reaching some stopping
time 7T, she returns a partition C of [n] into K groups, which should ideally be equal to C*. More
precisely, let m be an algorithm for the clustering problem with bandit feedback, also called the
strategy of the learner. We write (F;), for the filtration F; = 0(A41, X1,..., A, Xy). A strategy
7 consists on three rules: -

— A selection rule that chooses the next arm A; to sample, based on the previously sampled
arms and observations; A; is F;-measurable.

— A stopping rule that controls when the learner stops sampling the arms, and which quan-
tifies the budget of the strategy. This is modeled by a stopping time 7 with respect to the
filtration (F);~¢-
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— A recommendation rule that outputs an estimated partition of the arms (?, once the
stopping time 7T is reached, the learner. This partition is F7-measurable.

For an environment v and an algorithm =, we write P;, for the probability induced by the
interaction between the algorithm 7 and the environment.

In this Chapter, we aim at exactly recovering the partition C* in the fixed confidence setting.
While the partition C* is identifiable, the groups (C;) and the means (k) are identifiable only up
to relabelling, i.e., up to a permutation of [K]. We denote by C' ~ C’ two equivalent partitions of
[n], i.e., two partitions such that, for some permutation p of [K], Cy = C;(k) for all k € [K]. For a
fixed confidence level 6 € (0,1), and a given set of environments &£, a strategy m = m(¢§) fulfilling

A

Pr,(C~C)21-0 , (3.4)

is said to be d-correct on £. We write I1(4,E) for the family of such d-correct strategies for the
CBP on £. Our aim is to design a d-correct algorithm, whose budget 7 is as small as possible.
For a family of environments £, the optimal worst case (average) budget 7%(9, &) is defined as

T°(6,) = inf supE . 3.5

(0.€)= _int  supEe,[T] (35)

In order to introduce relevant sets of environments £, we introduce two quantities that char-

acterize the difficulty of a clustering problem, let it be batch or active. First, we consider the
minimal Euclidean distance between two distinct group centers

Av=Au(v) = min (k) — p(K)[| >0 . (3.6)

Intuitively, the smaller A,, the more difficult it is to distinguish the groups and to recover the
partition C*. This quantity naturally appears in most clustering works in the batch setting (Das-
gupta, 1999; Vempala and Wang, 2004; Giraud and Verzelen, 2019). Besides, we denote 6, the
balancedness of C*, that is the proportion of arms in the smallest cluster
*
o S e[2 3]

When 6, = 1/K, all the groups Cj; share the same size, and the partition is balanced.

Consider A > 0, and 6 > 0, we define the set £(A,0,0,n, K,d) as the family of environments
with n arms, divided into K groups as in Assumption 3.2.3, with a minimal gap A, at least A,
a balancedness 0, at least 6, and with d-dimensional observations that are o-subGaussian — see
Assumption 3.2.1. Our main aim is to craft polynomial-time algorithms that attain the optimal
worst case budget 7(9,E(A, 0, 0,n, K,d)), and to characterize this optimal worst-case budget.

3.3 Lower bound on the budget

We start by establishing a lower bound for the expected budget of any d-correct algorithm
over £(A,0,0,n,K,d).
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Theorem 3.3.1. There exists a numerical constant ¢ > 0, such that we have for any o > 0, any
A>0,anyd>1,anyd >0, anyd € (0,1/12), and anyn = 2K > 4 such that E(A,0,0,n, K,d) #

0
nlog (Z) + (/dnK log (Z)] . (3.8)

The lower bound in (3.8) involves three different terms. As in any pure exploration problem,

2

T*(6,E(A,0,0,n,K,d)) > cn+ c%

the first term n is necessary because, when 7 < n/2, then the label of at least one arm has to
be guessed randomly inducing a constant probability of error for the exact clustering. This term
is only relevant for very large A and is not discussed further. The second term is the largest in
the low-dimensional regime where d < nlog(n/d)/K, whereas the third one is the largest in the
high-dimensional regime where d > nlog(n/Jd)/K. This dichotomy between low-dimensional and
high-dimensional clustering problems also occurs in the batch problem. Together with the results
of the next section, we will establish that it is intrinsic here —see the discussion and the proof
sketch for further details. Note that (3.8) does not depend on 6: we establish (3.8) for environments
where 0, is close to 1/ K, that is for balanced partitions. In fact, the total budget of our procedures
ACB and ACB* — see below — does not depend on 6, except for extremely unbalanced partitions
(very small 6,) so that the lower bound is tight even for mildly unbalanced partitions.

Sketch of proof of Theorem 3.3.1. The first two terms in the lower bound (3.8) — Z—znlog (%) and

2—22, /dnK log (%) — are proved separately in Lemmas 3.B.1 and 3.B.2. Regarding the first term,
we first observe that it depends neither on d, nor on K, nor on 6. For the sake of this sketch, we
can therefore restrict ourselves to a one-dimensional (d = 1) multi-armed bandit setting where
each arm has a € [n]| has either mean u, = 0 or p, = A, so that K = 2. For this simplified
toy problem, recovering the partition C* is equivalent to a Thresholding Bandit Problem (TBP),
where the goal is to find the set of arms whose mean is higher or equal to A. By building upon
some ideas introduced in (Cheshire et al., 2020), we establish the lower bound Z—zn log (%) Note
that one may easily interpret this quantity using the fact that, for a specific arm, deciphering
whether the mean of a specific arm is 0 or A with probability 1 — §/n, one needs to sample it at
least Z—zlog (%) times.

The proof of the second term is both more challenging and more innovative. Again, for the
purpose of this sketch, let us assume that K = 2 and 6, = 1/2. We use a Bayesian approach by
putting a Gaussian prior distribution on x(1) with variance d~'/2Al, and by fixing u(2) = —u(1)
so that, with high probability, [|x(2) — (1) > A. Introducing this prior distribution on R? is
instrumental to recover the dependency of the budget on the dimension d of the problem. First,
we use the symmetry of the problem to show that the optimal budget is achieved by a strategy
7w which, in expectation, samples all the arms uniformly. Then, we use a series of reduction. First
we prove that identifying the group of any node a is, in some sense, at least as difficult, as the
supervised problem where we would know the group of all the arms, except that of a. In turn,
we show that tackling this active supervised problem with a uniform strategy = is as difficult as
tackling a batch supervised learning problem where each arm is sampled 7 /n times. Finally, we
craft an impossibility result for the latter problem. We emphasize that there is no computational
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restriction here, so that the lower bound for uniform sampling strategies is (3.8), and not the rate
(3.2) which relates to polynomial-time algorithms (Even et al., 2024). O

3.4 ACB and Upper bound on the budget

To introduce the main ideas underlying our algorithm, we first assume in the next subsection
that A, 0, o, n, K and d are known quantities. Based on this oracle knowledge, we construct an
algorithm, ACB, that is d-correct for environments such that A, > A and 6, > 0. We introduce
our main algorithm, ACB*, adaptive to A, and 6, in Subsection 3.4.2.

3.4.1 'Warm-up: optimal clustering with known A,¢

The main recipe of ACB is a two-step procedure. First it identifies a set S of K arms, which are
used as representatives of each group. Then, it classifies all the arms based on a precise estimation
of the means of the K arms in S. The ACB algorithm built then on two subroutines:

1- SRI (Sequential Representatives identification), which constructs a set S that contains, with
high probability, exactly one arm for each group, called the representatives of each group. To
construct S , we use a sequential elimination technique, combined with high-dimensional two-
sample tests.

2- ADC (Active Distance-based classification), which computes precise estimates of the means of
the arms in S , and classifies the remaining arms based on minimum estimated distance to the
representatives.

Estimating distances. In order to detect whether two arms a and b are in the same group, a
key ingredient for both SRI and ADC is to get a good estimation of the square distance ||q — f1p||?
between the means. Computing the empirical means i, and fi; of collected samples of a and b, we
can estimate ||pq — po]|? by ||fta — fin]|?. Yet, this simple estimator suffers from an unknown bias
depending on the noise covariance matrix. This issue can be circumvented in active sampling, by:
(i) computing independent empirical means fiq, fi,, and fi, fij, for the arms a and b, based on
repeated measurements,

(ii) estimating ||q — 3> with the unbiased estimator

A2y = (i — fiv, flh, — f1h) - (3.9)

The construction of this estimator belongs to the statistical folklore for the problem of estimating
the square norm of the mean of a random vector — see e.g., CARPENTIER (2015) for a previous
occurrence. In the simpler case where the covariance structure would be known, one could instead
use the simpler estimator from Collier and Dalalyan (2019).

SRI subroutine (Sequential Representative Identification). The core idea underlying
the SRI subroutine is to start from a set S = {ap} made of a single arm, chosen uniformly at
random. Then SRI successively samples new arms a, and adds them to S if they pass a sequence
of tests ensuring that a is not represented in S with high probability. The sequence of tests
checks if a is already represented in S, i.e., if minyeg ||a — po]|> = 0, by repeatedly checking if
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mingecg d?lb < A?/2, with a sequence of estimators aEb based on increasing sample sizes, ensuring
increasing confidence. It is based on the call of the REPRESENTEDTEST subroutine described
below, where empirical mean(a,l) refers to the action of sampling [ times the a-th arm, and
computing the empirical mean of the collected samples. This action is performed twice to compute
fia and fig.

1 Function RepresentedTest (a, (i, il}),ec g, A, 1 > Test if a is rep. in S
2 fia, (i, < empirical _mean(a,l);

3 return IS.TRUE{minbesma — [, [, — i) < %2}

More precisely, let us define

U:= [80*1 log (8K/(5)W ; r:= [logy(log(4U/d))] ; (3.10)
0.2 0.2
N = {ClAQ (2° + log(12K)) v C2A3 d(2s + log(6))-‘ ; (3.11)
2
50 :=T A min{s = Ling 2 2} ) Nmax = N V ’VCSZZﬂlOg(Z[{)-‘ ) (312)
Toax = 2K {mmax+ Y na | +20ng +20 3 55 (3.13)
s=so+1 s=so+1

with ¢1, ¢a, 3 > 0 numerical constants, explicitly provided in the proof of Lemma 3.C.2. The
SRI procedure (Algorithm 2) successively samples candidate arms a,, at random, and performs
a sequence of REPRESENTEDTEST with (roughly) doubling sample size ng for s = sg,s0 + 1,. ..,
until either a REPRESENTEDTEST returns TRUE, in which case the arm a,, is rejected (Line 8); or
all tests up to s = r have answered FALSE, in which case the arm a,, is added to S (Line 11). The
procedure SRI stops when |S| = K, or when a maximal budget has been spent (Tiax is defined
in (3.13)) and it returns S = S. The minimal index sy ensures that the sample sizes ng are not
smaller than 2.

The sequence of tests is designed in order to use few samples to reject arms already represented
in S, while wrongly rejecting an unrepresented arm with probability less than 1/2. Indeed, the
choice of the sample sizes ns; and nmax ensures that the probability to take a wrong decision at
the s-th step is smaller than 27°~!. Hence, the probability that an arm already represented in S is
rightly rejected before step s is at least 1 —27°, leading to a quick rejection with high-probability.
In addition, the maximum sample size n, is chosen large enough, to ensure a vanishing small
probability of (wrongly) not rejecting such an arm. As for unrepresented arms, the probability to
wrongly reject an arm a,, not already represented in S is smaller than > 2751 = 1/2. Then,
with probability at least 1—9/4, we need less than U candidate arms to identify one representative
of each group.

We provide further guarantees on SRI subroutine in Section 3.C, Lemma 3.C.2. In particular,
if S is the output of SRI applied with parameters A and 6, then with probability larger than 1 —9,
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Algorithm 2: Procedure SRI (Sequential Representative Identification)
1 Procedure SRI(§, A,0):

Result: S a set of arms

2 Compute U, 7, Sp, Mg, Nmax, Tmax according to (3.10) — (3.13) and sample ag € [n] ;

3 Set S = {ao} and fiq, fig, < empirical mean(ag, Nmax)

4 foru=1,...,U do

5 Sample a, € [n]

6 for s = sg,...,r do

7 if RepresentedTest(au, (ﬂb,ﬂg)bes,A,ns> then

8 ‘ BREAK ; > reject ay
9 end

10 if s =r then > if a, has passed all tests
11 S+ SU{ay} > Add a, to S
12 flay » iy, < empirical _mean(ay, Mmax) > Estimate fi,,
13 end
14 end
15 if |S| = K or budget > Tyax then

16 ‘ BREAK > Terminate u loop
17 end
18 end
19 return S > Return a representative for each group

(a) S does not contain two arms from the same group. Moreover, if the true parameters A, and
0, are smaller than A, 0, then S contains exactly K arms, with one arm from each group. We also
provide an upper bound on the budget used by SRI.

ADC subroutine (Active Distance-based Classification). Once a set S = {by,... bg} of
representatives of each group has been successfully obtained with SRI, the mean of each group
can be precisely estimated, and remaining arms can be classified based on distance estimation c??lb
to these means. This classification is performed by the ADC subroutine.

Let us define

o? o? |dn o? o? |dK
J = C4§L\/C5P fL 5 I:= C4§L\/C5E TL 5 (314)

with L = log(6nk/J), and c4, ¢5 two universal constants defined in the proof of Lemma 3.C.3.
Assume, without loss of generality, that b; € C*; for all j € [K]. Then, ADC first computes two
precise estimations fi(j), 2/(j) of the mean of arms in C*; (Line 7), each based on J samples of
arm bj. As these mean estimations are the references for the classification, the sample size J is
chosen large enough to ensure a small variance. Then, for each arm a, two mean estimations fi,, fi,,
are computed based on I samples, and the arm a is classified Line 13 according to the smallest
estimated distance (3.15). The budget I for individual mean estimation is much smaller than J

in high-dimension d, with I = K.J/n for d large. This budget ensures yet that the probability of
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misclassifying an arm is smaller than 0/n. Overall, we prove that as long as the set S obtained
in the first step contains exactly one arm from each cluster, then subroutine ADC will provide

with high probability a perfect clustering of the arms. We summarize our guarantees on ADC in
Lemma 3.C.3.

Algorithm 3: Procedure ADC (Active Distance-based Classification)

1 Procedure ADC(4, A, S):

2 if |S| # K then

3 ‘ return Null ; > Return Null if size of S is not K
4 end

5 Enumerate S = {by,...,bx}, and compute I, J according to (3.14) ;

6 for j € [K] do

7 ( ), i/ (j) < empirical mean(b;, J) ; > Estimate the centers
8 i {bj};

9 end
10 for a € [n]\ S do

11 fia, (i, < empirical _mean(a, I) ;

12 Add a to the group Cj, such that ; > Classify arm a
13

b € axgmin (ji, — 7). i, — 7)) (3.15)

14 end Jj=1...K
15 return {él, .. ,éK} > Return a clustering

ACB algorithm. Combining the SRI and ADC subroutines, we get a simple clustering with
bandit feedback algorithm ACB for the case where A, and 6, are known — see Algorithm 4.

Algorithm 5: ACB* (6, and A, unknown)

Input: §
1 for![=0,1,... do

2 for p=0,...,l do
3 Compute Sy, ; < SRI(6;, Ap, by V %)
Algorithm 4: ACB (9* and 4 if ‘S l‘ — K then
il =
A known) 5 for a € S,; do
IAnput: 9,2, 0 6 ‘ fla; g < empirical _mean(a, n;,)
1 5« SRI(6/2,A,0) . end
2 return C = ADC(6/2, A, S A . L,
return 6/ ) s A2 infapes, , (fia — fivs il - i)
9 return C = ADC(6/3,271/2A, S,,))
10 end
11 end
12 end
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3.4.2 Main algorithm ACB*

When the parameters A, and 6, are unknown, we cannot rely on a single call to SRI and ADC
as in the ACB algorithm. Multiscale calls to SRI are required, for different candidate levels A,
and 6, for A, and 6,. These levels, related sample sizes n/,, and confidence levels 0; are defined

by

P
5
A2 = 62[log(K) + Vd + loglog(6n/0)], 5p:gGITF (3.16)

1 1 o?
i = s By = m2p%:%%0mwmwmmmmmﬂ (3.17)

where ¢g is a numerical constant, whose value is given in (3.56).

The main recipe in ACB¥, is to scan decreasing candidate values A, and 60,,;, until we find a
scale where SRI returns a set \S),; of cardinality K, see Algorithm 5.

Below, we provide upper bounds on T7%(0,E(A,0,0,n, K,d)) for both ACB and ACB*. We
write Tacp and Tacp+ for the budget of the non-adaptive procedure ACB(d, A,#), and of the
adaptive one ACB*(¢). Define the quantities

2

A:Z— [nlog(n/cS)—i—\/dnKlog(n/5)+\[log( )]

1 21
B :510g(K/5) A2 g log( ) {\f—i-log log(n/é)}
Theorem 3.4.1. Let 6 > 0. Let A >0, 0 > 0 be any two parameters such that E(A,0,0,n, K, d)
is non-empty. Both the ACB (Algorithm 4) and its adaptive version ACB* (Algorithm 5) are

/!

d-correct on E(A,0,0,n,K,d). There exist numerical constants ¢, ¢, ¢, independent of all the

parameters A, 0,0,n, K,d such that the following holds.
For any environment v in E(A,0,0,n, K,d), such that 6 > log(K)/n, we have
Eacpy|[Tacs] < cen+dA; TacB <cen+cd(A+B) a
Pacr v {77;013* <cen+"Llog?(L)(A+ B)} >1-6

2
where L := log, (& (% V 1))
This theorem entails that the budget for both ACB and ACB* is optimal. We further comment
on this in the discussion section.
3.5 Numerical experiments

In this section, we run experiments on synthetic data. In Figure 3.1, the dimension is fixed
to d = 1000, and the number of clusters varies in {10, 15,20,25}. In Figure 3.2, the number of
clusters is fixed to K = 15, and the dimension varies in {500, 1000, 1500,2000}. We compare the
budget of ACB to oracle-BOC, an oracle version of the BOC algorithm (Yang et al., 2024).
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Competitor As the main competitor, we implement oracle-BOC, an oracle version of the BOC
algorithm (Yang et al., 2024). As the setting is perfectly symmetric (balanced clusters, equidis-
tant means), the Oracle-BOC policy is equivalent to the Uniform Sampling strategy, where Loyd
algorithm initialized by maximin. We implement instead a kmeans++ initialization, as it is known
to outperform maximin (Celebi et al., 2013). Besides, the total budget of oracle-BOC is chosen
in such a way that the procedure is empirically d-correct. As a consequence, oracle-BOC both
corresponds to a state-of-the art batch clustering procedure and to an oracle version of Yang et al.
(2024) where both the stopping time and the sampling strategy are provided by an oracle.

We run the non-adaptive procedure ACB and a variation of ACB* called ACBY, which is
adaptive to the unknown parameter A,. Its structure is very similar to Algorithm 5 for ACB*,
with the difference of assuming that 6 is known, we provide more explanations in Section 3.A. In
this experiment, we use the variant ACBft to allow for a more fair comparison to Oracle-BOC.
Regarding ACB, we assume that A, is known, and we implement the non-adaptive version of ACB
with § = 0.1. In order to provide a tighter calibration of ACB, we slightly modify ACB algorithm
in order to specialize it to the Gaussian distribution —see Appendix 3.A.

First experiment: varying the number of clusters. To illustrate our theory, we consider
environments with standard Gaussian noise (¢ = 1), with equidistant centers (with A, = 1), and
balanced groups (6. ~ 1/K). We choose a high-dimensional setting with n = 200, d = 1000, and
K € {10, 15,20,25).

Figure 3.1 — Comparison of the nec-

budget /10000 essary budget for ACB and oracle-
—— oracle-BOC(k-means++) BOC with varying number of clus-
'+ Acst ters.

ACB

We represent in blue (resp. orange)

2y the (empirical) budget of ACBfY
(resp. ACB) computed with 100
© simulations, for K = 10, 15,20, 25.
The error bars are equal to twice
N the standard deviation. In green,

we provide the smallest budget for
which oracle-BOC (initialized with
kmeans++) makes less than 10% of
error out of 100 experiments. As

10

10 15 20 25 . . .
K this budget is a numerical constant,

there are no error bars.

In Figure 3.1, we plot the estimated mean budget of ACBf and ACB as a function of K. We
also plot the budget of oracle-BOC, where the budget has been chosen by an oracle so that the
procedure is exactly §-correct with § = 0.1. This figure confirms our theoretical findings that, in a
high-dimensional setting (d > n/K), ACB improves over oracle-BOC — which is here equivalent
to a state-of-the-art batch clustering algorithm — when the number K of groups increases. Also,
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we have checked that ACBt and ACB are §-correct. Fixing § = 0.1, we observe no more than
1 error out of 100 experiments. We detail further the experimental setup (including compute
resources) in Appendix 3.A.

Second experiment: varying the dimension. We provide also an experiment for which the
number of clusters is fixed, and the dimension varies. We consider artificial data, generated with
standard Gaussian noise (¢ = 1). We build environments with equidistant centers, and balanced
groups. Precisely, we choose u(k) = ex/v/2, where {e1,...,ex} are the K first vector of the
canonical base of R?, so that the centers are equidistant, and A, = 1. We choose a number of
arms n = 200. We fix a partition where each group has a size |n/K| or |[n/K| + 1, which makes

the partition almost balanced, with 6, = 2 [ 2| ~ L.

Figure 3.2 — Comparison of the necessary
budget /10000 budget for ACB and oracle-BOC, with
—— oracle-BOC(k-means++) Varying dimension.

=S 25? In blue (resp. orange) the (empirical)
budget of ACBft (resp. ACB) com-
puted with 100 simulations, for d =
500, 1000, 1500, 2000. The error bars are
equal to twice the standard deviation.
In green, we provide the smallest budget
for which oracle-BOC (initialized with
kmeans++) makes less than 10% of error

out of 100 experiments.
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3.6 Discussion

Optimality of ACB. First, we discuss the budget of ACB, and we compare it to the information-
theoretical lower bound of Theorem 3.3.1. To simplify the discussion, let us first consider the case
where the partition C* is almost balanced, that is when 6 is of the order of 1/K, and assume that
ﬁ—; < log(n/d). According to Theorem 3.4.1, the d-correct algorithm ACB has an expected budget
upper bounded by (3.3), as long as K < n/log(n). In light of Theorem 3.3.1, we see that the
expected budget is optimal with respect to all the quantities of the problem: the number of arms
n, the minimum separation A, the number of groups K, the probability 4, and the subGaussian
norm o. The only restriction is that the number of groups K is smaller than n/log(n), but it
is really mild as non-supervised learning problems are mostly relevant for dimension reduction,
that is when K is much smaller compared to n. In fact, for larger K € [@, n/2], the expected
budget Eacp,[Tacs] is optimal, up to a possible \/log(n) multiplicative term. Theorem 3.4.1 also
states high probability controls of the budget Tacp and Tacp+ which again, are optimal (up to

log terms for the latter), in most regimes.
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When the true partition C* is extremely unbalanced, that is for 6, as small as 1/n but the
dimension d is seen as a constant, our procedures turns out to still match the lower bound on the
log(K)

and the

dimension d is really large, the bound A on the expected budget may be larger than the lower

budget. When the true partition C* is extremely unbalanced, so that 0, <

bound of Theorem 3.3.1. Note that this regime is extremely atypical for clustering problems. We
conjecture that both the lower and the upper bounds could be improved in this extreme case, but
we leave this for future work.

Further comparison with (Yang et al., 2024). When § goes to zero while o, A, K, and d are
fixed, the average budget of ACB in (3.3) is at most of the order of Z—znlog(l /9), and is consistent
with the BOC algorithm of (Yang et al., 2024). Still, we mention that (Yang et al., 2024) manage
to pinpoint the exact value of the asymptotic optimal budget, while our non-asymptotic bounds
are only tight up to numerical constants. We however point out that this asymptotic expression
hides dependencies on K, d, and n, which are not negligible unless § is exponentially small with
respect to d, K. In high dimension, such a high confidence regime is typically out of reach.

Comparison to batch clustering. We briefly come back to our fundamental questions on the
comparison between the batch and clustering with bandit feedback problems. Contrary to the
usual batch setting, we have established that the polynomial-time strategy ACB is information-
theoretical optimal, thereby establishing the absence of computation-information gap. This is
in contrast with the classical batch clustering problem, where strong evidence of a computation-
information gap were proved in (Even et al., 2024) in high dimension, when there are many groups.
We therefore illustrate here that clustering is an unsupervised learning problem, where repeated
active sampling breaks a computational barrier, which is interesting and opens perspectives for
other unsupervised clustering problems where computation-information gap are conjectured.
Conclusion and limitations. In this Chapter, we characterize the non-asymptotic minimal
budget for recovering the groups in a collection of environment £(A, 0, o, n, K, d). This corresponds
to environments where the minimum distance between the groups is higher or equal to A, and all
groups have a size larger than 6. We also crafted a strategy adaptive to both 6, and A,. Unlike
in batch clustering, our results prove that there is no computation-information gap.

Our work still has limitations, and raises several open questions:

First, it remains to explore how sequential and active learning can be leveraged for adapting to
heterogeneous distances between groups and heterogeneous group sizes. This has been investigated
in (Yang et al., 2024) in the asymptotic regime, but not in the non-asymptotic regime. It would
be interesting to have an algorithm which fully adapts to all inter-groups gaps — and not just
to the minimal one, or to some target distance. This is a relevant and interesting direction for
future works, but it goes beyond the present work whose main aim was to disprove the existence
of a statistical-computational gap in sequential clustering. In our work, we also assume that the
mean vector means within each group are exactly equal, as it allows us a simple comparison with
batch clustering. An interesting way of relaxing this assumption would be to assume that the
means within each group are not equal, but close within the groups. A recent work Chandran
et al. (2025) explores this question in the asymptotic regime where § goes to 0.

Second, when ¢ is unknown, building a sampling strategy that is adaptive to it, would require
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to estimate the subGaussian norm of the noise, while at the same time estimating the distances
between the means. We leave this question for a future work. Finally, as in most of the clustering
literature, we assumed that the number K of groups was known to the learner. Investigating the
problem of estimating or testing the number of groups in an active setting is also an interesting
research direction.
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Appendix of Chapter 3

3.A Details on the numerical experiments

Variant of the procedure and parametrization of ACB

We introduced and calibrated ACB to allow for subGaussian noise. In particular, the quantities ng,
Nmax, 1 and J, defined in egs. (3.10) to (3.12) and (3.14) were calibrated by inverting concentration
inequalities, at the cost of non-optimal numerical constants.

In order to study numerically our procedure, we implement a variant of the procedures whose
tuning parameters is adjusted to the Gaussian setting. The test statistics and the classifier, so as
the tuning parameters are adjusted to specifically work with Gaussian distribution.

The structure of SRI remains unchanged, however, we use the following calibration. In SRI,
we avoid dual sampling when computing dy; ((3.9)) estimate of ||uq — up|? in order to save a
factor two in the budget. We modify indeed the test statistic in the function REPRESENTEDTEST
used in SRI. We use IS. TRUE {minbeg {Hﬂa — p||* — do? (n% + ﬁ)} < A2/2}, so that there is
no need to compute /ij, in REPRESENTEDTEST, and neither fj in SRI. Observe that ||fi, — i)
is an estimator of ||, — p||? which is biased. As in the experiment, the variance is known, we

debias it, using the shift da2(n% + —1) in the statistics above.

Nmax
In order to have a d-correct algorithm, we choose nyax = 42—22(:): —d), where z is the 1 — §/K
quantile of a y? distribution with d degrees of freedom. This quantile is obtained with the library
scipy.stats. Now, we set ng,...,n,, by putting ny = [2°ng] for s = 0,...,r, for all s. We choose
ng so that the budget spent on the rejected candidates should be close to the budget spent on the
accepted representatives. We choose ng = [(K/U’)nmax| where U’ = (1/60)log(1/9). Finally, r is
chosen such that n, = 2"ng is equal to nyax, up to a factor 2.

To simplify the procedure, the stopping condition from Line 12 in SRI is modified, and we
only stop when S contains K representatives, and not sooner.

In the Active Distance-based Classification routine (ADC), we also modify the sampling size [
and J (Equation (3.14)), and the classifier from (13). In the classification, we label each arm with
argmin,_; g |fia — 24(j)||, which is a distance-based classifier as in Equation (3.15), but without
dual sampling. By the analysis of the probability of error of this classifier, we choose

0.2

2
I= {22 max (164, 4 2K/na)w , J = {A? max (164, 4 2n/Ka)-‘ ,
where [ is the 1 — /(4K (n — K)) quantile of a standard normal distribution (obtained with
scipy.stats), and « is the 1—0/(4K (n—K)) quantile of a product of independent standard N (0, 1),
that we had to compute empirically with Monte Carlo. With this choice of tuning parameters,
one can prove that the corresponding variant of ACB is d-correct for Gaussian data. The proof is
analogous to the one in Section 3.C. Our numerical experiments confirm that, with these tuning
parameters, the modified procedure is still §-correct.
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Description of the variant ACB; and implementation

We now describe the variant ACB; of ACB, used in the experiments. This version is calibrated to
work well with balanced groups, or with a known balancedness 6. In ACBft, we assume no knowl-
edge of A, and we perform SRI with growing values (Ay),. We start with Ag = \/40?%(z — d),
with z the 1 — §/K quantile of a chi-square distribution with d degrees of freedom. We then use
Ap = Ao /2% and 6, = 6/(6(k +1)%).

First, for each call of SRI, we use the calibration of SRI described in the paragraph above, and
we put a limit on its budget. We limit the budget of SRI(dx, Ak, 8) by T} .. = Tapc(k, Ax) =
(n — K)I + KJ, which is the budget that we use to classify with ADC(dg, Ag), and where I, J
are calibrated as in the paragraph above.

When we reach k such that SRI(d, Ay, 0) contains K arms, we estimate A, based on the data
collected on this call of SRIL. If S is the set of representatives identified with SRI, and (jiq),cg are
the estimates of the centers computed by SRI, we compute

A2 2 o
— argmin { | — |2 — 2d
a#£besS Nmax

Then, ADC is applied with the parameter A.
Algorithm 6: ACBt (A, unknown)
Input: J, and 0
1 for k=0,1,... do
2 Compute Sy < SRI(dg, Ag, 0V %)
3 if |Sx| = K then

4 A% infg, pes, {Hﬂa — ?* - Zdn‘rix}
5 return ¢ = ADC(5/3, A, Sy,)

6 end

7 end

Experiments Compute Resource. We used for the experiment the version of Python Anaconda/3-
5.1.0 and the scikit-learn/1.02 package. The experiment have been run in the cluster MESOQLR,
working with CPUs of 4Gb and 8Gb. To give an idea on the computation cost, for n,d, K =
200, 1000, 10, each call for ACB takes approximately 6 minutes, while each call for ACBT took
approximately 18 minutes. In total, the curve for ACB from Figure 3.1 took around 10 for each
value of K and 30 hours for ACBf.

3.B Proof of the Lower Bound

Sketch of the proof

Throughout Section 3.B, we fix A > 0, ¢ and d. In this section, we bound the worst case budget
for any d-correct algorithm on the collection of environments (A, 6, 0,n, K,d) —see (3.5), and
we prove Theorem 3.3.1.
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We start in Section 3.B.1 by reducing the clustering with bandit feedback problem to a binary
classification problem. For that purpose, we construct a family of environments, for which, the
problem of clustering with bandit feedback essentially reduces to | K/2| independent and identical
sub-problems of binary classification. The environments that we construct are symmetrical in some
sense defined in the proof. We explain in Lemma 3.B.7 that we can find an optimal algorithm
(as defined in Definition 3.B.6) that samples in expectation the same number of time each arm.
This construction jointly deals with the low-dimensional (Lemma 3.B.1) and the high-dimensional
(Lemma 3.B.2) regimes. For the construction, we will need to assume that n > 2K, that K is
even, and that K divides n, and we explain in Lemma 3.B.4 how to reduce to this hypothesis.

We divide then the proof in two main lemmas, dealing with the low-dimensional and high-
dimensional regimes. We recall that 7 — see (3.5) — is the optimal worst case budget.

Lemma 3.B.1. Ifn > 2K, K is even, K divides n, and § = 1/K, then for any ¢ € (0,1),

* 0'2 )
T (5,5(A70,U,n,K,d))>AanI(l—(57n> y

where Kl is the relative entropy defined as kl : z,y — xlog(z/y) + (1 — x)log((1 — z)/(1 —9)).

Lemma 3.B.2. Ifn > 2K, K is even, K divides n, and § = 1/K, then for all 6 € (0,1/6),

o? [dnK 1 40
* > —— — i I
T%(0,E(A,0,0,n,K,d)) > 2\/ - k1(3 26, n)

In Section 3.B.2, we prove Lemma 3.B.1, the dimension-free lower bound. It is enough for this
term to assume that the centers of the groups are known, and we use an information-theoretic
method with the KL-divergence, which is somewhat related to previous works for the thresholding
bandit problem derived by (Cheshire et al., 2020).

In Section 3.B.3, we prove Lemma 3.B.2 in the high-dimensional regime. For this purpose, we
will consider a Bayesian setting and assume a Gaussian prior on the centers of the groups. The KL-
divergence is hard to compute for the probability induced by the interaction between an algorithm
and a Bayesian bandit environment. To overcome this technical problem, we formalize the following
intuition. The clustering with bandit feedback Problem is “harder” than a supervised learning
problem where the player knows the labels of every arm except one arm that has to be classified.
It will reduce the problem into a two-sample (batch) testing problem (see Definition 3.B.13), and
the conclusion will follow from some explicit computation and an impossibility result for this latter
batch problem.

We postpone the proofs of some technical lemmas in Section 3.B.4

Remark 3.B.3. We explain quickly the term cn in the lower bound from Theorem 3.3.1. Assume
that, for any v € £(A,0,0,n,K,d), it holds that E; ,[T] < en with ¢ < 1/2. Then, for any
environment v, there is a fixed probability that two arms from two different groups are not
sampled at all during the procedure. The best to do for the learner is then to estimate randomly
the groups of the arms, inducing a fixed probability of making at least one error in the clustering.
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We do not discuss further this term cn in the lower bound in the remainder of the proof. Still,
note that it is only relevant in an artificial regime where A is arbitrary large.

Now, we explain how the remark above, Lemmas 3.B.1 and 3.B.2 imply Theorem 3.3.1.

Proof of Theorem 3.3.1. Let n, K such that n > 2K. Let 6 > 0 such that £(A,0,0,n, K,d) # 0.
We first reduce the problem into a problem where K is even, n is a multiple of K, and

the groups have the same size n/K. With this technical condition fulfilled, we will be able to
Lemmas 3.B.1 and 3.B.2. We define n’, K’, and ¢’

— if Kiseven, K/ := K and n' := K|[n/K| ;
— ifKisodd,K’::K—landn’:K’V_KMJ :
— in both cases, 0’ :=1/K".

We now use the following natural reduction result, whose proof is in Section 3.B.4.

Lemma 3.B.4. The optimal worst case budget over E(A,0,0,n, K,d) is larger than the one over
8(A7 9/7 0-? nl? K’? d)7

T*(6,E(A,0,0,n, K, d)) = T*(8,E(A, 0, 0,0, K, d)) .

It holds immediately that K’ is even, and that K’ divides n’. Moreover, [6n] < n/K is a
consequence of £(A,0,0,n, K,d) # (). This inequality and the assumption n > 2K, implies that
n’ > 2K'. We can then use Lemma 3.B.1 and Lemma 3.B.2 with n’ and K’ in order to bound
T*(5,E(A, 0,0, K, d)).

For any ¢ € (0,1/6),

2 5 o? [dK'n' 1 46
T*(5.E(A. 0. o.n' K. d)) > 2 ’kl(l— ) g kl(—2 >
(0,E(A,0,0,n', K',d)) A" d, — \/A2 = 3 0, —

We can also easily deduce from the expression of n’ that n’ > n/6.
Finally, we study 0 — kl(1 — §,25/n’) to obtain the bound valid for all § € (0,1) and for all

n >1,
kl (1 -9, 2?) > log <(15> +log(n/)(1 —6) — 1.5 .
n

In particular,we have the bound kl (1 — 9, i—‘f) > L log(n'/d) for 6 € (0,1/4).

By studying the variation of § — kl(1/3 — 24,44/n’), we obtain the bound valid for all § €
(0,1/6) and for all n/,

1 46 1 1
kl{-—20,—) > - |l — 1 N — —-0.7 .
<3 5, n) 3{og<45>+0g(n)( 65)| — 0.7
Combining all these inequalities and Remark 3.B.3, we obtain Theorem 3.3.1. O
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3.B.1 From clustering with bandit feedback to binary classification

Construction of a family of environments. From now on, we assume that K is even, and
n/K is an integer. In all the proof, we only consider perfectly balanced environments such that
0 = 1/K. We also assume that n > 2K. Define L := | K/2]. In this subsection, we construct a
family of environments defined with a prior on the centers of the groups.

We assume that the noises are Gaussian with covariance matrix o2I;. This fulfills the sub-
Gaussian noise hypothesis from Assumption 3.2.1. In this Gaussian model, an environment is
characterized by the hidden partition C* and the (distinct) centers of the groups.

We use a Bayesian approach, and we define the K = 2L centers of the groups, that we order as
P11, 1,1, - - - UL,1, for,—1- For all [ € [L], we construct the centers g1 and p —; as symmetrical
with respect to some offset. More specifically, for all (I, g) € [L] x {—1,1}, we define

g = gii(l) + C(1) (3.18)

where
— forall € [L], C(I) € R? is a fixed offset defined as C(I) = B(IA,0,...,0) € R%
— [ > 1 will be fixed later and is arbitrary large;
— = g(1),...,j4(L) are ii.d and ji(l) ~ 7. The prior distribution v over R? will be set
differently if we consider the low or high-dimensional regime. We will specify later this prior.
Through the proof, we fix a partition C* of [n] into K groups. The partition C* is composed
of K = 2L nonempty groups C*11,C*1—1,...,C*1,1,C*1,—1 associated to the means

M1, H1,—15- -5 B0, KL,—1 -

For each arm a € [n], we denote as (I}, g;) € [L] x {—1,1} for the labels such that a € C*;x 4= and
Pa = puz,gx- Also, we will always restrict ourselves to balanced partitions C* so that each group
C*1,4 has the same size n/K and thus 6, = 1/K.

In summary, we have

[n] = |_| Clig
(Lg)e[L]x{—-1,1}
where the groups (C*; 4) are nonempty and share the same size n/K.

We also define the so-called L “blocks”™. For [ € [L], we define C*; := {a € [n] ; I} =1} =
C*1,1 UC* —1. For each arm a € [n], [} corresponds to the label of the pair of groups (block) C*;
that contains a. If [}, = [, then the arm a belongs either to C*;; or C*; _1 depending on the value
of g¥ € {—1,1}. We also denote as C*; :={a € [L]; g} = +1}.

We now construct a set of partitions obtained from C* by switching two arms from the two
different groups of the same block. Arbitrarily define a set {s(1),...,s(L)} of arms such that for
all 1 € [L],s(l) € C*; ;. For any arm a € [n], we write b, := s(l}). For an arm a in C* = {a €
[L]; 95 = +1}, we define C*(,) as the partition equal to C* except that the arm a is switched
from Cy: 1 to Cpx 1, and the arm b, is switched from Cyx 1 to Cx ;1. This is a valid partition
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with K nonempty and perfectly balanced groups. As we took n > 2K, it holds that, if any two
distinct partition G and C’ belong to {C*}U {C*(a)}aec*+
d-correct algorithm distinguishes, with probability higher than 1 — §, whether the environments

, we have C' £ C’. As a consequence, any

are characterized by a partition C* or by some (C*(4)),, oy
For any partition C" such that [n] = U ,C) ,, we denote as v(C’, i) for the environment
1o = (C(1) +gp(l)) and 11 € RY, We will use

P o i [resp. B o 5] for the probability distribution [resp expectation] induced by the interaction

constructed in this paragraph with the means (1)

between an algorithm 7 and the environment v(C’, i) for a fixed realization of i. We also denote
asProv = [LProp dy®L(f) [resp. E, ] as the integrated probability with respect to the prior
v®L on i [resp expectation].

There is a technical detail that has to be handled with this Bayesian prior, if ji; is too small
or too large, the environment v(C’, i) is not necessary in £(A,0,0,n, K,d). We define therefore
Y = Nigyfd/2 < e < A(B —1)/2}. On Y, the centers are distinct, the minimal gap is
larger than A, and the set of possible values for (fi(l)), are disjoint.

We denote Egym(C*,7y) as the Bayesian family of environments of the form v(C’, i), where
fi ~®F and the partitions C' € {C*} UU,ec, {C*(a)}-

We explain a bit more the construction.

Remark 3.B.5. 1. The parameter 5 will be arbitrary large so that it is very easy to decide
if two arms belong to different blocks or not. In this case, it is intuitively easy to first
separate the arms into L blocks (that means to estimate [],...,0%). Then the difficulty of
the problem mostly lies in the L sub-problems of binary classification, where each block has
to be partition into two groups.

2. In the low-dimensional regime, we will take n(l) = (A/2,0...,0) (v is deterministic). It
means that we will derive the lower bound from Lemma 3.B.1 for fixed centers of the groups
w(1),. .., u(K) which basically amounts to the simpler setting where the learner knows the

centers in advance.

3. In the high-dimensional regime, we will use a Gaussian prior on (fi(l));¢;r)- With this prior,
we will be able to quantify to what extent we have to estimate the unknown means (z(1)) le(L]
to be able to group the arms.

Symmetrization. Now, we exploit the different symmetries of the environments of the shape
v(C’, 1), and the symmetries of the distribution of the centers when ji ~ «. Then, we restrict
our study to algorithms that are d-correct on Egy,, (C*,~y) and that satisfies a symmetry property
defined below.

Definition 3.B.6. Algorithm 7 is é-correct on Egym(C*,7), if, conditionally on the event ), we
have
PW,C’(CANC/D)) >1-6,

for any C" € {C*} U {C*)}

e An algorithm 7 is called symmetric on Egym, (C*, ), if for any
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be[n]and C' € {C*}U{C* ()} then

aeC*y’
1 1
By (NY] = 2B, T = LB 7]

where N, = ZZ;I I{A; = b} is the number of times that the arm b is pulled during the procedure.
Denote as Igym (0, Esym (C*,7)) the family of symmetric and d-correct algorithms on the sym-
metric collection Egym (C*,7).

Finally, we define the optimal Bayesian budget for an algorithm in ILgy,, (8, Esym(C*, 7)) as

T*((5, gSym(C*a ’Y)) = inf Eﬂ',c* [T‘y] )

m€llsym

where the inf is taken over gy, (9, Esym (C*, 7)), recalling that E. ¢+ is the integrated budget with
respect to the prior .
The next lemma implies that we only need to lower bound the quantity 1§, ,,(, Esym(C*, 7))

Lemma 3.B.7. If K is even, K dividesn, 0 = 1/K, and n > 2K, it holds that
T(6,E(A,0,0,n, K,d)) = Tg,,,(6, Esym(C*,7)) -

Remark 3.B.8. We highlight that this construction essentially reduces the problem into L sub-
problems of active binary classification. On the family of environments Egy,(C*, ), the offsets
C1,...,Cr and the labels of the blocks 7, ...,[} are fixed and common to all the environments
v(C*, 1) and v(C* (4, 1), it is equivalent to say that this is known by the learner. Then, the problem
consists on estimating the partition into two groups C*; = C*; 1 UC*; ;1 (up to switching of the two
groups) for any of the L blocks. If an algorithm is symmetric, it will have access in expectation
to the same budget to solve each sub-problem.

The proof of this Lemma, technical but standard is provided in Section 3.B.4. In the proof,
we explain how to use the knowledge of the blocks Cj,...,C*r, and the offsets C(1),...,C(l) in
order to transform any algorithm into a symmetric algorithm — see Definition 3.B.6. The rough
idea is to permute the arms, and then to apply the algorithm to the permuted arms.

3.B.2 First Lower bound: proof of Lemma 3.B.1

In this section, we prove the Lower Bound from Lemma 3.B.1. We highlight that the lower
bound from Lemma 3.B.1 does not depend on the dimension d. Thus, we will derive lower bound
for fixed centers of the groups which basically amounts to the simpler setting where the learner
knows them in advance.

We use the construction of Section 3.B.1, and we choose the prior distribution v, := d,
to be a Dirac, i.e, ji(l) = p for all [ and the centers are deterministic and fixed. We choose
p = (A/2,0,...,0) € R and 8 = 2. The environment v(C*,ji) is in £(A,0,0,n, K,d), so the
event ) from Definition 3.B.6 holds almost-surely.
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Remark 3.B.9. The clustering with bandit feedback problem on Egym, (C*, ) is highly connected to
a specific instance of the Thresholding Bandit Problem (TBP), another pure exploration problem
studied in (Cheshire et al., 2020). In this problem, a player interacts with a multi-armed bandit
environment with one-dimensional rewards, and she has to recover the set of arms with a mean
larger or equal to a certain threshold (for us, this threshold is A). The proof of Lemma 3.B.1 is
inspired by the proof of Theorem 1 in (Cheshire et al., 2020). For the thresholding bandit problem,
the authors derive a lower bound in the fixed budget setting. In this setting, the player has to
minimize the simple regret (related to the probability of error), using a fixed budget. From their

result, we could deduce a lower bound of the form Z—z(n—K ) log("gK ). Here, we use a workaround

o2

to establish a slightly tighter lower bound of the form {znlog(%).

We consider T§,,, (8, Esym(C*,71)) = inf  Erc+[T] where the inf is taken over all symmetric
s Sym

and d-correct algorithm on Egym(C*,v1) —see Definition 3.B.6.

Lemma 3.B.10. If K is even, K divides n and n > K, then,

Ty (8, Esym(C* 1)) > s Kl (1 s, n) .

Then, Lemma 3.B.1 simply follows from the reduction arguments of Lemma 3.B.7 and 3.B.10
that we prove now.

Proof of Lemma 3.B.10. Let m be a symmetric and d-correct algorithm for the clustering with
bandit feedback problem on Egyr, (C*,v1). It outputs a partition C of [n] such that for any a € C* 4,

]P)ﬂ-,c*(@ (é ~ C*(a)) = 1-9¢ s and

Prcs(C~C)21-6 .

The main tool that we use is a data-processing inequality— see e.g.,(Gerchinovitz et al., 2020).
We will use the KL-divergence which, in our setting, turns out to be explicitly computed. The
difficulty of the proof is to recover the term log(n/d) in the lower bound of the budget. For that,
we adapt the proof page 15 of (Cheshire et al., 2020) to the fixed confidence setting. The idea
is that, instead of constructing one partition, different from C*, we constructed a collection of
{C*(a)}ae cr where any algorithm has to distinguish C* from any of these environments (up to
relabelling).

First, we use lemma 1 from (Kaufmann et al., 2016) which relies on the data-processing
inequality and the decomposition of the KL-divergence in the multi-armed bandit model. It holds
that, for any a € C*,

K (Prce ) (C ~ C*0)), P (€ ~ C () <KL (Brge ), Prc) (3.19)
AQ

= E?T,C*(a) [N(l + Nbl*(a)]ﬁ )
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the last equality follows from the fact that the environments v(C*, 1) and v(C*(4), 1) only differ
on arm a and b, and KL(N(=A/2,02), N (A/2,0?)) = A?/202. We recall that for any b € [n], N,
is the number of times that the arm b is sampled.

Thanks to the joint convexity of the kl function (see Gerchinovitz et al., 2020, Corollary 3),

we have
1 5 *
Z Prcrq (C~C (a))’m Z Pre-(C ~C () (3.20)
aEC* acC*
kl m,C* a w,C* AN >ka,
n/ga;c; ( ) (€~ C¥ ), Pre (C C()))

By construction, the partition C* and all the different partitions (C*,) belong to different

a€C* ¢
equivalence classes with respect to the relation ~. As m is d-correct — see Definition 3.B.6, we

deduce that

Ya € C*+, ]P)ﬂ—’c*(a) (é ~ C*(a)) >1-6 ;
> Pree(C~C* o) = Pror(Uaecr {C ~ C()}) S Prex(C £ C*) <6

acC* ¢
With the monotony properties of the kl function, we obtain
0 .
kl (1 _5’7%/2) <kl ( 7 Z P, cs <a)(c ~C* ) n/ Z Py c:(C ~ C* (a))) . (3.21)
a€eC* 1 aceC* ¢
Gathering Equations (3.19), (3.20) and (3.21), we obtain

26 1 A2
kl( — 4, n) 2 ae; Er ¢+ () [Na +Nba] (3.22)

We recall that 7 is symmetric. Hence, For any a € C*,, we have

2 2
EW,C*(a) [Na + Np,] = ﬁEmC*m) [T] = EEW,C* (7] .

Finally, with Equation (3.22), we conclude that
o? 25

We take now the inf over all algorithms =, which are J-correct and symmetric, this proves
Lemma 3.B.10. ]
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3.B.3 Second Lower Bound: proof of Lemma 3.B.2

In this section, we prove the lower bound from Lemma 3.B.2. If d < (8/3)? log(K/6), the lower
bound from Lemma 3.B.2 is smaller than the dimension-free lower bound from Lemma 3.B.1,
which is already proved. We may then assume that d > (8/3)?log(K/d). For the sake of the
presentation, we postpone the proofs of some technical lemmas to the end of the next subsection.

Step 1: introduction of the Gaussian prior. In this regime, we choose the prior distribution
7 to be Gaussian. Indeed, we introduce vo = N(0, p?I;) with p? = %2 and p(1),...,u(L) are i.i.d
of law N(0, p?1;). Also, we choose 3 = 4. We consider the Bayesian family of environments
constructed in Section 3.B.1 Egym (C*,72).

Because of this Bayesian prior, we have some additional technical challenge in comparison to
the low-dimensional case.

1. We can not use the decomposition of the KL-divergence for bandit in order to compute
KL(IP’mC*(a),IP’mC*) because the integral over the prior 7; is inside the KL-divergence. Most
of the work consists on upper bounding this divergence with a divergence that can be
computed.

2. We can not compare the maximum budget over £(A,0,0,n, K,d) (i.e.sup,cg(a) Ex.[T))
to the Bayesian budget E, c+[7] because the minimal gap of v(C*, 1) is not always larger
than A. This is why we condition on the event Y = M, {A/2 < [a(D)| < A(B—1)/2} C
{v(C* ) € E(A,0,0,n,K,d)}.
We compute P oL (Y) for the Gaussian prior. This is the only time we will use the hypothesis
d > (3/3)10g(K/9).

Lemma 3.B.11. If we assume that d > (8/3)*log(K/8) and vo = N(0, p?), we have

P ou(Y) =P o ( N {472 < a0 < 3A/4}) >1-5.

2
le[L]

Step 2: From active binary classification to (batch) two-sample testing. Let 7 € gy,
be a d-correct and symmetric algorithm for the clustering with bandit feedback problem on
Esym (C*,v2) —see Definition 3.B.6. We define t = 6E, c+[T|Y]/n and T = 6E, ¢+ [T|V]/K.
Recall that, for any a € C*y = {a;g; = 1}, C*(y) is obtained by switching one arm a with
another arm b, € C*jx 1. Also, N, := Z;r:l Lia,=a) is the number of times the arm a is sampled.

We also denote, M; = Z Ny as the number of times the arms in the block C*; are sampled. As
bilr=l

7 is symmetric and as the blocks have the same size 2n/K, there exists ¢ and T two integers, such

that for any a € C*4,

t = 3E7r7c*(a) [Na + NbaD)] , and T := 3E7r,C*(a) [MlZ;D}] .

Remark 3.B.12. We now give some heuristic in order to explain the rest of the proof. Imagine
that, at time 7T, the learner receives an oracle that gives the labels of all the arms except the
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arm a, assume also that the learner knows that a € C*;. As in a supervised classification setting,
the player has to find the label g, of the unlabeled data sampled from a, using the labelled data
available. It has access to N, observations from a distributed as N(gafi(1),0%1;), and M — N,
labelled data distributed as N (ji(l),021y). It also has access to data from the other blocks, but
those data are not useful to find g,. Moreover, N, is of the order of Erc«[T]/n and M= — N, is
of the order of E; ¢«[T]/L. As a consequence, with this amount of data, a learner should be able
to correctly recover the labels in this simplified setting.

With this heuristic in mind, we introduce the following (batch) two-sample testing problem.
Definition 3.B.13. Let ¢,7T be two integers, we consider data Yi,...,Y:, Z1,...,Z7 and two

symmetric hypotheses H; and H_; such that, for g € {—1,1}, under H,4, the data follows the law
P, defined as follows:

— u ~ v and conditionally on pu:
—Y,....Y., Z1,..., Zr are independent;
— Vrelt], Y, ~ N(gp, 0%1q)

— Vs € [T, Z, ~ N(u,0?1y).

This problem is interesting because we can explicitly compute the KL-divergence.

Lemma 3.B.14. Let g € {—1,1} and Py defined in Definition 3.B.13. It holds that

2tTp*d 3 2#Tprd  2p*d tT

KL(P_,. P,) = KL(P,,P_,) = < .
(P—g: Py) (Pg,P—g) ot +02p2(t+T) ot o2 t+T

Now, we explain properly the ideas introduced in the previous remark. We define the event
By = {Ng+ Ny, <t} N {M;: <T}. Thanks to Markov inequality, the event B, has a probability
higher than a constant and conditionally on B,, the algorithm 7 has access to strictly less informa-
tion than in (batch) two-sample testing problem defined above with budget (¢,7). We formalize
this in the following coupling lemma.

Lemma 3.B.15. Leta € C*; be an arm and fiz A, an event. Consider the family of random vari-
ables (Y1,..., Y1), (Z1,...,Z7) that follows a distribution P_y — see Definition 3.B.13. Consider
also an independent sequence (€s,Us) , of random variables such that for all s > 1, €5 ~ N0, 1)
and Us ~ U([0,1]). Then, there exists a function f, that is measurable according to the random
variables Y, Z, e, U and such that A, N\ By = fo(Y, Z,€,U), where the equality holds with respect to
the probability distribution Prc+ ., = [ Pr e+, mdy® ().

Similarly, if (Y,Z) ~ Py, with the same function f,, Aa N By = fo(Y,Z,€,U), under the
probability distribution Py c-.

In the previous lemma, we will consider A, := {é ~ C*y} for a € C*4. By construction
of C*(q) (because n > 2K), the events A, are disjoint. By using the fact that 7 is J-correct on
E(v,A), we have the following property for A,,

Lemma 3.B.16. The family (A, N By,) is such that

aeC* 4
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1. Y acer, Prer(Aa N By) <6+ Por(Y°) < 20;
2. Prce iy (AaNBy) 2 1/3 =8 = Poor(V°) > 1/3 — 26.

We delay the technical proofs of Lemma 3.B.15 and Lemma 3.B.16. From there, we have all the
tools that we need. We now use data-processing inequalities similar to the proof of Lemma 3.B.1
to conclude.

Step 3: Conclusion to the proof of Lemma 3.B.2. We assume that § € (0,1/6), so that

K (1/3 - 26, 2%, ) is defined.

We use the first point of Lemma 3.B.16. Notice that the events (A,), are disjoint by construc-
tion of C*(,) and because we took at least two arms by groups (n > 2K), it holds that

> Pres(AaN Ba) = Pr e+ (Uaeer, Aa N Ba) < 26 .
acC* ¢

With the second point of Lemma 3.B.16, for any a € C*, we have
IP’C*(Q)(AQ NB,)>1/3—-26>20

We use the monotony properties of the kl function, it holds that
0
kl(1 2 <kl Prex,  (Ag N By) Pe+ (A, N B
(17220 5) (WZ e (N B 5 3 Ferldar )>
aceC acC*

Thanks to the joint convexity of the kl function (see Gerchinovitz et al., 2020, corollary 3), we
deduce that

kl (n/ > Prcx . (Aa N Ba) n/ > Pre(4q mB))

acC* ¢ acC* 4

S (e (a0 B e (4a115)

aEC*

Now, we use the coupling Lemma 3.B.15,

Prc+ (o, (Aa N Ba) = Py x Py (fulY, Z,¢,U))
Pre-(Aa N By) =Py x Pey(fulY, Z,e,U)) .

We use the data-processing inequality (see Gerchinovitz et al., 2020, corollary 2), for all a € C*,

kl (]P)TK',C*(G) (Aa N Ba)a Pﬂ',C* (Aa N Ba)) =kl (]P)l X Pe,U(fa(K Z,e, U))? P_y x P&U(f‘l(y’ Z¢ U)))
$;I(IAUP_l(X)Pel]Jpléglng)
::I<IIUP—17PH) .
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Gathering the previous inequalities, we obtain

1 46 1
kl ( — 26, ) < — KL(P_q,Py) .
3 n n/ ae%*:(a)

We recall that p? = A%/d. With the explicit computation from Lemma 3.B.14, we have

do?t 1 45 1
—kl (= -2, — | < — tT =T .
2A4 <3 ’ n) n/2 aezC;+

Finally, we have, using the definition of ¢ and T,

do*nK 1 49
Erc 2> k(= —20,—
mer TV 2 =55 (3 "n )
As it is true for any 7 € Ilp, take the inf in the last inequality over © € I1» and use Lemma 3.B.7
to get

0% |dnK 1 49
* > i -
T%(0,E(A,0,0,n,K,d)) > 2\/ = k1<3 24, n> ,

this is exactly the inequality of Lemma 3.B.2.

3.B.4 Proof of technical lemmas

Proof of Lemma 3.B.4. Let n, K such that n > 2K. Let 6 > 0 such that the collection
E(A,0,0,n, K,d) is non-empty. We prove Lemma 3.B.4 assuming that K is odd, the other case is
simpler and can be proved with the same construction up to minor details.

Recall the expressions introduced before Lemma 3.B4, K' = K — 1, n’ = K’ V}?ﬁ"w and
0 =1/K"

Let m being d-correct on (A, 0, 0,n, K,d), we will use 7 to construct n’, an algorithm which
is 0-correct on E(A, 0, o,n', K',d).

Let v/ € E(A,0',0,n', K',d) be an environment with K — 1 perfectly balanced groups. We run

the algorithm 7 where we create the data Xi,..., X7 with the following coupling.

™

— If AT € [n/], we sample X; with the arm AT from v/.
— If AT € [n + 1; N — [On]], we sample X; with a1, the first arm from v/
— If AT € [n — [6n] + 1,n], we create X; = ¢ where ¢ is an arbitrary large constant.

Equivalently, we have created the environment v where the n’ first arms are the arms of v; the
[On] last arms are in an artificial group associated to a Dirac in ¢, and the remaining arms
are in the same group as a;. The environment v has a hidden partition C7,...,C) where C =
ClUn'+1; N—=[0n]],C*a,y...,C* k1 = CY, ..., C'x_;, and Cj; = [n—[6n]+1,n]. By construction,
this environment is in £(A, 0, 0,n, K, d). In particular, the balancedness is larger than 6, and the
minimal gap is larger than A if ¢ is large enough.
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When 7 reaches Ty, it outputs a partition of [n], Cwlr, . ,CM;(, and we output C" asthe partition
defined by the restriction to [n/] of the partition C". This is what we call the algorithm 7.

As 7 is 0-correct on £(A, 0, 0,n, K, d), it holds that, with a probability P, higher than 1 —9,
C ~ C*, and this implies that " ~ C’. Finally, we have Py " ~C)2Pr (€ ~C*) =1-34.
This means that 7’ is indeed d§-correct on E(A, 0, 0,n’', K’ d).

In terms of budget, we have T+ < 7., because the data provided from the last group are
artificially created by the algorithm. We deduce that

EW’,V/ [7;’] < Ew,y[ﬁ] < sup Eﬂ',l/[ﬂ .
ve€&(A,f,0n,K,d)

Then, we take the sup over v/ € E(A,0,0,n', K',d), and we have

T*(5,E(A, 0 0,0, K’ d)) < sup Er o [T] < sup Er.,[T] .
v'eE(A ,omn' K’ d) ve€&(A,b,0,n,K,d)

Finally, we consider the inf over 7 d-correct on £(A, 0, 0,n, K,d), which concludes the proof of
Lemma 3.B.4.

Proof of Lemma 3.B.7. Let ' be a d-correct algorithm on (A, 0, 0,n, K,d).

We will use the algorithm 7’ to construct an algorithm 7, which is symmetric and J-correct
on the class Egym (C*,v) — see Definition 3.B.6. We will use the symmetries in the structure of
the environment v(C’, i) when ji is distributed with the prior y®¥ as the main argument to prove
that 7 will have the wanted properties. To avoid confusion, we index (Agl) s T and CA'W/ for the
algorithm 7’ and without ’ for the algorithm 7. As explained in the previous remark, the algorithm
7 just need to perform well (i.e., being d-correct) on the family Egym(C*, ), so we can use the
offsets and the labels ], ..., [} to construct the algorithm .

Construction of 7. In this paragraph, we describe how we symmetrize a strategy 7 —see
Algorithm 7. Let C" € {C*} U {C*(a)}aec*+
we use the notation [} = I*(a) for all a € [n]. For any arm a, we denote as ¢'(a) € {—1,1} as the
label such that the mean of a is u, = ¢'(a)u(l*(a)) + C(I*(a)), in the environment v(C’, i), for
any i € R%.

being a partition. In order to make the reading easier,

We need to define the behavior of m when facing the environment v(C’, i) for any .

Define S as the set of permutations of [n]| that switch the blocks in C*, that is to say if Kk € S
then for all [ € [L], 3I' € [L], such that x(C*;) = C*y. For any x € S, k naturally induces a
permutation of [L] denoted as & such that for all a € [n], I*(k(a)) = R(I*(a)).

First, the strategy 7 uniformly samples a permutation x in S and a vector x € {—1, 1}L. From
a rough perspective, the strategy m will then apply the strategy n’ by permuting the blocks using
k and reversing the means of each block using .
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Algorithm 7: Symmetrization of 7’

Input: v(C’, i) an environment in Egym (C*,7)
Result: C", partition of [n]

1t=1

2 Take k ~ U(S)

3 Take x ~U({—1,1}F)

4 while t < T (AT, X7 ,..., A7 |, X ) do

5 Choose an arm with 7’ and get A7 (AT, X7, ... AT | X]"|) € [n].

6 Sample X[ from AT := r(AT)

7 Create the data X7 := x(&(I*(AF ) [X] — C(R(I*(AT)))] + C(I*(AT))
8 t=t+1

9 end
10 Compute € (AT, XT',..., AT XF):=C] ,....Ck
11 return Cp,...,Cr = r(C]),...,k(Cx)

Within the procedure 7, we run algorithm 7’ with modified data X7 /, el X?. At time ¢, the al-

gorithm 7 chooses to sample the arm AT , where the decision is based on the data (X7, AT') s<t—1-
Instead of sampling the arm chosen by 7/, the algorithm 7 samples X[ from the arm A7 := k(AT ).
Then, 7’ sends the data X7 to 7/, according to the formula

X7 = x(R(* (A7) [XT = C(R((AT)))] + C*(AT))
where we recall that C(1) is the offset associated to block I. When 7’ decides to stop, 7 also stops;
i.e., Tr = Tr. Then, 7’ outputs a partition " = CAT ,...,(?}T{ based on the modified data, and 7
outputs C,...,Cx :=k(C] ),....k(Ck).
Lemma 3.B.17. Take x € S, and x € {—1,1}*. For all | € [L], define fix(l) :== a(7(1)). As [i is
sampled according to Y®F, then i, follows the same prior Y®L. Define C'(k,x) as a partition of
[n] into 2L groups such that for all (1, g) € [L] x {—1;1}, then

C'(k,x)1 4 = {a € [n);1*(a) = 1, and ¢'(r(a))x(R(I*(a))) = g} = ™" (Clk(l),gx(f{(l)))

’

Conditionally on K, x,l, the modified data XZ;T
induced by the interaction between ' and the environment v(C'(k,Xx), ix), after integration on

are distributed according to the probability

the prior v, we have
PW,C’("ya R, X) = ]P)ﬂ",C"(n,X)("y) .

Remark 3.B.18. It is very important to note that, as C’ is a partition with K = 2L groups of the
same size, the partition C’(k, x) is also balanced.

Proof of Lemma 3.B.17. Let i € (Rd)L be a realization of the prior y®L.
When 7’ tries to sample the arm a = A%T/, we sample in fact k(a). Using the Gaussian as-
sumption on the data, and the expression of the centers of the environment v(C’, 1), it holds
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that

Xi = g'(k(a)a(l" (K(a))) + C(I"(1(a))) + €5 = g'(1(a)) u(R(I" (a))) + C(R(I"(a))) + & ,
where ¢, ~ N(0,0%1;). We used also in the second equality that x induces a permutation of the
blocks, so that I*(k(a)) = &(I*(a)).

We now decompose X[ ", using the expression defined Line 7 of Algorithm 7. Assuming that
E(l*(a)) = m € [L], we have
X7 =x(m)[X] = C(m)] + C(I"(a))
—(m) [ (k(@))i(m) + &1] + C(I*(a)) -

We develop and reorganize the terms, and we use the expression ji (1) = fu(&(1)),

X7 =4 (v(a))x(m)fi(m) + x(m)e, + C(I*(a))
=g'(k(a))x(m)fix(I"(a)) + x(m)er + C(I"(a)) .
As € is symmetric with respect to 0, then €, := x(m)e is distributed as a normal distribution
N(0,0%1,;). Besides, the (¢}), are independent. The arm a appears to 7’ to have a mean C(I*(a)) +

Gl (I*(a)), where g = ¢'(k(a))x(Rk(I*(a))) € {—1,1}. It appears then that the data received by 7’
are distributed as v(C’(k, x), fix), where, for all (g,1) € [L] x {-1,1},

C'(k,X)1,g = {a € [n];1"(a) =1, and g'(k(a))x(R(1)) = g}

which proves the first part of the lemma.

The second expression for C’(k, x) 1,9 18 nOW obtained using the fact that x permutes the blocks,
so that I*(k(a)) = (1) and also that x(&(l)) € {—1,1}.

{a € [n);1"(a) =1, and g'(r(a))x(R(1)) = g} ={a € [n};I"(k(a)) = &(1), and ¢'(k(a)) = gx(K(]))}

=k (Clk(l),gx(f%(l))>

Finally, if i ~ v®L, by exchangeability of the law of v®L, and as & is a permutation of
[L], the vector (1(i(1))),eqry is distributed as (z(l)),c[z;- We also highlight that the event Y =
et {72 < )| < A8 —1)/2} = Miy{A/2 < in(D)]] < A(B—1)/2} remains the same, so
that we have the equality of the laws

PW,C”('D}a K, X) = Pw’,C’(n,x)("y) .

Correction of 7. We now deduce that 7 is -correct on Egym (C*,7) —see Definition 3.B.6.

By construction of the algorithm, and with the definition of C’(k, x) given in Lemma 3.B.17,
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we have conditionally on «, x, and [,

A

71' ,C7, _(C ~ C,‘H X) Pﬂ’,C’(ﬁ,x),ﬁﬁ (Cﬂ- ~ CI(H7X)>

If o € Y, then we have ji, € Y and environment v(C’(k, X), fix) is in E(A,0,0,n, K,d). We
recall that 7 is d-correct on £(A, 8, 0,n, K,d), we then have

A

]:P)W/7CI(R7X)7EH (Cﬂ- ~ C/(KZ,X)> ]ly (1 — (S)]ly .

The conclusion then follow by integrating over the law of s, x, and p to obtain P, ¢ (er ~

C'lY) > 1 -4, and 7 is indeed d-correct on Egym (C*,7).

Symmetry of 7. We want to prove that « is symmetric as defined in Definition 3.B.6. Take
ar,az € [n)® two arms and assume that a; € C"), 4, and ay € €'}, 4,

First, we recall that AT = k(A7) so that,
-

T
= Z lAg:al = Z :[ln(Ag/):al = N;rfl(al) :
s=1 s=1

We now use the expression of the uniform laws that follows x,x and Lemma 3.B.17,

EﬂC[N QL# Z Z ETI’C/[ a1|yHX]

KES xe{-1 1}

T oL SZ > B o NV -

KES ye{-1,1}F

We construct x” € S a permutation which switches the blocks of a; and as, while switching ay
and ao, take

Ve € {_17 1}7 H/(0/117691) = 0/12,692 ) Ve € {_17 1}7 R/(C/l27692) = 0/117691 )
K'(a1) = ag,K'(az) = a1 , and Ve € [n], if I"(c) & {l1,l2}, K (c) =

The permutation ' exists because the groups of C’ have exactly the same size.

We also define ' € {—1,1}" with

X'(1) = x() if 1 & {l1, 12} X' (I1) = (g192)x(12) , and x/(l2) = (g291)x(l1) -

Note that v’ € S. When we consider S is a group of permutation we see that 'S = S. Moreover,
as the law of x(1),...,x(L) is exchangeable and symmetric with respect to 0, x’ and x follow the
same distribution.
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It implies that we can use a change of variable in the sum,

E [N 2L# Z Z E ’C’(nx)[ K™ 1a1 |y]

KES xe{—1 1}L

QL# Z Z E /C’(ﬁnx)[N( “1(ay) D}}

KES xe{-1 1}

Now, for any & € S, (k'k) '(a1) = k=1 (x") " (a1) = K~ (ag) because k' exchanges a; and as.
Then, fix x and k and consider the partition C’(k'x, x). We want to prove that, C'(k'k, x') =
C'(k, x). By definition (Lemma 3.B.17), we have to prove that Vb € [n],

g (K®)X(E(I (1)) = ¢ (K'm0)X (K& (D)) (3.24)

We prove Equation (3.24).
Take € € {—1,1} and b € K7 1(C"}, ¢y, ), by construction, &’ is the transposition (I1 l2), and we
have

X (RE((0)) = X' (#/(1) = X' (1 ) (1)) = X' (l2) = (9192)x(1a) -

Besides, we have x(&(1*(b))) = x(l1). Moreover, k(b) € C'}, 5, and then &/'(k(b)) € C', eq,, i€,

g (k'k(b)) = €ga.
The equality in Equation (3.24) therefore holds for all b in £7(C"}, ¢4,),

g (r()X(R(I"(9))) = €g2(9192)x(h) = egix(ln) = ¢’ (x(D)X(R(I"(D))) -

The labels I; and ls play the symmetric role, so we also have the equality of Equation (3.24)
for b € K7H(C'l,.cg,)- Finally, if I*(k(b)) & {l1,l2}, then by construction of ¥’ and «/, we have

K/ (k(b)) = £(b) and X' (WE(*(b))) = X/ (R(1* (b)) = x(R(I*())).

Equation (3.24) being proved, we have finally,

E [N 2L# Z Z E IC/(“”X)[N&R a1)|y]

KES xe{-1 1}
Z Y Eroten Ny V)
NES xe{-1 1}L

=Er 0[N, | Y] -

This proves that E o/[N7 |V] is independent of a; and equal to E; c/[T]Y]/n. Now, using the
same method as above with £’ = (a b,), we also deduce that Ex ¢« [T|V] = Exc+[T|Y] does not
depend on a.

This proves that 7 is symmetric as defined in Definition 3.B.6.

We have proved that 7 is d-correct and symmetric on Egyym, (C*, 7). It remains to conclude for
the proof of the lemma.
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Budget of 7. By construction of the algorithm, we have

EW,C* [ﬁr‘y7 R, X] = Eﬂ",C*(N,X) [ﬁr"y] < sup EW’,V[,ET’] s
ve€(A,0,0n,K,d)

since, on the event ), we have v(C*(k, x), 1) € E(A,8,0,n, K,d). We now use the fact that 7 is
in HSym(67 gSym(C*a 7))7 so that

TS*ym(57 €Sym(c*7 7)) < Ew,c* [ﬁr‘y] < sup Eﬂ",l/[lﬁl’,] .
ve€(A,0,0,n,K,d)

Finally, we prove Lemma 3.B.7 by taking the inf over 7’ € 11(0, (A, 0, 0,n, K, d).
Proofs from Section 3.B.3

Proof of Lemma 3.B.11. Let | € [L] and define Z = ||ji(1)||?/p?. We have j(l) ~ N(0, p?) with
p? = A%/d, then Z ~ x2(d) is a chi-square distribution with d degrees of freedom. We apply the
Laurent-Massart inequality with = = (3/8)?d — see 3.E.2,

2
P (Hu(l)ll < 2) —P (z _d< fPQ _ d) —P (z _d< —2\/d(3/8)2d> < exp(—(3/8)%d) .

Then, we notice that 3 = 4 satisfies (8 —1)%/4 > 1+ 2(3/8)% + 21/(3/8)%, we have

P (I > (-3 ) =P (2-d> (8- 1*/4- 1a)

<P (Z —d > 2\/d(3/8)%d + 2(3/8)2d>

Now, we use the other side of Laurent-Massart inequality with z = (3/8)d to obtain
_ A 2
PLIEDI> (8- 1)7 ) <exp(=(3/8)7d) -

We recall that we assumed that d > (8/3)*log(K/6), and so exp(—(3/8)%d) < 6/K. A union
bound on L = K /2 ensures that Lemma 3.B.11 holds. O

Proof of Lemma 3.B.15. Let a € C*; be an arm labelled by (I%,1) in C* and let Y, Z ~ P_;
—see Definition 3.B.13. We fix an algorithm 7 for the clustering with bandit feedback problem on
E(C*,72). The algorithm 7 is characterized by three families of measurable functions (s, 7s, fs) ;1
where for all s > 1

- As = 7TS((A1,X1), ceey (As—lqu—l);Us)
— T = min{t = 1 ?7;((A1>X1)7 ) (AstS);US) = 1}
— g=fr((A, Xa),.... (A7, X7); UT)
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Here, the sequence (Us) captures the fact that 7 can use some external randomness to make
decisions. We define Ns, = >3 1 Tqa,efap,)y and Mg =375 H{AHGC*%}. We consider the event
B, on which the inequalities Ny 4 = Ng + Ny, < ¢ and Mjx < T holds. Then, the data collected
(X1,...,X7) when 7 interacts with v(C*(,), 1) and i ~ v®L can be constructed with Y, Z, e, U
using the following coupling.

First, we create the observations from arms that belongs to a block different from the one of
a, using the variables (e,),-,. We sample once and for all (L — 1) centers by defining for any
Le [LI\A{G}

n(l) = per

we observe that (f(1)), . ~ 'yég(Lfl). Then, for any s > 1, if A; € C*; with [ # [}, we can create
X, with the expression

Xs=C()+gi(l) + o€str -
Now, for s > 1, when Ag € C*1x, we use Y, Z,
— X =C(3)+Yn,,if A;=a
X = O~ Ya,, if A= b,
— Xy =C(l3) + 94, 2m, if As € C*i; \{a,ba}

We highlight that the law of Y, Z is a marginal distribution that captures the fact that the
data obtained from the block C*jx are obtained using the prior v for zi(l}).

From there, it is possible to give (explicitly) a function f, measurable with respect to Y, Z, ¢, U
such that A,NB, = f(Y, Z, €, U) where the equality holds in law with respect to Py ¢~ (a) (integrated
with respect to i1). If we use the same measurable function f, with X,Y ~ Py, then 4, N B, =
f(Y,Z,e,U) where the equality holds with respect to Py c«. O

Proof of Lemma 3.B.16 . We recall that 7 is a d-correct algorithm for the problem of clustering
with bandit feedback with an oracle. We recall that A, = {é ~ C*(4)}. By construction of the
partitions C*(,), these partitions are not equivalent (for the relation ~). We highlight that this is
due to the fact that all the groups contain more than two arms. The events (A,), are disjoints,
and Ugecr, (Aq N B,) € {C # C*}.

Now, we have directly

a

Pr e+ (UneppsAa N Ba) < Prex(C £ CY) .
By definition, 7 is d-correct on Egym (C*,y2), we have

Prcs(C 4 C*) =P (C A CIVIP o (V) + Pr e (C 4 CY)Par (V)
<O+Pe(Y°) <26
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For the second point of the lemma, we fix a € C*.

PW,C*(@ ((Aa N Ba)c) = PW,C*(a> (AZ U Bg\y)IP’@L (y) + IP?T(AE U Bg[yc)IP’W@L (yc)
Prce ., (AS U BE|Y) + Byor (V°)

<
S Prce o) (AalY) + Prce ) (BalY) + Prer () -

Now, 7 is -correct which implies that
Pﬂac*m) (AglY) = IFD?T,C*(a) (é #* C*(a)|y) <0 .

For the second term, we use Markov inequality with respect to the distribution Pr e« (-[)).
We recall that 7 satisfies a symmetry property and that ¢t = 3Erc+  [No + Np,|V] and T =
3Erc* (o [Miz|V]. We also recall that B, = {Nq + Ny, <t} N{M;: < T}. We have with Markov
inequality

]P’mc*(a)(Bg‘y) < PW7C*<G)(NCL + Ny, > t|Y) + Pw,C*(a)(Ml:; >TY)< -+

1
3 3
This concludes the proof of Lemma 3.B.16. O

W

Proof of Lemma 3.B.14. Let g € {—1,1} and take P, defined in Definition 3.B.13 with the Gaus-
sian prior. We have p ~ N(0, p?I;) and conditionally on y,

—Y1,....Y., Z1,..., Zr are independent;

— Vrelt], Y, ~N(gu,o%ly)

— Vs e [T, Z, ~ N(pu,021y).

First, Y1,...,Y;, Z1,..., Z7 have i.i.d coordinates and so has p. Then, it is enough to prove

Lemma 3.B.14 in dimension 1. The general case will be obtained by multiplying by d the result for
24T p*
0'4+0'2p2p(T+t) :
Now, we specify the distribution of the vector Y, Z. As u follows a Gaussian distribution, the

dimension 1. We assume then that d = 1, and we want to prove that KL(P_4,P,) =

vector (X,Y)=Y1,...,X¢, Z1,..., Zr is a Gaussian vector.
With the law of total variance, we have Y, Z ~ N (0, X,) where X, is the covariance (square)
matrix of size (T + t). The matrix ¥, is defined as follows:

Jt,t QJt,T

Sy = 0*Liir + p?
7 " 9Jry Jrr

) =: O'QI(t+T) + pQHg ,
where I, 7y is the identity matrix of size (T'+t), and we define J; 1 being the rectangle matrix
of size t x T where all entries are equal to 1.

We observe that H, has a particular shape, in particular, H 92 = (T'+t)H,. As a consequence,
it is easy to compute its inverse. We have:

1 1
-1 _ :
Xy =l + ?Hg ,
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with p? = ;—2(0 +p?(t+T)).

Now,

. 1 1
Sy 'Sy — Ly = (Ugf(ﬂt) t ﬁzHg) (* T + 0 Hog) = T
2 2

4 p

2
_p
= ooy Sy S5

where we compute

J, —gJ,

HgH,g _ (t _ T) Lt gJi, T
9Jrr —Jrr

Finally, with the formula for the KL divergence between two multidimensional Gaussian distribu-

tion, we have

1 ‘Z | -1 -1

KL(P_,Py) = 5 <log ) +Tr(S, 'Sy — I yp) + 05,10
1 0,2 p2
=3 TT(H,g) + ?TT(Hg) + ﬁfQT'r(HgH,g)
C1(AE+T) P+ ATt
2 o2 o2+ p2(T+t) o%2(c2+p2(t+T))
1 (pME+ T - (T 1)) 2T pt
T2\ 22+ 2T +1t) ) AT+t

This concludes the computation of KL(P_,, Py). O

3.C Analysis of ACB

In this section, we establish that ACB 4 is §-correct, and we control its budget thereby proving
the part of Theorem 3.4.1 pertaining to ACB.

Theorem 3.C.1. Let 6 > 0. Let A > 0, 6 > 0 be the two parameters used in the design of ACB,
such that E(A,0,0,n, K,d) # 0. The ACB algorithm (4) is §-correct on E(A,0,0,n,K,d).
Moreover, define Tacp for the budget of ACB(8, A, 6). There exist two universal constants ¢ and ¢
(with ¢ small), independent of all the parameters A, 0,0,n, K,d and such that for any environment
vin (A, 0,0,n,K,d), if we assume that % < n, then Eacsy[Tacs] < ecn+ A, and Tacs <
cn + (A + B) almost surely, where

2

A :% [nlog (n/d) +y/dnKlog (n/d) + \flog( )}

B :log(g(/é) + Zzélog <K) {f“‘)gk’g (915”
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In fact, Theorem 3.C.1 is a straightforward consequence of the two following lemmas that
separately consider the two sub-routines SRI and ADC.

Lemma 3.C.2 (Analysis of SRI). Let § > 0 be fized, let A > 0, let 1/K > 6 > 0, and let
S = SRI(d, A, 0) be the output of Algorithm SRI applied to an environment in E(A,0,0,n,K,d).
Let Tgry be the number of samples used by the SRI routine to compute S. With probability higher
than 1 — 9, it holds that S contains exactly one arm by group.
Moreover, there exist two universal constant ¢ and ¢ (independent of all the parameters) such
that almost surely, we have
2
TSRI <c% log (I;) + c’%% log (‘;{) [log(K) + Vd + loglog (;)] . (3.25)

Also, the expected budget satisfies

log(K) 10g< 1 ) N log(K) N \/dKlog(K) log (Kﬂ . (3.26)

log(K) /LQ
g A2

< —
Ey[’]-SRI] X C 9 95 9 9 5

Lemma 3.C.3 (Analysis of ADC). Let v be an environment in E(A,0,0,n,K,d). Let S be a set
of K arms containing exactly one arm belonging to each of the K groups. Let ¢ =ADC(, A, S)
be the output of the ACD routine, and Tapc be the budget of ADC, i.e., the number of samples
used to compute C. First, with probability larger than 1 — 4, Cisa perfect clustering, that is

Papc,(C~C)>1-0 .

Second, there exists a universal constant ¢ such that

o? n o? n
Tapc < 2n + cﬁnlog <5> + cx3 dnK log (5> . (3.27)

3.C.1 Analysis of the SRI subroutine

In this section, we prove theorem 3.C.2. We organize the proof in several steps. As a warm-up,
we discuss the intuition behind the SRI routine in Section 3.C.1. We also further explanation,
along with notation. Then, we provide guarantees on SRI which holds even if the parameters A,
0 used to calibrate SRI are larger than the trues parameters A,,0,. We bound the probability
that SRI would reject a good candidate for being a representative, or add a bad one to the set
S. Then, we prove Lemma 3.C.2 by proving its correction and bounding its budget. The proofs
of some technical lemmas are postponed to Section 3.C.2. Finally, we establish Lemma 3.C.3
in Section 3.C.3.

Step 1: explanation and notation. In this section, we fix A > 0, and # > 0 the two parameters
used in the design of the SRI routine. Let § > 0 and o > 0. Consider then the algorithm SRI =

SRI(4, A, 0), where the parameters of the algorithm U, (ns),, nmax and r are computed with o,

S
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A, 0 and 4, using the expressions from Remark 3.C.4. Denote by P, for the probability induced
by SRI(4, A, #) and an environment v.

Let v be an environment with a hidden partition C* = Cy, ..., C} and the centers of the groups
(1), ..., u(K), with o-subGaussian noises Assumption 3.2.1. Associate to C* the labels (k(a)),¢
such that the mean of a is p, = p(k(a)) and a € C*(,). Recall that A, denotes the minimal gap
of v and 6, is the proportion of arms in the smallest group. We study how SRI = SRI(J, A, 0)
behaves when it interacts with the environment v. For now, v denotes any environment in the
hidden partition model, with subGaussian noises of parameters ¢ — see Assumption 3.2.1 and
Assumption 3.2.3. In particular,for now, we do not assume anything about A, and 6,.

In the algorithm, there are some parameters defined in (3.10)-(3.12) that we recall here.

Remark 3.C.4. For any s > 1,

o= [y ()]

r= f]ogZ(log(ZlU/é)ﬂ )

ns = ’761222 (2° +10g(12K))—‘ v {02222 d(2s —|—log(6))-‘ ,

2
o
Nmax = Ny V {c;:,AQ\/glog(QK)w ,
so=rAmin{s > 1;ns > 2} |

where the universal constants ¢, c2, c3 are respectively defined by ¢; = 322V8chw, ¢2 = 161/ Chyw /2V
32v/2, and c3 = 32v/2 where ¢y, is the constant of Hanson-Wright inequality —see Appendix 3.E.
Also, the maximum budget Tinax (3.13) is defined as

r r
n
Tax = 2K (nmax + Y n) +2Ung, +2U0 Y 31
s=so+1 s=so+1

and thereby only depends on 6, A, K, and 0

We refer as an epoch of the algorithm, the successive passage in the u loop in the SRI routine.
We introduce some notation, taking into account the dependency on wu.

At the beginning of the u-th epoch, the arm a,, is taken randomly and uniformly on the set
[n] of arms (independently of everything else). We denote by S, for the set of arms selected as
representatives before the u-th epoch. Before the first epoch, we initialize S; = {ao}. During the
u-th epoch, the algorithm decides to add a, to S, or not by performing a sequence of tests — see
Line 6 to 12 in SRI routine. If a,, is added to S, it computes (Line 12) two empirical means fi,,
and I, using 2nmax samples.

We say that

— the arm a,, is bad if there exists a € S, such that ||pq, — pal < A/4;

— the arm a,, is good if for any arm a € S, then ||uq, — pall = A.
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Remark 3.C.5. If A > A,, it is possible that some arms are neither good nor bad. Nonetheless, if
A, > A, then all arms from v are good or bad. Moreover, in this case, the arm a,, is bad if and
only if a,, is already represented in S,,.

We want to add a, to Sy if a, is good, but we allow the algorithm to reject some good arms if
it does not affect the budget (up to a numerical constant). Anyway, we want to reject every bad
arm, and reject them as quickly as possible.

For s > 1, we define as ¢¥ for the output of REPRESENTEDTEST(@U,(ﬂb,ﬂg)besu,A,ns)
computed during the u-th epoch and for the s-th step. We call it the test (u, s). We further write,

pri=1
{

. — A = ~ A2 )
minge S, <M’U‘787/‘Lauu{u.,sflu’{1><7 }

where fi,, s and ﬁﬁi’ s denotes the two empirical means of arm a,, computed with 2ns samples, when

REPRESENTEDTEST (au, (fun, 1) bes, s D ns) is called. Remark that these empirical means are only
used for the test (u,s).

We start with some sy equal to r A min{s > 1;ns > 2} so that n, strictly increases at each
iteration s — s+ 1. If, at some test sop < s < r, it holds that ¢¥ = 1, then a,, is rejected and
considered as a bad arm (Line 8). If a,, is rejected, we denote by 7T, for the time of rejection of
Ay, Ty = min{sg < s <7 ;¢¢ = 1}. If for all s = sg,...,r, ¢¥ is equal to zero (False) (condition
in Line 10), then a, is added to S, (Line 11) and considered as a new representative. If a, is not
rejected, T, = +00 by convention. The empirical mean fi,, (resp. fi,,) denotes the estimator of yq,
computed once and for all when a, is added to S, (Line 12), and used in every test that follows.

Remark 3.C.6. In REPRESENTEDTEST, the condition (fiy,s—fia, iy, s — ) < %2 is natural, because

By [(fu,s — flas iy s — )] = Ilfta, — pall?, which is equal to zero if a and a,, are in the same group,
and is larger than A, else. This is a benefit of sub-sampling.

Step 2: Control the probability of rejecting a good arm or adding a bad arm to

S. In order to use the subGaussian noise assumption— see Assumption 3.2.1, we define ¢, =
Mg /

VIR (g — o) and €5 = ‘Uﬁ(ﬂuﬁ — Ma,) (and respectively €, ., ;). We refer to Corollary 3.E.4

for concentration inequalities on these variables.
With this notation, we develop the statistic (fiu,s — fla, iy, s — fly) as follows

_ o ~ V20 /e, +€ o?
(s = fias s = ) = lita, = ptall? + < g Ha uau> + —— (€as €a)

Vv Mmax T'max
2 2
g g
- \/ﬁ<6“’5’62‘>_ \/W<EL:S’€“> (3.28)
max /s max /s

2

\/50' Eu,s + 6; s g !/
+ \/n>s \/i 7/’Lau - lua + nis <€u,57 6u75>

We will use concentration inequalities in order to control all deviations of <ﬂu’5 — fig, /1;7 s — ,&fl>

around its mean ||f1a, — fal?-
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Remark 3.C.7. In order to estimate the means of the representatives added to S, we compute once
and for all (fig, Ai,) when arm a is added to S (see Line 12 of the SRI routine). It implies that
the test statistics (oY) s are not independent. This is why we condition on the event ) defined
below, which controls once and for all the deviation of the random variables €, and €}).

We define ) as the event:

€t fta— p(k) >’ 1 A2

gi ~ 9 max
< V2 e —p)] /1S 16 202 V"
1A

ﬂ {Va €S, |{€a,€,)] < G O_znmax} (3.29)

N {\m € S, 1€ 12V lleall? = Eflleal2] < e log(12K/8) v \/chwdlog(12K/6)} ,

Y= {\m e S,Vk e [K]\ {k(a)},

where cpy is the universal constant from Hanson-Wright inequality (Lemma 3.E.3).
Lemma 3.C.8. For any environment v, we have,
P,(Y)>1-46/4 .

We leave the proof of this technical lemma to Section 3.C.2; it is a consequence of the concen-
tration of subGaussian random variables, in particular Hanson-Wright inequality (Lemmas 3.E.3
and Corollary 3.E.4).

We now give an auxiliary lemma that will be used in the rest of the proof as an elementary

brick. For every test (u,s), we define the event Z, s as

€us + € fa, — 1K) 1A /ns

Zys =413k €K k(au)} ; : = . “6oV 2

, { (KA {F(au)} < 2 e — pn(R)] 160V 2

, 1 A2
U {’<€u’s’ 6u,s> 2 1—6?715 (330)

. 1 A? nsn
da € S; u,85 . . Pa)| Z T NI ’
U{ a (€q, pa>|+’<6u,5 P> 402\/4d+chwlvm}

with [ = log(12K /) and cpy, is the constant from Lemma 3.E.3.

Lemma 3.C.9. The sequence of events (Z,s) satisfies four properties.

u>=1l,s>s0

/

1. Conditionally on the random directions (pa, pl,), = (”E—“H, HZ—?”> , with a € S the events Zus
a a a
are independent (for all test (u,s)).

2. For allu >1 and Vsg < s < 1, the inclusion Y N {a, is good and ¢ =1} C Z, ¢ holds.
3. For allu >1 and Vso < s < r, the inclusion Y N {a, is bad and ¢¥ =0} C Z, 5 also holds.

4. Finally, we have Yu > 1 and Vso < s <1, Py(2,5) < exp(—2°).
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This result is important to prove that the SRI routine actually rejects bad arms and add good
arms to S. We recall that ¢¥ = 1 implies that the test (u, s) would reject a,,.

Sketch of proof. The terminology bad and good was introduced in the previous paragraph. Let

u > 1 and sp < s < 7. The variables (e,s, €, ;) are mutually independent for any test (u, s), and

u,s
the event Z, ; is measurable with respect to ((pa, Pa) aedr €urss €y s) the first point of Lemma 3.C.9
is clear.

The construction of the event Z, s follows from the decomposition in Equation (3.28). We
notice that if the event ) holds, the estimation of all centers (juq, ),) for a in S are concentrated
on the true centers. The points two and three follow from this observation. Moreover, the devia-
tion of ji, s around p,, are subGaussian, the point 4 will follow from subGaussian concentration

inequalities. We postpone the proof of this result to Section 3.C.2. O

Now, in the next lemma, we prove that r is large enough to ensure that, within the procedure,
every bad arm is rejected with large probability.

Lemma 3.C.10. Recall that r = [logs(log(4U/6))]. If YV holds, then, with probability higher than
1—4/4, we do not add bad arms to S, i.e.,

»-J&\Ow

P, ({Fa,b € S e — mll < A/4}NY) <

Proof. Within the procedure, the algorithm picks at most U arms (without counting ag) — see
Line 4 in SRI routine. If there exists a,b € S such that || — pp| < A/4, it means that there
exists an epoch 1 < u < U, where the last test statistic ¢ is equal to zero, although a,, is bad. If
the events ) holds, using the third point of Lemma 3.C.9, the event Z, , holds.

In terms of probability, with a simple union bound, we have

P, ({3a,b €5 [lta — ml < A/4INY) <PH{IL<u< U 0y is bad ¢ =0} 1Y)
U
<Z]P)ll Zur
u=1

We recall that the probability of Z,, , is smaller than exp(—2"), and we conclude with the expression
of r.

=~ >

P, ({Fa,b €S, [lta — ml < A/4}NY) <Uexp(-2") <

O]

u—1

Step 3: SRI is )-correct. For all epochs u > 1 and sy < s < 7, we denote H, , := Z Liscricny

as the number of arms that are rejected with a time of rejection larger than s Wlthln the epochs
1,...,u — 1. We highlight that H,, , is the total number of arms rejected before epoch wu.
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Now, we define M = inf {u > 1;|Sy,| = K or u > U or Budget > Tihax} as the stopping time
(i.e., the number of epochs) of SRI. It corresponds to the number of arms taken randomly from
[n], (namely ag, ...,ap—1) to build the set S. When M is reached, SRI outputs S = Sy, whether
or not it contains K arms.

We prove that, with probability higher than 1—0, on £(A, 8, 0,n, K,d), it holds that |Sy/| = K
and S); contains one representative of each cluster.

Now, assume that 6, > 6 and A, > A. We use Section 3.C.1 to prove that the SRI rou-
tine outputs a set with exactly one arm by group when it interacts with the environment v €
E(A,0,0,n,K,d).

First, we define

1

,
X:= () {Hom< 25—_4U} : (3.31)
s=so+1
The definition (3.13) of Tyax ensures that, on the event X, the stopping condition of the SRI
routine reduces to the condition {|S,| = K}U{u > U} and then M = (U +1) Amin{u > 1;|S,| =
K}. Tt turns out that the event X has a large probability when it is intersected with ).

Lemma 3.C.11. Let 1 + s9 < s < 7 and recall that Hy py = #{u € [|[1; M —1|],s < Ty < r}. It
holds that 1
B, ({Haon > U} N Y) <exp(-U/2) | (3.32)

This implies that
0
P, (Y NX° < 3

Proof of Lemma 3.C.11. We start with the first statement of Lemma 3.C.11, take s such that
Sop < 8K,

If s = 1,2 or 3, the inequality is trivial because H, s < U, we assume that s > 3V sp.
Recall that v € £(A,0,0,n, K,d), so that all arms are either good or bad. By definition of 7, if
s < T, < 1, it means that at some test ¢ € [s, 7], ¢} =1 but ¢f = 0 for ¢ < s. Moreover, each arm
is either good or bad because A, > A. The following inclusion holds then,

{s<Tu<r}nY={s< Ty <r}Nn{ayis good}ﬂy)Ll({s < To <7}n{ay, is bad }NY)
C (Usce<r {8 = 1} N {ay is good} NY) | | ({#%_ ) = 0} N{ay is bad} NY)

We use the points 2 of Lemma 3.C.9 to get the inclusion {¢} = 1} N {a, is good} NY C Z,;
valid for any ¢ € [s,r]. Using the point 3 of the same lemma with s — 1 > sp, we have also
{pt_1 =0} n{ay is bad} NY C Z, 1. Then,

{s<Tu<rinyc |UJ Zue, (3.33)
s—1<t<r

and we recall that the events (Us_j<;<, Zut), -, are independent according to Lemma 3.C.9 if we

u>1
condition on the random directions (pq,rhol,),. Now, we use a union bound on ¢ and the bound
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P,(Z,+) < exp(—2') valid for any ¢ € [so, 7], and we have,

]P)z/ ( U Zu,t) < exp(72s—2) .

s—1<t<r

From the inequality Hs y = 224;11 LiscTucry < 25:1 Lis<T.<r}> We deduce that Hg a1y is
stochastically dominated by B(U, gs) where g := exp(—2°72).
We use Chernoff bound with a > /g5, we have

e/ ds U
1+a/qs

(1+a/gs)
:exp{aU(l — log (1 + (%) (1 + %))}
=(1+ &) U2 explal(1 — Jlog(1+ 2)) — Ugslog(1 + 2)] .

P, (H&Mﬂy = (1 + a/QS)QSU) <

Asa > \/qs and 5 = 4, we have & > \/lq? = exp(2°73) > e?—1 and then 1 —log(14a/qs)/2 < 0.
It follows that

P, (Hs a1y > 2aU) )oU/2

<(1+ o/gs
<(141//gs) Y2

exp (—w283) = exp(—aU2°7%) .

N

2

Finally, taking o = 1/2573 > exp(—2°7%) = , /g5, we deduce the first result of Lemma 3.C.11
1 1
]P)I/ {HS,M> ZsjU}ﬂy <]P)l/ H37Mﬂ.y> ZSjU <exp(—U/2) .

Directly,
.
1
yonxt=UJYn{Hu > 55U},

s=1
then, we use the first part of the lemma and a union bound,

P (VN X) < rexp(—U/2) <8/8

where we conclude with the expression of U > %log (%) > 2log (%’"). The last inequality follows

from the expression of r.
O

Now, we study the probability of adding K arms to S, before reaching the maximum number

of epochs U.

101



Chapter 3 — Clustering with Bandit Feedback
Breaking Down the Computation/Information Gap

Lemma 3.C.12. Recall that S denotes the output of SRI, consider a group C7%,, it holds that

N N 0
P,((81C; =0} N {¥a,b € Supaa 7 m) NV ) < 2exp (— )

Proof of Lemma 3.C.12. Let k € [K], we study the event {S‘ NC; = 0}, event where the group
C; is not represented in S (the output of the SRI routine). We use here the assumption that
the groups are nonempty. If S contains arms from different groups but no arm from the group
Cy, it implies that |§ | < K and then, if the event X also holds, the algorithm has passed every
epoch from v = 1 to U, i.e., M = U + 1. In particular, the algorithm rejected every arm from
Cin{ai,...,ay}. We have the inclusion between events,

{(SNC=0rn{Va#be S, pg# mtNX C () {au rejected} |
u€ By

where By, := C; N{a1,...,ay} and denote X, := |Bg|. As {a1,...,ay} are i.i.d and uniform on
[n] then X} is binomial with parameters U and 6y = |C|/n > 0, > 6. Using Hoeffding’s bound
and taking a € (0, 1) to be specified later, it holds that

P, (X) < 0U(1 — @)) < exp(—2a°U9) . (3.34)

Then, as A, > A, the arms in Cy N{ay,...,ay} are good until one of them is added to S. In
particular, if none are added to S, they are all good. We then have

(8INC=0N{Va#be S, pa#m}NYNXC ﬂ {ay good and rejected} NY .
u€E By

If a, is rejected, it means that ¢y = 1 for some syp < s < r, we then have the inclusion
{ay is good and rejected} C U,
Lemma 3.C.9, we have {a,, is good and rejected} N Y C Ugss, Zy,s. We denote Z,, = Ugsss, 2y, s-

{ay is good and ¢¥ = 1}. According to the second point of

In terms of probability, we have P, (Nyep, {ay rejected} NY) <Py (NueB, Zu)-

Then, we also have P,(Z, ) < exp(—2°) for any s € [sg,r], and with a union bound,
P,(Z,) < 1/2. Moreover, with the first point of Lemma 3.C.9, we deduce that the events (Z,)
are independent (if we condition on pg, pl,).

u

If X, > 0U(1 — ) and using the independence of the events (Z,),, we have

P, ({X;€ >0U(1—a)}nN ( ﬂ zu)> < <;>9U(1a) |

u€E By,
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Finally, with Equation (3.34), we have

P,({SNCi=0yN{Va#be S pa#m}NYNX)

<P, ({Xk > 0U(1 —a)}n ( N Zu)) +P, (Xx <OU(1—a))

UEBk
<exp (—1og(2)0U (1 — a)) + exp (—2a2U9)
<2exp(—U0/8) .

In the last line, we took oo = 1/2. O

We now have all the tools that we need to prove that SRI(d, A,#) is d-correct on the collec-
tion of environments £(A, 0, 0,n, K, d) for the representative identification problem. Indeed, with

probability higher than 1 — §, SRI outputs a set of K representatives for environments that are
E(A,0,0,n,K,d).

Proof of the first statement of Lemma 3.C.2.. Let v € £(A,0,0,n, K, d).

As a direct consequence of Lemma 3.C.10, we know that with high probability, S does not
contain two arms from the same group.

IR

P, ({(Ba,b €S pa=m}NY) <Py (Ba,b €S o — ml < A/4FNY) <
Now, with Lemma 3.C.12, for all k£ € [K],
P, ({Smc; =0yN{¥a£beS, pa# m} ﬂyﬂX) < 2exp(—=UB/8) .

Now, we recall that U > & log (%) and then exp(—U0/8) < §/8K. If the set S contains strictly
less than K arms then at least one group is not represented. With a union bound on k € [K],

P, ({|§| <K}n{Va#be S o # mnyn X) < 2K exp(—U0/8) < 5/4 .
Finally, together with Lemmas 3.C.8 and 3.C.11, we conclude that
P, (Vk € [K],3a € § s pa = p(k)) > 1= P,(¥°) = P, (¥ N X°)
~P, (IS <K}yn{Va#be 8 pa# m}nYynx)

—Py({ﬂa,bég,#a:ub}ﬂy)

=>1-6 .

In summary, we have proved that SRI is d-correct on £(A, 8, 0,n, K,d) for the representatives’
identification problem. O
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Step 4: upper bound on the budget Tsg;. We establish here the bounds on the budget Tsgrr
of Lemma 3.C.2.

Explanation on Ty,
By definition (3.13) of Tihax, we know that, almost surely, the total budget Tgrr satisfies:

T T
n
Tsrt < Tnax = 2K (nmx + > ns) +2Ung, +20 Y 28j4 : (3.35)
s=so+1 s=so+1

Although plugging the values of nmax, ns, U, and sg, will lead to (3.25), we start by gently
describing the budget of SRI in order to give intuition on the definition of Ty ax.

To analyze the budget, we divide the budget in two parts, Tsrr = Tshy + Tsry, Where Ty is
the number of samples used for arms that are added to S and Tggy is the number of samples uses
for arms that are rejected.

First, we study 7gk;- From the algorithm, the arms that are selected in S are arms that pass
successfully all the tests, and after the tests, they are sampled again 2n,,x times. In total, each

arm in S is sampled 2nmax + > 2ng, the factor 2 comes from the fact that we compute two

r
S=50
empirical means at each time. We have then

Téht = 2|8 nmax + (1S] = 1) D 2n, < 2K (nmax + Y n) +2(|8] — 1)ng, - (3.36)

=50 s=so+1

Now, consider the budget spent for arms that are ultimately rejected during the procedure.
For sy < s < r, we defined previously H, yy = 21114:—11 Ls<T.<r}> as the number of arms rejected
after at least s tests in the procedure. The algorithm outputs S after M — 1 epochs. In particular,
Hoypr = M — ]3’| Besides, if the candidate a, is rejected, it is sampled 37«  2n, times. This

Ss=50
leads us to the equality
M-1 Ty, r . r
Tsr1 = Z Z QnSﬂ{au is rejected } — Z 2Hgs pms = 2 (M - ‘SD s + 2 Z Hg yms
u=1 s=so s=sq s=so+1

(3.37)

This justifies the definition Tiax (3.13), as under the large probability event X, Tsrr < Tax 18
directly implied by (3.36) and (3.37).

Upper bound on T,
In order to upper bound Tiax (3.13), we need the following lemmas, whose proofs are postponed
to Section 3.C.2. These lemmas are direct consequences of the expressions of ng, nmax, U and r
from equations (3.10),(3.12).

Lemma 3.C.13. Using the explicit expression of r, ng, Nmax and So from Remark 3.C.4, we have,

104



3.C. Analysis of ACB

up to a universal constant c, the inequality

1ogéK ) log(K/6) + \/ dKlOgéK) 1og(K/5)]

r 2
K(nmax—i— Z ns) K+c %

s=so+1

2

<K+ 022 ; log <I6() [log(K) + \/g]

Lemma 3.C.14. Using the explicit expression of r, U, ng and so from Remark 3.C.4, we have

o1 K
U Z 234< A2elog(6>{log( )—i—\f—i-loglog(%)} ,

s=so+1

where ¢ 1s a numerical constant.

Now, by combining (3.35) with Lemmas 3.C.13 and 3.C.14, and bounding Uns, by U + A
where A is the right side of Lemma 3.C.14, we conclude that

2 K
Tsrl < Tmax < 2(U+ K) + ZQ 7 log ( 6) [log( ) + Vd + loglog <96>} , (3.38)

where ¢ is a numerical constant. We have proved (3.25).

Upper bound on E[7gg;]

We now upper bound the expectation of 7ggy. For that purpose, we now assume that v €
E(A,0,0,n,K,d). We will prove (3.26).

With the same decomposition on the budget 7sri = Tdk; + Tdgy, and by linearity of the
expectation, we deduce from (3.36) and (3.37) that

E,[Tsri] = Ey[Tsrilye] + Ey [Tsrily]

< Tnaxd 4 205, By [(M — 1)1y] + Z 2nsEy [Hypr1y]
s=so+1

+2E,[|S[1y)] (nmax + > n)

s=so+1

< Tinax0 + 2K (nmax + > n> +2ng, By [(M = 1)1yl + > 2nE, [Hoply] -
s=so+1 s=so+1

(3.39)

Let us focus on the terms E, [(M — 1)1y] and E, [H a/1y)].
Recall that Hs = 234:711 Lis<T,<ry- We also recall Equation (3.33), valid for s > sp, and
which is a consequence of Lemma 3.C.9 and the fact that A, > A,

{s<Tu<r}nlyc U Zut -

s—1<t<r
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Then,
M—-1 M—-1
E, [Hs 1yl =E 1 <E 1 .

We can use Wald’s equation. Indeed, if we condition on the direction of the estimated centers

(pa, ), the random variables 1 u £ are independent and identically distributed for

s—1<t<r

u = 1,...,U. Moreover, P,(U,_1<i<, Zust) < exp(—2°"*) thanks to Lemma 3.C.9. We observe
that M is a stopping time with respect to the filtration naturally associated to the sequence of
epochs, and the sequence (Us_1<i<, Zut), is adapted to this filtration. With Wald’s equation, we
deduce that

E, [Hsply] <EL[(M — 1)1y]exp(—2°"%) . (3.40)
Hence, we conclude that
> B, [Honlpy| < 0 2B, [(M - 1)TyJexp(—2"71) . (3.41)
s=so+1 s=so+1

It remains to bound E,[(M — 1)1y]. We will control stochastically M — 1 by a sum of geometric
random variables. Recall that S, is the state of the set of representatives at the beginning of the
epoch u and S = Sj;. Define for k € [K — 1], M}, = 23/[:_11 14|5,|=k}- The number Mj, is the
number of epochs necessary to add the (k + 1)-th arm to S. Once |S,| = K, the algorithm stops,
so that

K-1
M—-1=> M, .
k=1

Fix now k € [K — 1]. If |S| < k, we have M}, = 0. We assume that |S| > k, and we condition
on S®) and Y, the set containing the k first arms that were added to S. Let u such that |S,| = k.
Thanks to the second point of Lemma 3.C.9, it holds that

{ay is good } NY N (036[807,4}2573) C Nyeso,r 1?5 = 0} = {ay is added to S} .

Then, the events {a, is good }, ¥ and Ny 25 ¢ are independent. Moreover, P, (a,, is good ) >
(K — k)8, > (K — k)0 because it remains at least (K — k) groups not represented in S*) and
all these groups have a proportion larger than 6,. We also have thanks to Lemma 3.C.8 and
Lemma 3.C.9, P,(Y) > 1 — /4 and P, (Nsepy 25 ) = 1/2.

Conditionally on S, = S*), and on the estimated centers of the representatives in S*), the
event {a, is added to S} are independent and of probability larger than (1 — ¢§/4)(K — k)6/2.
Then, My, is stochastically dominated by a geometric random variable of parameter (K — k)6/4.
Finally, E,[M};1y] < =2, and

(K—k)0
K-1 K-1 K—1
4 4 1 4
B =11y = Y B < Y g =g o 5 S g0t Is(E) - (342)
k=1 k=1 k=1
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Now, Equation (3.41) becomes

Z 2nsE, [Hs v 1y] < Z 2ng [ (1 +log(K)) exp(—25~%)
s=so+1 s=sp+1

We bound the previous expression, using the same computation as Lemma 3.C.14, and we state
the bound as a lemma proved later.

Lemma 3.C.15. Using the explicit expression of v, U, ng, Nmax and sg from Remark 3.C.4, we

have
.

3 {3 : 16:;((;%({5))] <o 22 k’gé ) [log(K) + V]

S=50

where ¢ 1s a universal constant.

We come back to Equation (3.39), using Equations (3.41),(3.42), we have

.
Ez/[,TSRI] Tnaxd + 2K (nmax + Z ns)

s=so+1
+ 87;80 (1+log(K)) + Z 2ns[ 1+Iog(K))exp(—2S4)}
s=so+1
Now, if we define
o? |log(K log(K
A=75 gé ) 0g(1/(65)) + ( )\f ngé>log(K/5)‘

Lemma 3.C.13 and Lemma 3.C.15 implies that we can choose ¢ large enough (and universal) such
that

Z 216 [ (1+ log(K))exp(—QS_‘l)} + 2K (nmax + Z ns) < 2K +cA’ .

s=so+1 s=so+1

By definition of ny,, we can also see that

Srtsy (1+1og(K)) < 16M +cA" .

Finally, it follows from (3.38) and dlog(1/6) <1 that

log(K)
0

Tonaxd < ¢ +cA .

In summary, we have the desired bound in expectation,

log(K) 07 |log(K)

<
E,[Tsri] < ¢ 7 A2 7

log(1/(66)) + logéK )i+ 1og29(1<)
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3.C.2 Proofs of technical lemmas

Proof of Lemma 3.C.8. We want to prove that P, (Y¢) < §/4, where Y¢ is equal to

€a + 62; pa — (k) >‘ 1 A?
, > —\ — max
< V2 e —n®)/1 7 16 202"

A 1 A?
U {Ela €S, |<€a,€;>| > 1602nmax}

U {Ela € 5, 1€ 12V lleall® = Ellleal2] > cn log(12K/5) v \/chwdlog(12K/5)}

Y& = {Ela € 8,3k e [K]\ {k(a)},

From the definition of ns and nmax as given in (3.11), (3.12), it holds that npax > n,, with

2 2

o o .
Nng = 133 (2° + log(12K)) v CQEN/CZ(Q + log(6)) .

With the definition of 7 in (3.10), we have also 2" > log(4U/0) and U > 8K log(K/d). We prove
that, for ¢; = 322V 8chy and ¢ = 16+/chw/2V c3, then npy,y is large enough to ensure Lemma 3.C.8
(the value of c3 will be useful later).

We start with a union bound on S x [K], where |S| < K. It holds that

<ea +e, pa— (k) >‘ - Nmax A2
V2 b = p(®)|| 2-16%02

/ _ 2
<K2]PV ‘<Ga + Ea7 Ha N(k) >’ > nmaXZAQ
V2 [t — p(E)|| 2-16%0

€aten fra—p(k) >

From the assumption on the noise (Assumption 3.2.1), it is easy to see that < 77 Tre—a(o)l

P, (Ela € 8,3k e [K]\ {k(a)},

is 1-subGaussian, proceeding as in the same proof of Corollary 3.E.4. With the standard concen-
tration inequality Lemma 3.E.1 for subGaussian variables, we have

€q t+ 6:1 Ha — ,u(k) >‘ Nmax A2 nmaxAQ
P, , > ——= | <2e — ,
(K V3 Tae a0l /)7 V216202 | 29| a2

Now, c¢1 > 322 and 2" > log(4K/§) so that nyax > 012—22(27" + log(12K)) > 3222—2210g (%).
Finally, with the union bound above, we have

/ _ 2
(et gl ) )u. .43

P, (Ela € S‘,Eik € [K]\ {k(a)}, V2 e — p(®)]] 2.16202 | S 24

Now, as proved in Corollary 3.E.4, Hanson Wright inequality imply a bound for (e,,€,) and

a

108



3.C. Analysis of ACB

then with the constant cyy, from Lemma 3.E.3, we have:

A A2n 2 (An A'ng g
P (3 g / max <K e max Nmax < 3.44
v < aco,, |<€a7 6a,>| > 1602 exp Chw 1602 16204d 24’ ( )

because the definition of ¢q, ¢ and 7, implies that

2 48K - 48K
nmax>80hw2 log( 5 )v16 Chw A2 dlg( 5 )

Finally, a direct application of Hanson-Wright inequality (Lemma 3.E.3) ensures that

P, (Ela € 3, L2V lleall? = Ellleal2] > cu log(12K/8) V chwdlog(12K/5)>

< 2K exp(—log(12K/0)) < 0

’ (3.45)

This concludes the proof of Lemma 3.C.8, using a union bound and inequalities (3.43) to (3.45). O

Proof of Lemma 3.C.9 . We recall that in this lemma, v is an environment with minimal gap
A, and balancedness 6., and v is not necessary in £(A,0,0,n, K,d). Let u > 1 and s € [sq,7].
The first point of the lemma is a direct consequence of the expression of Z, s and the mutual
independence of the series of empirical means (fiy,s, fiy 5)-
Second point of Lemma 3.C.9. We assume that a, is a good arm rejected by the test (u,s),
which by definition of the test statistic means that for all a € Sy, then |pq, — pta| = A, while the
test statistic ¢¥ is equal to 1. It implies that there exists a € S,, such that

<ﬂu,s - ﬂaa ﬂ;,s - ﬂ;> < AQQ

From the decomposition of (3.28), and conditionally on the event ) (3.29), we have:

A -2 S
5 7 Ha, — Ha 16 Ha,, — Ha 16
2 2
g g
B ey R (3.46)
max’vs max’vs

\/50— €u,s T 6; s o? /
+ e NG s May, — Ha ) + e <EU,57 6u7s> . (3.47)

It holds that, on Y, |ea||? < E[||€al|?] + chwl V venwdl with 1 := log (12K) Moreover, E[||e,]|?] <
4d is a direct consequence of the subGaussian assumption (see Rigollet and Hiitter, 2023, Lemma 1.4).
We have

(3.46) > \/7% H<e’u’s,pa> + |<€u,57pg>|} \/4d+ Chwl V Vepwdl .
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Also,

Ns

202 — pal|? |/ €uys + € — 2
(347) > _\/ 7 ”luau MG'H “2 u’sa Mau Ma - i <€u78; 6;1, S>
V2 tan — Hall s '

We recall that A < ||jta, — ial|, because a,, is a good arm. Hence, we have ||pa, — ftal|? — %Hpau -
A2 _ A2 > 3 25 3A2
tal — gllta, — pall* = gA=.
From there, we state that if a, is good and ¢¥ = 1 then there exists a € S such that at least

one of the these three inequalities holds:

|<€US7:0(1>} + ‘< us’pa> 2

‘<€u,sa€;75> > 116 AQ 7

€u,s + 6{U,,S Ha, — Ha S ié
V2 ke, —mall /| T 160

lAiz NsMNmax
4 02\ 4d 4+ /enwdl V chwl

By definition, Z, , is the event where one of these three inequalities hold for some a € S, so the
inclusion Y N {a, is good and ¢¥ = 1} C Z, 5 is proved.

Third point of Lemma 3.C.9
We now assume that a,, is bad, but the s-th test accept a,, i.e., ¥ = 0. As a,, is bad, there exists a €
Sy, such that || e, —pal| < A/4. As ¢ = 0, for this specific arm a, we have: <ﬂu75 — fla, iy s — ,&g> >
A2
7.

Assume that 0 < ||fta, — fta|| < A/4, with the same computation as in the first case, we have

2 A 2
2
— <lltta, — a” + 7”#% all + == 16

2
\/4d+ Chwl V V ehwd (’<€u S7pa>‘ + ‘< usapa>

0.2
+ —

S

\/nmax s )
202”:“«1 _///aH2 6“5—’_6;3 Ha, — Ha !

+ u 7 9 , u 6 ’6
\/ s V2 ltta, — Hall < o U78>

In the last line, we upper- bound | tta, — tall by A/4. Now, consider the constant terms, %2 —
) As above, we deduce

A
||Hau_ﬂa||2_T6||Nau fall — 6 Z 9 716 64 16 © 4+16+416
that at least one of the three inequalities defining Z,, ¢ holds. If ||ia, — el = 0, there are simply

fewer terms in the equality. This proves the inclusion Y N {a, is bad and ¢¥ =0} C 2, 5.

Probability of Z, s
We prove now that the probability of Z, s decrease exponentially fast with s. Fix sg < s < 7.

We recall the expression of ng, and nyax

2 2

22 (2% + log(12K)) V ca

5\/d(2° +1og(6)

Ng = C
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where ¢; = 322 V 8cpy, c2 = 161/chyw /2 V 32v/2, c3 = 32v/2, and nupax =y V 032—22\/;llog(2K).
Let k € [K] such that p,, # u(k), as a consequence of Assumption 3.2.1, the one-dimensional

w,s+ '/u, s — . . . . . .
S \/56 2 HZ au _Z EZ;”> is 1-subGaussian. With standard concentration of subGaussian vari-

ables (Lemma 3.E.1), we have

! _ 2
P, ue eu’s, Hay — 1K) = 14 [ < 2exp _4 1 < L exp(—2°%) ,
V2 lpa, — p(R)| 160V 2 02322 ) " 3K
because ng > 322%2;(25 + log(6K)).
Now, with a union bound over k € [K], it holds that

<€u78 + eiL,s Ha, — (k) >
V2 e, — p(k)]|

variable <

P <3k e [K]\ {k(an)};

1A [ng 1
> 2 /2 ) < Sexp(=2%) 4
16 5 ) 3 exp(—2°) (3.48)

Then, <eu75, e > is the inner product of two independent vectors, for which the assumptions

u,s

from Corollary 3.E.4 holds. We use this corollary of Hanson-Wright inequality, and obtain

A2n 2 [(A%n 1 A% n? 1
/ S S S s
P, <‘<€u,876u,3> P 0216> < 2exp <_Chw ((7216 A d04162>> < gexp(—Q ) ) (3-49)

where the last inequality follows from the definition of ng (and ¢, c2) where ngy > 8(:hWZ—22(2S +

log(6)) V 16,/%= 2\ /d(25 + log(6)).

Finally, we want to upper-bound the probability that the cross term between €, and ¢, s is too

large. By conditioning with respect to the random variables (pq, p},),, we consider these variables
as constants. We start with a union bound and the inequality a + b < 2a V b.

A 1 A2 ngn
]P)I/ El 7 U,S»H ! ! y Ma 2 - 9 e
< @ € 8 il{eus o)l +‘<6u’s P > 4 g2 \/4d+chhwl>

1 A2 TsMmax
gQKPV <| <6u,87p>| > 80’2\/ )

4d + v/ enwdl V cpyl

with p of norm 1. Then (€, s, p) is a 1-dimensional subGaussian random variable. We use therefore
the concentration inequality in Lemma 3.E.1, and we state that

A 1 A2 ngn
]P) 3 . ! ! > o= Ss’max
(30 e+ ] > 120 e )

<AK e L At HsTimax
~ X - a1
PlToT82 0T dd 1 Jorwdl V enl
1 A4 s Mmax
<AK =
P ( 162 01 4V /Cinedl V chwl>
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in the last line, we use again the inequality a + b < 2a V b.

Now, we need to bound this last expression by %exp(—Qs) by using the definition of ngs and
Nmax We recall that [ = log(12K/6) < 27

Now, with our choice for ¢; and cs, it holds that ng > 322" (2° + log(12K)) and npax >

Chwl V Venwdl, so that

NsNmax = 16 -5 \/ Chwdl V Chw 25 + log(12K)) .

We finally use the assumption that co > 32v/2 and c¢3 = 32v/2, so that

16f \/ 4d) (25 + log(6))
Nmax = 16ﬁ§\/ﬁ\/25 + log(6)
2
g
Nmax = 16\/§§\/4leog(2K)

Then, with the inequality a Vb > (a + b)/2, we have

NsNmax = 16% - (4d)(2° + log(12K)) .

AQ(

We combine these lower bound on ngnmax to deduce that

NsNmax > 162 o 5 (4d V Venwdl V cnyl) (2° + log(12K)) .

This allows us to conclude that

N 1 A2 NsMNmax
- <3a65;|<6“’p“>|+‘< e t) >4<r2\/4d+\/%wh z)
W W
1 At NsMNmax 1
S 4K <5
eXp( 162 0% 4dV \/onedl V el ) 3

We finish the proof with a union bound, gathering the inequalities (3.48) to (3.50),

exp(—2°) . (3.50)

1exp(—2s) = exp(—2°) .

1
—exp(—2°) + 3

1
]P)I/ Zus gf
( 7) 3

3 exp(—2°%) +

O

Proof of Lemma 3.C.13. Throughout the proofs of Lemmas 3.C.13, 3.C.14, 3.C.15, ¢ is a
universal constant changing from one line to another. Also, we use that, by the definition of sg
and ng, it turns out, that if s > sy then

2 2

%5 (27 +log(12K)) v 2ep 0

AD d(2% +log(6)) . (3.51)

ns < 2c;
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We now bound K (Zs SO +1 ng + nr?ax) Relying on the expression of ng above, and the sums
Sr_12°< 2 and 0, V2 < \/_TJr 1+ /2), we deduce that

K Z N §261A2K(2r+1+10g 12K)r \/2cQ—Kf (\/27(2+f) log(6)r )

s=so+1

Now, from the expression of r and U, we have 2" < 2log(4U/d) < clog(1/(69)). It leads to the
bound

2
K Z ns < ¢ {Klog(l/(%))+Klog(K)loglog(1/(€5))+K dlog(l/(%))}

As 1/6 > K, we have K log (1) < 1log(K), so that we can bound the term above by
0 0

r 0_2
K Y no<ely [é log(K/é)—H/dK% log(K/é)]

We also compute nmax, we have Knma < K+ 02—22 [K n, + K log(K )\/ﬂ , where Kn, is upper
bounded by the same bound as K} {_. .1 ns.

Finally, it implies that

0.2

r
K Z Ng + Knmax < K +¢ P
s=so+1

logéK ) log(K/8) + \/dKlOgéK ) 1og(K/5)‘

The second inequality in Lemma 3.C.13 is clear, and the lemma is proved. O

Proof of Lemma 3.C.14. With the bound on ny for s > sy from Equation (3.51), we simplify the
terms in 2% and obtain,

" U 16U02 < 1 16U0 r Vd 1
3 < 3 = 3 = a1
5ol <2¢c 5 (1 + log (12K) ) \/202 (\/is + 5 d og(6)>

s=sp+1 s=so+1 s=so+1

16Uc? 16UJ
<201T (r+2log(12K)) \/202 (( V2)Vd + 24/log(6) f)

2

Z U {loglog (05> + log(K) +\/g}

<c

because 0,51 1/2° < 2 and Y., 1/v/2° = 24+ V2. We also use in the last inequality that
log(U/d) < 21og(8/606), so that r < log(2log(8/69)) < cloglog(1/64).
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From the previous bound, we conclude that
4 U o? 1
Z —ns < c-—U |loglog +log(K) 4+ Vd +c dlog(K)KU .
oot 1 A2 06

Moreover, we have by definition of U (3.10), U > K log(K), and then

2 2

g
oV dog(K)KU < EU\/& .

Finally, using the expression of U (3.10), we have

ZT: 25]4 ns < CA2 7 log(K/é) {log(K) +Vd + loglog <015)]

s=so+1

Proof of Lemma 3.C.15. With the same computation as in Lemma 3.C.14, we obtain

T 2 o) (6]
> n, [§<1+1og<f<>>exp<—zs4>} < e 75 B og(k) 1 V] + 7 \/curf1 B tog )

2
smson ] A 0 0
a log(K)
X3 g [log(K )+ \/&]
where we use K < 1/6 in the last inequality. O

3.C.3 Proof of Lemma 3.C.3

In this section, we want to prove that the subroutine ADC outputs the exact partition with
probability larger than 1 — §, for environments in £(A,0,0,n, K,d). Let v be an environment
with a minimal gap smaller than A, following Assumptions 3.2.1 and 3.2.3. We highlight that
the algorithm ADC uses A, o, n, K and d as parameters but not 0. Let S = {b1,...,bx} be
a set of K arms containing one representative by group. The objective is to find the groups
Ci,...,Cj up to permutation. Without loss of generality, we fix the label of the groups so that
C*. = {a € [n], pa = . }- We denote by k(a) as the corresponding label of any arm a (a € C*j(y))-
With this convention, making an error of clustering is equivalent of making an error of labeling.

We denote C for the output of the ADC routine. The algorithm labels the arms in S so
that by € Cj for k € [K] (see Line 8). Then, it labels each arm a € [n] \ S by k(a) defined
(Equation (3.15)) by

A~

k(a) € argmin (i — )., — #'(3)) -

7j=1,...,. K
We have {C ~ C*} = {Ja € [n]\ S ; k(a) # k(a)}.
Consider j € [K] a group and a € [n] an arm. As explained in the introduction, the statistic

CE’]- = <ﬂa— (9), i, — ' (5 )> is a natural non-biased estimator of [|puq —p(j)||* where pu(j) = py, is
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the center of C*;. In the expressmn of k( ), f(4) [resp. fi'(7)] is the empirical mean of representative
b; computed Wlth J = [04 A2L V es AQ \/dL % | samples —see Equation (3.14) and Line 7— and
L = log(6nk/d). The random variable fi, [resp. fil] is the empirical mean of the arm a computed
with I = {04 A2L V cs A2 \/f -‘ samples — see Line 11. We emphasize that in high dimension,
J =< nI/K is much larger than I. We want to bound the probability of misclassification for a

single arm in [n] \ S. Let a € [n]\ S such that a belongs to the group C*j (4. The misclassification
probability for the arm a using the classifier k(a) of Equation (3.15) is

By(h(a) # K(a)) =P, (3j = L. K j # k(a): &2, < &)
< f: IP’V(J?I,J-<J§,1€(@) : (3.52)
J#k(a)

We used here a first union bound over j € [1; K] \ k(a), and now, we upper-bound each term
on the sum.

Lemma 3.C.16. For alla € [n]\ S, and j € [K], if u(j) # pa then

o
(K-1)(n—K)

Py (Cii] < dz,k(a)) <

This lemma easily leads to the desired result (Lemma 3.C.3) by a union bound on a € [n]\ S.
With Equation (3.52) and Lemma 3.C.16, we have indeed

P, (C £ C) =By (3a € [n]\[S] :h(a) # k(a)
oY R <dy,) <o

acln]\S je[K|\{k(a)}

Moreover, the budget Tapc used to compute ADC is deterministic and equal to 2(n — K)I +
2K J with the notation of the algorithm which leads to the second part of the lemma directly.
We have indeed the (deterministic) bound on the budget of ADC

2 2

A2 nL\/4C5 vVdnKL .

Tapc =2(n — K)I +2KJ < 2n + 20 A3

It remains now to prove the auxiliary lemma.

Proof of Lemma 3.C.16. Without loss of generality, we assume that u, = (1) and consider j = 2.
We write

. o o
fla :Ma+ﬁ€a :M(1)+\ﬁ€a ,

where ¢, := %(u — pia). We define in the same way (1) := g(ﬂ(l) — (1)) and also £(2), e,
¢’(1) and €'(2).
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From direct computation, reorganizing the terms, we write the event {‘122 < d%l} as

(a = (2). ly = #'(2) < {fpra = p0). = (D)) &

o — o — 0'2 0'2
Ne ||u<\1/>j p@l V2 uu% u<2>||3+% (€4 D)+ T4 B> 1) - P
(3.53)
where
o p(l) —p(2) eqtea ) - _ (e e'(1) —£'(2) . — _ (¢ <! .
tm (G her ) Ol T ) el
@) E@ @\ o, e —e@\ .
b= <Hu(2)—u(1)H’ V2 )i D= (e 2 )i Fi=— ()

Let us control the variation of each of these terms.

First, by Assumption 3.2.1, as in the proofs of Section 3.C.1, A and B are subGaussian. With
the concentration inequality (Lemma 3.E.1) for subGaussian (real) variables, we have

P,(A > V2L) < exp(—L) and P(B > V2L) <exp(—L) .

For the other terms, we use Hanson-Wright inequality (Corollary 3.E.4) with cp,, the universal
constant from the lemma. The scalar products C, D, E and F verifies all the assumptions for
Corollary 3.E.4, and for instance,

L dL
Py (C > Ch;V V Chw2) < eXp(_L) )

and we have the same bound for D,F and F.

We recall the expression L = log (G"K > (3.14), in particular, exp(—L) < &,

With a union bound on these 6 errors, it holds that with probability larger than 1 —¢§/nK we

have
V20 (1) — p(2)]] V20 |p(1) — p(2)]] V202 o’
i A+ o B+m(C+D)+7(E+F)
fUHM(l) 1(2)|| V20lu(1) = p(2)]] 2v20% [ chw dL
Nii V2L + N f+\/7(h2\/chw2)

202 [ epwlL dL
ﬁ;( 5 Y "hw)
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The parameters I,J are defined as

o? | K o? [n
F <C4L\/ Cs ndL) “ N J = ’7A2 <C4L V Cs KdL)—‘ 5

with ¢4 and ¢5 two universal constants defined as cq4 = 82 V 4v/2¢y and ¢ = 8,/ With chw

I:

the universal constant in Hanson-Wright inequality (Lemma 3.E.3). Now, each term in the last
sum is smaller than [|u(1) — u(2)||A/4, or A%2/4. As v € £(A,0,0,n,K,d), we have A, > A and
|(1) — 1(2)]] = A. It implies that with probability larger than 1 — §/nK, it holds that

(o — (o — 0'2 0'2
LAy, ol O g, V20 6y Py < ) - i
From there, eq. (3.53) assures that
B (i — (20, — #(2)) < (o~ ilb(a)), i — i (k(a)))) < 0

3.D Analysis of ACB*

In this section, we prove the part of Theorem 3.4.1 pertaining to ACB*. In fact, this result is
a straightforward consequence of the following theorem

Theorem 3.D.1. Let 6 > 0. For any environment v, ACB* Algorithm 5 is -correct. There exist
positive numerical constants c, ¢, and ¢’ such that the following holds.

2 L.K
AUTQL* log < 5 ) [log(K) +Vd +loglog(L,) + log log(n/é)}

2
. C,%log <L5K> s [nlog (n/8) + 1 /dnK log (n/é)} |>1-0 (3.54)

(s

We set the numerical constant cg in the definition (3.17) of nj, as

Pace* [7?4013* <en+d

where

c6 = 2048 V 64chy V 924/ Chw (3.56)

where cypy, is the constant arising in Hanson-Wright inequality —see Lemma 3.E.3.
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3.D.1 Analysis of SRI for A <4A,

We explained in Section 3.C.1 how the algorithm S = SRI(d, A, 8) behaves for environments
that are not in £(A, 0,0,n, K,d). If A, > A then the identification of K representatives goes well
but, if A, > A, the budget will be unnecessarily large. If A, < A, then the set of representative S
may contain less than K representative. The following lemma summarizes the properties of SRI.

Lemma 3.D.2. Take v an environment with a minimal gap A, and a balancedness 6,. Consider

A

S = SRI(4, A, 0) the output of the SRI routine, designed with A > 0 and 6 > 0. With probability
Psry, larger than 1 — 4, the following holds.

— The set S does not contain two arms from the same cluster.
— If A, < A/4, then S contains strictly less than K arms.
— If Ay > A and 0, > 0 then S contains exactly one arm by group.

Proof. The first point is a consequence of Lemma 3.C.8 and Lemma 3.C.10. The third point is
exactly the result of Lemma 3.C.2.

For the second point, recall that by definition, a candidate a, is bad if there exists an arm
a in the set S such that ||, — ta| < A/4. In Lemma 3.C.10, we prove that with probability
larger than 1 — 4, no bad arms would be added to S. Moreover, if A, < A/4, then there exists at
least one group whose arms are bad during all the procedure, and hence, the second point is also
a consequence of Lemma 3.C.8 and Lemma 3.C.10. 0

3.D.2 Proof of Theorem 3.D.1

ACB* is )-correct
Consider separately two cases A, < Ag and A, > Ag. First focus on the case where A, < Ay.
The procedure ACB, consists on a sequence of calls for SRI, with different parameters, we
remind these parameters as defined in (3.16), (3.17)

)
A2 = o%[log(K) + Vd + log log(6n/6)], o= ———
o0 = 0" [log(K) og log(6m/9)] S 1)

1 1 o?
O = gy Do =Byl = {CGA% <log(3K2/5) + \/dlog(3K2/6)>-‘ .

For short, we write SRI(p, ) for SRI routine with parameters ¢;, A,, and 6,;. For [ > 0 and
p=0,...,1, we define &, as the event of probability larger than 1 — §; under Pggy(, ), defined
in Lemma 3.D.2. We write £ for the intersection of these events.

From Lemma 3.D.2, the event &,; has a probability larger than 1 — ¢;. With a union bound,
and the definition of §; (3.16), we deduce that

l
P(&:P(ﬂ@,) >1—225l:1—26(lj1)2>1—5/3 :
p,l

I1>1 p=0 1=0
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We write (I’,p’) the first value of (I,p) in Algorithm 5 such that |S;,| = K. On the event &, we
have that S = Sy contains exactly one arm by cluster — see again Lemma 3.D.2.

Even, if on the event £, we know that A, > A,/ /4 (see also Lemma 3.D.2). This lower bound
on A, could be used to parameterize the ADC, however, we prefer to estimate A, directly in
Algorithm 5 before applying the routine ADC.

Recall that n;, = 062—% (log(3K2/(5) + \/dlog(3K2/5)>. We use 2Kn;, samples to estimate

A,—see A in Line 8 of Algorithm 5. Arguing as in the proof of Lemma 3.C.8, we deduce from the
definition (3.56) of ¢g, that, on the intersection of the event & with an event of probability higher

than 1 — /3, we have

Lazg

1 A? < A?

I\Q\H

Since, on this event, we have 27127 < Ay, we are in position to apply Lemma 3.C.3 to
ADC(6/3,27Y/2A, 8). In summary, we have proved that ACB* is é-correct.

Control of the budget of ACB*

We now bound the budget of ACB* under the same event as in the previous subsection. The
key observation was proven page 22 of (Jamieson et al., 2016), it holds that

A2
{0€ (0,1/K), A € (0,80); 705 <2 ¢ U{e A):0=0,,A>A0,} .
p=0

> KGAAQ, then, there exists p € [l — 1] such that 6,; < 6, and A,; < A,.
From this result anderom Lemma 3.D.2, we get that, on the event £, the stopping time [’ satisfies
I'< L, = {logQ (9?{722” —recall that L, is defined in (3.55).

In particular, if 2! >

We write 71 at the total budget we have spent for computing S. Recall that the budget of
the routine SRI is almost surely bounded by Tiax —see (3.13) — and we upper-bounded Tiax

n (3.38). In order to emphasize the dependency of this budget on (J, A, 8) we write Tinax(0, A, 0)
in the sequel.

By (3.38), on the event &, we have

L, 1
T <D Tonax (81, Ap, 6y V 1/n)

1=0 p=0
%;}2({1%(8;{) +K> 0222,911055(5) [log( )—l—\[—l—loglog(él)}

We observe that, in ACB, Line 3, we use SRI with 6,; VV 1/n because any environment has
necessary a balancedness larger than 1/n. It allows us to bound the log log-term in Equation (3.38)

by loglog(n/J).
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Now, by definition (3.17), 6, K21H) and AQ 52 so that iﬁ = AQ and then
Ly« 1 8K
<Y D (16K 2p10g( 5 ) +2(K + ))
= Op 0
! K n
+ZZC K2 log 5 log(K) + Vd + loglog 5

<2(L, + 1)2(K +1) + cK25 log (§K>
L

o2

+c PK(L +1)25 log <5K> {log(K) +Vd + loglog <5nﬂ

* *

Now, 2L« <9 so that

0 KA2’

2 3
T <2(Le + 1D)*(K +1) + ¢ A log <8K(L* ) )

0. A2 )
2 3 3
+c/(Ly + 1) 7 log OR(Ls +1)° log(K) 4+ vVd + log log On(L +1)°
Q*AE o )
KL nL
<cL? u . :
cL:K + 'L, . A2 log< 5 > [log(K)—i—\/g—Hoglog( 3 )} (3.57)

In the last inequality, we used the expression of A2 (3.16) which implies that
A lo SM <d o lo (KL> {10 (K) + Vd +loglo (”)}
9.A2 8 5 SCg.A2 %\ 7 & 8085

Let us now consider the budget 75 dedicated to the estimator of A,. Since A;,Q < oL« Ay 2, we
deduce that

o2

o = 2Ky < 2K + o5 <log(3K2 /8) + \/dlog (3K /5)) . (3.58)

Finally, as we are working under the event A2 /A2 € [1/2,2], we deduce from Lemma 3.C.3 that
the budget T3 incurred by ADC is smaller or equal to

To<omteZon (")+02 dnK 1 (") (3.59)
3 n CAQnog 5 CA% nKlog (<) . .

The total budget is obtained by summing the bounds (3.57), (3.58), and (3.59).

It remains to consider the case where A, > Ag. In that case, under the events of the previous
subsection, the first phase of the algorithm stops at the latest as (I,p) = (Lx,0), where L, =
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[logy(1/(0.K))|. Arguing as above, we deduce that 77 satisfies

1 KL,
Ti < cKL? +c’L*910g< 5 ) . (3.60)

Regarding the second step of the algorithm, we know that p’ < L, so that A;,Q < 2L~ Ay 2 <
We deduce that

2 Jdlog(3K2/8)
To <2K + cl log(8K7/9) + /dlog(3K7/9) <2K + c’L*i log (KL*) . (3.61)
0s [log(K) + Vd + log log(6n/5)] 0. 4

Finally, the budget 73 is still given by (3.59). Gathering (3.60), (3.61), and (3.59) allows us to
conclude.

3.E Concentration inequalities

We now give a few concentration inequalities used in Chapter 3.
First, a consequence of the definition of o-subGaussian random variables given in Assump-
tion 3.2.1 is the following,

Lemma 3.E.1. Let Y € R be subGaussian, then for all x > 0,

2 372

P(X > z) < exp(—%), and P(X < —x) < exp(—?) .
Here is Laurent and Massart’ inequality, page 1325 of (Laurent and Massart, 2000).

Lemma 3.E.2 (Laurent & Massart). Let Z ~ X?l a chi-square distribution, where d > 1 1is the
degree of freedom, then for any x > 0,

P(Z > d+2Vde +2z) < exp(—x), and P(Z < d—2Vdx) < exp(—z)

We now give the Hanson-Wright inequality for the concentration of scalar products of sub-
Gaussian random variables — see (Rudelson and Vershynin, 2013) for the proof.

Lemma 3.E.3 (Hanson-Wright inequality). Let Y be a d-dimensional vector in RY with inde-
pendent, centered and 1-subGaussian components. Let A be a d x d matriz. Then, there exists a
constant cpy such that for any x > 0,

1 z? x
P(YTAY —E[YTAY] > z) < exp <— < A )) :
cnw \AIE " [[Allop

where || A|op is the operator norm of A, |A||r is the Frobenius norm.

We use the following corollary,
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Corollary 3.E.4. Let vy and vo be two probability distribution, with respective expectations 1 and
wa. We assume that there exists 31 and Yo two symmetric d X d matrices such that, for a = 1,2,
under v, IV = 251/2[X — la] s a vector with independent subGaussian random variables. Assume
also that ||S1]ep < 02 and || X2||op < 02
Letmy € N* and ma € N* be two integers. Consider X11, ..., X1, be i.i.d variables distributed
as vy, and Xo1,. .., X2, i.0.d variables distributed as vo, independently of the observations of as.
If e := Vi (n% >t X — ,u1>, and €9 := @ (n% >z Xoi — MQ), then, for any x > 1,

2 [
P((€1,€2) > x) < exp <_Ch <d v a:))

Similarly, for any x > 0, we have

P <<61, €2) > Ch?Waz \Y ,/C;de> < exp(—x)

Proof. Let a = 1,2. We specify the rotation Y, in the expression of €,

na 1 Na 1 1/2 1 Ja 71/2
=V S Xyt | = =52 SO 2 X — )
€a . T £ ai — Ma 5 a \/7711 2 a [ a,i Ha]

Now, by assumption on the distribution v,, for all i € [n,], the vector ¥4 L 2[Xa7i — Hg) has
independent and subGaussian entries. By independence of the random variables (X 1, ..., Xan, ),

the vector \/% e 251/2[ Xa,i — Ma] has independent entries. By independence and using the

definition of subGaussian variables given in Assumption 3.2.1, Y, := \/% I I Y Q[Xayi — lig) is
composed of independent and subGaussian entries. It holds then that

1/21/2 T
RS i > (v bl v
9 1 0_2 YQ Y2 9
where S is the following 2d x 2d matrix

1/2x1/2
[ o e
S == o
5 | s1/2sy2 .
2

g

We can then apply Lemma 3.E.3, noticing that E[(e1,€2)] = 0, ||S|lop = ‘|21/22;/2%H0p/2 <
1/2 and ||S|% < d/2.
0
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CHAPTER 4

NON-PARAMETRIC CLUSTERING WITH BANDIT FEEDBACK

Abstract. Clustering with bandit feedback refers to the problem of partitioning a set of items,
where the clustering algorithm can sequentially query the items to receive noisy observations. The
problem is formally posed as the task of partitioning the arms of an n-armed stochastic bandit
according to their underlying distributions, grouping two arms together if and only if they share
the same distribution, using samples collected sequentially and adaptively. This setting has gained
attention in recent years due to its applicability in recommendation systems and crowdsourcing.
Ezisting works on clustering with bandit feedback rely on a strong assumption that the underlying
distributions are sub-Gaussian. As a consequence, the existing methods mainly cover settings with
linearly-separable clusters, which has little practical relevance.

We introduce a framework of non-parametric clustering with bandit feedback, where the un-
derlying arm distributions are not constrained to any parametric form, and hence, it is applicable
for active clustering of real-world datasets. We adopt a kernel-based approach, which allows us
to reformulate the non-parametric problem as the task of clustering the arms according to their
kernel mean embeddings in a reproducing kernel Hilbert space (RKHS). Building on this formu-
lation, we introduce the KACB algorithm with theoretical correctness guarantees and analyze its
sampling budget. We introduce a notion of signal-to-noise ratio for this problem that depends on
the mazximum mean discrepancy (MMD) between the arm distributions and on their variance in
the RKHS. Our algorithm is adaptive to this unknown quantity: it does not require it as an input

yet achieves instance-dependent guarantees.

Related publication. This Chapter is a joint work with Sebastian Vogt !, Debarghya Ghosh-
dastidar 2, and Nicolas Verzelen 3, available as a preprinted as (Thuot et al., 2026).

4.1 Introduction

We consider a non-parametric instance of the so-called clustering with bandit feedback prob-

lem introduced in (Yang et al., 2024) and (Thuot et al., 2025). In this pure exploration problem,
the goal is to partition a set of unknown distributions, from which we can collect samples, and
to provide guarantees on the partition returned by the learner. This problem captures various
contemporary settings where data are collected sequentially and in an adaptive manner. In digi-

1. Equal contribution—Technical University of Munich, Munich, Germany.
2. Technical University of Munich, Munich, Germany.
3. INRAE, Mistea, Institut Agro, Univ Montpellier, Montpellier, France.

123



Chapter 4 — Non-parametric Clustering with Bandit Feedback

tal marketing, online platforms repeatedly interact with users and must quickly discover specific
groups of customers (market segments) to personalize recommendations while limiting costly feed-
back collection. Beyond customer segmentation, our non-parametric, kernel-based formulation is
well suited to modern high-dimensional or complex data for which parametric assumptions are
often untenable, for example when clustering noisy biological or medical signals in adaptive trials.
See (Yang et al., 2024) for further applications, e.g., in medical trials.

Clustering with bandit feedback. We adopt the stochastic multi-armed bandit model (see,
e.g., Bubeck et al., 2012; Lattimore and Szepesvari, 2020), in which a learner interacts sequentially
with an unknown environment with n € N arms.

Each arm 1 is associated with an unknown distribution v; supported on a space X. At each time
step, the algorithm chooses an arm and observes a data sampled from its associated distribution.
The algorithm interacts with the environment until a (random) stopping time 7— which it chooses.
We consider the active clustering problem as in (Yang et al., 2024; Thuot et al., 2025). We assume
that there exists an underlying partition of the arms into K groups such that two arms are in the
same group if and only if they are associated with the same distribution. The learner’s objective
is to exactly recover this partition with probability of error at most a prescribed 4, in which case
the algorithm is said to be §-correct. Since data collection is costly, the goal is to design é-correct
algorithms, that make as few observations as possible.

Non-parametric formulation. In Yang et al. (2024) and Thuot et al. (2025), the authors
restrict the possible arm distributions to sub-Gaussian distributions and cluster the arms according
to their means in the original d-dimensional space R?. Our work aims to develop algorithms in the
setting where no strong assumptions are imposed on the arm distributions, turning the problem
into a non-parametric one.

Rather than working directly in the original space X', we map distributions into a reproducing
kernel Hilbert space (RKHS) H and represent each arm ¢ through its kernel mean embedding
(KME) in that space. Our kernel-based formulation allows us to drop assumptions in the original
space: we only assume that the kernel g is bounded, characteristic and translation invariant.
Importantly, the characteristic property of g implies that the non-parametric problem of clustering
the arms according to their distributions is equivalent, in the RKHS, to clustering the arms
according to their KMEs, which allows us to leverage kernel methods. Recently, the maximum
mean discrepancy (MMD) have been extensively used for comparing and testing distributions in
RKHS — see e.g., (Gretton et al., 2012; Muandet et al., 2017), we similarly use the MMD in our
method.

Contributions. We introduce Kernel Active Bandit Clustering (KACB, Algorithm 9), a new
sequential and adaptive algorithm for clustering with bandit feedback. First, KACB is d-correct:

it outputs the correct partition of the arms with error probability at most 4. Second, it lever-
ages state-of-the-art concentration inequalities for empirical KMEs (Wolfer and Alquier, 2025) to
adapt simultaneously to the unknown MMD between groups and to the unknown RKHS variances
(see (4.3)).

124



4.1. Introduction

Our main theoretical contribution is Theorem 4.3.1, which provides a non-asymptotic, high-
probability upper bound budget of KACB and identifies a variance-aware signal-to-noise ratio
governing the difficulty of the problem. At a high level, KACB is an adaptive algorithm that, at
each iteration, runs variance-aware kernel two-sample tests based on empirical MMD and empirical
variances for all pairs of arms, and increases the sampling budget until all tests can reliably decide
whether two arms belong to the same group or not.

Related work on clustering with bandit feedback problems. The clustering with bandit
feedback problem (CBP) has attracted increasing attention in recent years (Yang et al., 2024;
Thuot et al., 2025; Chandran et al., 2025; Yavas et al., 2025; Graf et al., 2025). The problem was
first formalized by Yang et al. (2024), who consider a parametric setting where arms are partitioned
according to their d-dimensional means and the arm distributions are Gaussian. They introduce
the BOC algorithm, a d-correct procedure based on the Track-and-Stop method of Garivier and
Kaufmann (2016), and establish that an expected budget is asymptotically optimal in the regime
9 — 0. In turn, Thuot et al. (2025) study the same parametric CBP and provide a non-asymptotic
characterization of the optimal complexity, combining tools from bandit pure exploration with
high-dimensional hypothesis testing. A variant of the problem is considered by (Chandran et al.,
2025), where the target partition is defined as the single-linkage clustering of the arm means. Yavas
et al. (2025) study a family of distribution-matching problems, that encompasses the CBP under
the assumption that the arm distributions lies on a finite alphabet. In a different direction, (Graf
et al., 2025) study a similar clustering problem, but the learner is only able to sample partial
information on each arm. All these works rely on strong parametric or distributional assumptions
(e.g., Gaussian or sub-Gaussian arms, finite alphabets). In contrast, we consider here the active
clustering problem in a genuinely non-parametric setting by working in an RKHS and clustering
arms according to their kernel mean embeddings, under mild assumptions on the kernel rather
than on the original distributions.

Related work on kernel methods. Recent advances in kernel methods have shown that
kernel mean embeddings (KMEs) into RKHSs provide a powerful and versatile framework for
statistical learning on distributions (Smola et al., 2007; Muandet et al., 2017). This framework
has led to a wide range of applications, including kernel two-sample tests (Gretton et al., 2007a,
2012), independence testing (Gretton et al., 2007b), and many other distributional inference tasks;
see Muandet et al. (2017); Berlinet and Thomas-Agnan (2011) for comprehensive reviews. From a
more geometric point of view, Sriperumbudur et al. (2011) and Sriperumbudur et al. (2010) study
when RKHS embeddings induce metrics on probability measures and characterize universality and
characteristic kernels.

Within this framework, kernel two-sample tests compare empirical KMEs of two samples us-
ing the maximum mean discrepancy (MMD) as a test statistic, yielding non-parametric tests
that avoid explicit density estimation. (Tolstikhin et al., 2017) study the minimax estimation
of KMEs via their empirical counterparts and show that, for bounded kernels, the optimal rate
depends only on kernel properties and not on the underlying distributions. (Tolstikhin et al.,
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2016) extend this perspective to the minimax estimation of the MMD. More recently, (Wolfer and
Alquier, 2025) derived state-of-the-art, variance-aware concentration bounds for the MMD be-
tween true and empirical KMEs. In particular, for distribution with small variance in the RKHS,
the bounds from (Wolfer and Alquier, 2025) achieves better rates. Our analysis builds directly on
these variance-aware KME and MMD concentration inequalities.

Related work on Kernel clustering. Another related line of work is the fruitful development
of kernel methods for clustering. Kernel-based methods such as kernel k-means (Dhillon et al.,
2004) and kernel spectral clustering (Ng et al., 2001) are widely used in practice, especially when
cluster geometry is complex. More recently, (Vankadara et al., 2021) established separability
conditions under which kernel-based clustering can recover the underlying true partition under
non-parametric mixture models. In particular, their analysis highlights that these conditions can
be expressed in terms of MMD between components. In a complementary line, kernel K-means
has also been proposed for clustering distributional data by applying K-means directly to KMEs
in RKHS and using MMD as the distance between probability measures (Baillo et al., 2025).
These works focus on batch clustering from a fixed sample. In contrast, we address an active,

bandit-style setting where the learner adaptively decides which distributions (arms) to sample in
order to recover the clustering.

Outline Section 4.2 introduces the problem setting and notation. Section 4.3 presents the KACB
algorithm and our main upper bound on its sampling complexity.

Section 4.4 concludes with further comments and perspectives. The proof of our main theo-
retical contribution can be found in Appendix 4.A.

4.2 Setting and notation

Kernel and RKHS. Let X be a separable topological space. Let g : X xX — R be a continuous,
positive definite kernel on X. The kernel g induces a reproducing kernel Hilbert space (RKHS)
(H,(-,-)) and a feature map ¢ : X — H such that

Vo,y e Xt g(z,y) = (¢(x),4(y)) - (4.1)

We assume that g is bounded, in the sense that sup,¢ v g(z, ) < +00. We define the supremum
and range of g as

9= sup g(x,y) , = sup g(z,y) — inf g(z,y) .
zyEX z,yeX T, yeX

For a distribution v on X, its kernel mean embedding (KME) is defined as

v = XIQV [p(X)] eH |
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where p,, is a Bochner integral ((Berlinet and Thomas-Agnan, 2011)). A kernel g is called characteristic
if the KME map p : v — p, is injective. Finally, g is translation invariant if there exists a function
U : X — R such that Vz,2’ € X: g(z,2') = ¥(z — 2’) (Wolfer and Alquier, 2025).

For more background on RKHSs and kernel mean embeddings, see, e.g., (Gretton et al.,
2012), (Muandet et al., 2017), or (Berlinet and Thomas-Agnan, 2011).

Model and unknown partition. We consider an n-armed stochastic bandit problem with

n > 2 arms, indexed by [n] = {1,...,n}, where arm i is associated with an unknown distribution
v; on X. The environment is v = {v1,...,1,}. For any i € [n], we denote as
pi= E [HX)eH . (42)
Xy,

We assume that there exists a partition C* of [n] such that two arms belong to the same group
if and only if they share the same kernel mean embedding (KME), and we denote by K the number
of groups in C*. For any partition C of [n], we write C(i) for the cluster containing i. We say that
C is correct if it groups together and only together arms with the same KME:

Vi#jen]: p=p = C)=C(>) .

As usual in clustering problems, the true partition C* is only defined up to permutation of the
groups. When the kernel is characteristic, it corresponds exactly to the problem of clustering the
arms according to their underlying distributions.

Sequential strategies and J-correct objective. We work in an adaptive, sequential setting,
where an algorithm interacts with the bandit environment—i.e., collects samples—in order to
recover the clustering (up to permutation of the groups).

A strategy collects data sequentially from the environment in the following way: at each time
t > 1, it selects an arm A; € [n] and observes X; ~ vg4,. Let Fy = (A1, X1,..., A, X;) denote
the information available at time t. A strategy is specified by:

1. a selection rule choosing the next arm A; based on the past F;_1;

2. a stopping time T with respect to (F;) deciding when to stop;

3. a recommendation rule that outputs a clustering éT based on Fr.

Given a confidence level § € (0,1) and a class of environments £, we call a strategy J-correct
for this problem if
Vv e €&: P(éT is correct) >1-4.

Our goal is to design d-correct algorithms whose sampling complexity (the sampling budget) is
as small as possible. We consider for the problem the class of problems with exactly K nonempty
groups, where the number of groups K is known by the learner.

We characterize this complexity in terms of three main factors: the confidence parameter ¢,
the kernel g, and the environment v. On the kernel side, we will use the bound g; on the environ-
ment side we consider distribution-dependent quantities in the RKHS. In particular, we measure
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separation between arms via the maximum mean discrepancy ||p; — p]|. Then, following (Wolfer
and Alquier, 2025), we define the RKHS variance of arm i as

* . 12
Vi= E [l - pill] (43)
which we interpret as a noise level.

Having specified the model, and the d-correct objective, we now turn to the design of our
algorithm.

4.3 Algorithm

We introduce KACB (Kernel Active Bandit Clustering), an adaptive algorithm that recovers
the K true clusters defined by equality of kernel mean embeddings (KME). The algorithm does
not require any knowledge of the gaps between clusters or of the variances in the RKHS. The
pseudocode is given in Algorithm 9.

Kernel two-sample testing for clustering. At a high level, KACB reduces clustering to
deciding, for every pair of arms, whether they share the same KME or not. This is exactly the
setting of kernel two-sample testing, which we now recall and adapt to our bandit scenario. In
particular, we follow the work of (Wolfer and Alquier, 2025), and we use a variance-aware bound
on empirical KME.

Consider two arms ¢, j € [n]. The null hypothesis Hé’j s pi = pj (same KME) is tested against
Hf’J pi # pj. Given two arms ¢ and j and a per-arm budget T > 1, we draw i.i.d. samples
(Xi,...,X5) ~ vy and (X7, .. XJ) ~ v; and form the empirical KMEs

T
LY gl

1 & ‘
i = 729(){;7)7
T= t=1

ﬂ \

By the reproducing property, the squared empirical distance between fi; and fi; is computed using
only the kernel:

o 1 & o o o
1ij — fuil* = 73 > (9(XLX]) —29(X2, X)) + 9(XI,X])). (4.4)
s,t=1

As in kernel two-sample testing, we interpret ||i; — fi;|| as an empirical maximum mean discrep-
ancy (MMD) between the distributions of arms ¢ and j, and use it as a test statistic for the
hypothesis Hé’ D [ = [4j Versus H1 g F G

We reject HZ"’ (declare arms i, j in different clusters) if ||f; — fui|| > B*(T,§'), where B> (T, &)
is a threshold derived from non-asymptotic concentration bounds. The comparison ||fi; — fi;]| <
B4 (T, §') serves as a proxy to decide whether (i,7) belong to the same group or not.

Standard MMD tests use kernel-uniform bounds B%7 = /glog(1/8)/T (Tolstikhin et al., 2017).
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4.3. Algorithm

We instead leverage empirical RKHS variance estimators:
T 1 T o
We use then as threshold
8(n2—n) 8(n%—n)

BY(T,8") = <\/>+\/>) g#’ flogi. (4.6)

Indeed, Lemma 4.A.3 from (Wolfer and Alquier, 2025) —see also Appendix 4.A— ensures that

/

P {[lls = il = iy = full| < B(T.8N] 21— =

Graph-based clustering. To transform these pairwise kernel two-sample tests into a cluster-
ing procedure, we introduce a graph-based subroutine that we call CLUSTER(T, ') that takes as
input a fixed per-arm sampling budget T" and a confidence parameter ¢’ € (0,1). The subroutine
CLUSTER(T, ¢") simultaneous performs two-sample testing across all n(n — 1)/2 pairs via a graph-
based construction (Algorithm 8). For any {i, j}, the edge {i,j} is added to G = (V, E) whenever
H{7 is not rejected, that is |/2; — fis]] < B%. The connected components of G form the clustering
C.

The type I error (false splits within clusters) will be controlled by construction: arms with
identical KME remain connected with high probability. Type I errors (false merges across clusters)
are controlled by the MMD concentration when 7' is large enough. Thus, CLUSTER either returns
the true partition or fewer than K clusters.

Active choice of the Adaptive procedure. The minimal T ensuring reliable two-sample
testing across all pairs depends on unknown gaps ||; — ;|| and variances V). Hence, our main
procedure KACB (Algorithm 9) applies the so-called “doubling trick”. At iteration k > 1, define
the per-arm sampling budget as

2

7= [210s(( ] s

The algorithm calls the subroutine CLUSTER(7}, d) until |Cx| = K, then outputs C. Observe that
the true number of clusters K is known by the learner, and is only used in the stopping condition.
The quadratic decay of the confidence dj, ensures >, dp < 6.

We establish in Theorem 4.3.1 that KACB is §-correct, terminates almost surely, and that its

sampling complexity 7 satisfies
n n
< _
T < 32 log( 5),

where s? defined in (4.7) is interpreted as a signal-to-noise ratio.
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Theorem 4.3.1 (KACB(4, K) is d-correct). Let g be a continuous, positive definite, characteristic,
translation invariant, bounded kernel, and let 6 € (0,1). Define the (variance-aware) signal-to-

noise ratio

2 . i = will® 2l —
S,(v) :== min A = . 4.7
) i?fje[n]( VEVV; V9 (4.7)
HiF

Then:

1. Algorithm 9, KACB(0, K), is §-correct, i.e., it oultputs the true clustering with probability at
least 1 — 9,

2. with probability at least 1 — 9, the total budget T of KACB(J, K) satisfies

T <sn- (15228 v 1) . (log (32(”26— ”W)) , (4.8)

where ky, = [logz (128)—‘ s a logarithmic term independent of 0.

s2

The proof is postponed to Appendix 4.A.

Algorithm 8: CLUSTER(T,¢') Clustering with fixed budget n x T
Input: T, 0’
sample < SAMPLE(T) ; > Sample each arm 7T times
(A = Al 2jepn (f}i)ie[n] + COMPUTESTATISTICS(sample) ; > See (4.4), (4.5)
(BY(T,¢"))izjein) < COMPUTETHRESHOLD(T, &) ; > See (4.6)
Vi [n];
E + 0
for i # j € [n] do
it iy — full < B(T, ) then
‘ E+— FU{{i,j}}; > Do not reject 11{;“’; connect % and j
end

i#j€

© o N O Tk W

end
G (V. E);
return GETCONNECTEDCOMPONENTS(G)

- e
N = O

In Theorem 4.3.1, Algorithm 9 is shown to be §-PAC while adapting to the instance-specific
quantity s.. We now comment on the sampling budget from Equation (4.8).

First, note that n appears as an overall multiplicative factor in the budget. This is because
every call to CLUSTER (Algorithm 8) allocates samples uniformly across arms, so each arm
is queried the same number of times. Such a linear dependence in n is unavoidable when the
inter-cluster separations are all of the same order.

In total, each arm receives 7 /n samples, which scales as s; 2 log(n/d). The quantity s; 2 plays
the role of a signal-to-noise ratio, matching the sample complexity needed to perform a non-
parametric two-sample test based on the MMD with state-of-the-art procedures such as (Wolfer
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4.4. Discussion

Algorithm 9: KACB(0, K) Kernel Active Bandit Clustering

Input: 0, K

for k=1,2,...do

O % ; > Per-iteration error

Ty [Qk log M—‘ ; > Per-arm sampling budget

N =

2
Ok
Cy, < CLUSTER(T}, Ok) ;

if |Cx| = K then

‘ return Cy, ; > Stop when K clusters are identified
end

® N o oA W

end

and Alquier, 2025). The minimum in the definition of s, reflects that, for every pair of arms i, j,
one must test the hypotheses p; = p; versus y; # pjwith error probability at most §/(n? — n),so
that a union bound guarantees an exact clustering overall.

The term s 2 also appears inside the logarithm through an additive contribution of order
c % log log(s;2), reflecting the cost of adapting to the unknown value of s..

Although the linear kernel is unbounded, consider the special case of Gaussian distribution
with a linear kernel, where k(z,y) = (z,v), and v; = N'(u;, 0214) on R%. To recover the bounded-
kernel assumption, restrict to truncated Gaussians supported on a compact subset of B(0,+/g). In
this setting, our upper bound on the sampling budget scales as

< 01.2\/032 \/E

vV
i — 5113 Nl — pgll

max
HiF

) x nlog(n/d).

The bound from (Thuot et al., 2025), scales with

012 Vo?
max ———2I— x (nlog(n/&) v \/dKnlog(n/é)) ,

piFpg || — MH%

and is optimal, known to be optimal, at least in the canonical regime where the clusters have
comparable sizes. When ||p; — p5]| < 0]2- /+v/g and the dimension dd is moderate, our bound is
therefore analogous to this optimal Gaussian linear-kernel rate.

4.4 Discussion

Benefit of variance-aware bounds. In this work, we relied on the variance-aware bounds
of (Wolfer and Alquier, 2025). As an alternative, we could have used sub-Gaussian type bounds
—see Proposition A.1 in (Tolstikhin et al., 2017)—. For that purpose, we would only need to replace
that threshold B (t,d’) in Algorithm 8 by 1/g/t(/log(8(n? — n)/d) +2). The modified algorithm
would still be d-correct, but its budget 7 would now be bounded by ng[min,; || — p; 11" % 1og(n/6).
Since V¥ < g for every arm i, the variance-aware bounds of (Wolfer and Alquier, 2025) are never
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worse and can substantially improve the budget whenever V) < g.

Unknown number of clusters. In this work, we assume that the number of clusters is known
to the learner, and our algorithm is adaptive to the unknown quantity s., which plays the role
of a signal-to-noise ratio for the problem. The number of clusters is only used in the stopping
condition of the procedure. If a lower bound s, > sg is available, then, even without knowing K,
a single call CLUSTER(Tp, §) to Algorithm 8 with a per-arm sampling budget Ty < sy 2 log(n/d)
yields a correct partition with high probability 1 — 4. Observe that, when neither K nor s, is
known, the problem is ill-posed, since no algorithm can, in finite time, distinguish two arms that
are arbitrarily close in MMD from two arms belonging to the same cluster.

Computational complexity. It is possible to implement KACB with a computational com-
plexity of order n?log(n) by evaluating the quantities 1{||fi; — f;|| < B¥} in a sequential fashion
as done e.g.,in (Thuot et al., 2025), and by using efficient algorithms for computing connected
components. As presented in Algorithm 9, the computational complexity of KACB is of the order
log(n) [n? 4+ n/s?], this choice is made for the sake of clarity.

Adaptivity The algorithm is adaptive to the unknown quantity s.. Leveraging classical tech-
niques from bandit theory, it achieves a guarantee that scales as s, 2, without any prior knowledge
of the environment, except for the number of clusters. One can also define a non-adaptive variant,
which takes s, as an input parameter. More precisely, consider the subroutine CLUSTER (Algo-
rithm 8) with confidence parameter ¢ and per-arm sampling budget T, = 128 s;%log(8(n?—n)/d).
Then Lemma 4.A.1 guarantees that the output of CLUSTER(TY, d) is correct with probability at
least 1 — &. The total budget of this non-adaptive procedure is therefore cn s; 2 log(8(n? —n)/s).
To the best of our knowledge, and using the MMD-based two-sample tests of (Wolfer and Alquier,
2025), this is the state-of-the-art sampling budget that ensures correct clustering of all arms with
global error probability at most d. Finally, note that the price of adaptivity is only an additional
doubly logarithmic term c % loglog(s;, 2) , which is negligible compared to the leading term, for
instance if § is small.
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Appendix of Chapter 4

4.A Proofs of Theorem 4.3.1

In this appendix, we prove the correctness of KACB (Algorithm 9) and derive a high-probability
upper bound on its budget.

4.A.1 Proof of Theorem 4.3.1

Recall from Section 4.3 that KACB repeatedly calls the subroutine CLUSTER(7};, d) with in-
creasing per-arm budgets T}, and decreasing confidence levels 6. At iteration k, CLUSTER constructs
a graph by performing variance-aware kernel two-sample tests between all pairs of arms and re-
turns the connected components as a clustering Ci. For any arm i € [n], let C(i) denote the
unique cluster in Cj containing .

The analysis of KACB therefore reduces to understanding, for each fixed k, how CLUSTER
behaves in terms of type I and type II errors under the thresholds B%/(T},d;) introduced in
Equation4.6.

Intuitively, we need that CLUSTER(T}, dx) either returns fewer than K clusters or identifies the
correct K clusters. The condition ||fi; — fij]| < B* (T}, d)) ensures that arms i and j with p; = p;
are clustered together with high probability. Moreover, there exists an iteration k£ such that arms
with u; # p1; are separated (i.e., || — fi;|| > B"I (T}, 6)) with high probability, yielding exactly K
clusters. These key properties of CLUSTER are formalized in Lemma 4.A.1, whose proof—relying
solely on concentration inequalities from Appendix 4.A.3—is deferred to Appendix 4.A.2.

Lemma 4.A.1. For a fixed iteration k > 1, consider the partition Cy as the output of CLUSTER
with parameters (T, dx), and let Ci(i) denote the cluster containing arm i.
Define the event type I error event &1, under which arms with identical KMFEs are assigned

to different clusters in Cy:

gr= U {6 #C0)} - (4.9)

i#jeln)
M=

Then,
VE>1, P& k) < 0k -

Define the type Il error event &1 under which arms with distinct KMFEs are assigned to the

same cluster in C:

&r= U {a)=ci)} - (4.10)

i#j€(n]

it

Let s, = s«(v) be given by
2
2 e 1 A U 1l
S,(v) := min A — . 4.11
) i#jem] Vi V3 (4.11)
HiF
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For any iteration Vk > 1, such that Ty, > 128%2 log (8(”;’:71)), then

P(&k) < 0k -

Proof of Theorem 4.3.1. Let § € (0,1) and assume the environment v has n arms forming exactly
K groups with distinct KMEs. We proceed in three parts: (i) correctness (outputting the true
partition with probability at least 1 —0), (i) almost-sure termination, and (7ii) a high-probability
bound on the sampling complexity.

(i) Correctness of KACB

Consider the call of KACB(d, K) on the environment v. Let C be the clustering returned
by KACB(J, K), obtained from CLUSTER(7%,d;) at the stopping iteration & > 1. Observe that
k < 400 happens almost surely (as we prove in (ii)), and the clustering C contains exactly K
groups.

On the event &F ) (Equation 4.9), all arms with identical KMEs are clustered together. By
definition of the model (see Section 4.2), the true partition C* is exactly the partition into equiva-
lence classes of the relation p; = p; and has cardinality K. As a consequence, any clustering with
no type I error and exactly K nonempty clusters must coincide with C* (up to permutation of the
labels). Since the stopping iteration k is unknown, we proceed with a union bound

P ({C is incorrect}) =P ({3k > 1 : Cj, is incorrect and |Cx| = K'})

< ip(&,k)

k=1

b
—_

where the final bound uses >.3° ; 1/k? = 72/6 and & = &§/(4k?).

(ii) Almost-sure termination of KACB(J, K)

On &7, N &Sy, we have that Cy clusters the arms exactly according to their KMEs, and Cj
equals the true partition. In particular [Cx| = K, and the algorithm terminates. In other words,
once T}, is large enough, the graph built by CLUSTER exactly matches the true equivalence relation
wi = pj, and KACB stops at that iteration.

Then,

P(KACB(4, K) never terminates) < kinf P& rU&) -
—00
Moreover, for k large enough, it holds that T}, > 128s;2log (8(n? — n)/dx), Lemma 4.A.1 then
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implies that for k large enough, P(& ;U &z y) < 0k, and limy_,0o P(E1 1 U E2) = 0. Finally,

P(KACB(d, K) never terminates) < kinf P& rU&k) =0,
— 00
and the algorithm terminates almost-surely.

(iii) Budget of KACB
Denote

ky = {logQ (132;3)} V1, (4.12)

*

so that Ty, > 128s;?log (8(n? —n)/d;) for all k > k.. Lemma 4.A.1 then implies P(E; U Ea) <
6k S 5k* for k Z k‘*.

On &7, NE5 ., . the algorithm terminates at or before iteration k.. The per-iteration budget
is T = n - T}, so the total budget T satisfies

ks
IP’(TS Zﬁ) > P (& NESL) > 10k 216 .
k=1

Now,
K ks K 2
8(n” —n)
k
;ﬁ:n;Tk:n; {2 logiék -‘

e 2 _
SQZQk.IOg <8(n5n)>
ks

k=1

< 8n- (f; v1). (log (32(”25_ ”W))

4.A.2 Proof of Lemma 4.A.1

Proof. We fix any iteration k, for which we call CLUSTER(7}, 0y ). Recall that the algorithm CLUSTER
constructs an undirected graph Gy = ([n], Ex), whose vertices are the arms [n], and whose set of
edges is Ey, = {{i,j} : || — ;|| < B (Tk, dx)}. Then, the clustering Cy is defined as the connected
components of G.

Type-1I error: splitting arms with identical KME.

We consider the event &£, (Equation (4.9)), under which Cj, assigns two arms with the same
KME to different clusters. If Cy(i) # Ck(j), then Ej cannot contain the edge {3, j}, because
otherwise they would be in the same connected component, and thus in the same cluster. By
definition of Ey, if (i,7) ¢ Ek, that means that the comparison of ||fi; — fi;|| to the decision
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boundary yielded false. It follows by construction that

e U {lliy =l > BY (T, 60)
i#j€[n]
=
where

n)

B”J (T 60) = (\/* \/>> log flog

Now, we bound the probability P(€; ;), with a union bound, together with the concentration
g3
n2—n’

PEw) < > P({li—asll > BY(Tx60)})

i#j€[n]
i =H;

< >

i#j€[n]
Pi=1hj

8(n *n)

inequality from Theorem 4.A.3 with ¢’ =

<Ok -

n?—n

Type-1I error: merging arms with different KMEs.
We now consider the event & j (Equation 4.10), under which Cj, assigns two arms with different
KMEs to the same cluster. For simplicity, we note

oo 5
T2 =) 4-(n2—n)-k?

Assume that p; # pj, while Ci (i) = C(j). By construction of Cy, the condition Cy (i) = Ck(j)
implies that there exists a path in the graph Gy = ([n], E}) between i and j. Since there is a path
between two arms with different means, somewhere on that path must be an edge connecting two
arms with different means. Thus, it holds that

Exc U {lay -l < BY(Th,00)} (4.13)
i,j€[n]
HiF

Let i,j € [n] be two arms such that p; # p; Now we need to control the probability of the
event A;;j = {1 — full < B (T, or)}-
Theorem 4.A.4 provides us that with probability at least 1 — 6"7”“

log o

1
Hﬂj_ﬂiHZH,uj—uiH_( V;k—i—\/)T;) génk _7\/>

It remains to prove that the assumption T} ensures that (with high probability), the lower bound
above from Theorem 4.A.4 will be larger than the threshold B%/ (T}, §;) used for our classification.

Since B (T}, §x,) contains the empirical variance, we first need to bound the empirical variance
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by the true variance. We define the event

. 2glog 5
VU <V 2y —— ke b
Ty

whose probability is controlled by Theorem 4.A.5 as

n,k

P (Bf) < (4.14)

With a union bound on Equation 4.13, we have that

P(&x) < > P(A

pi
< > (P(Ai; BN By) +P(Bf) +P(B))

i,j€[n]
KR

< ¥ (PUynBng)+ ) (1.15)
i,j€[n]
HiF

where the final inequality follows from Equation (4.14). Then, it remains to bound the probability
of the events A; ; N B; N B;.

Under A; ; N B; N By, it holds that:
N A A ~ log 5 log Tk
172 = fall < <\/Vz‘ + \/Vj) f
2glog % log % 39 _log %
* * 4 n,k 2 n,k o= ~ n,k
ViV + JT;@ ot 3¢§ T

log 5% 56 _log 5>
:( Vi+\/Vj) 2 T +3\/§ T (4.16)

Now, assume that

T, > max max{ 128
i#j€n] I| e
HiF

Vr 112f+16f log &
—uil?" 3Bllei — I On

In particular, as g < 2g, this will hold if T}, > 128 ! log e
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Now, we derive from direct computation that
log 5 56 _logz>;
* * n,k e ~ n,k
( Vi+,/Vj) 2— +3\/§ T

<l — mll = (Ve +4/Vi) 2

Finally, we gather Equations (4.16), and (4.17) to control P (A;; N B; N Bj),

lgak

i85

(4.17)

P (Ai,j N B;N B])

log %= 56 _log 5=
N A~ * * n,k e ~ n,k
<P HM]_MZ”§< Vi+\/Vj) 2 T, + 3\/§ T,

log% 8 10%%
A . . - n,k _© — n,k
<P ||MJ_I‘LZ||§||HJ_MZ‘|_( Vi +\/V>J) 2 Ty 3\/§ T,

where the last inequality results from Theorem 4.A.4 applied with ¢’ = 6"2”6.

Finally, we come back to our previous bound on P(&; 1) in Equation 4.15, to conclude that

2,
P(&ap) < S (P(AiyNBiNB)) + ’“)

i,5€[n] 8

HiF g

5nk 571
< 3 9
<25
i,j€[n]
K

géka

where the final inequality follows from the definition of d,, ;, = (ng‘s = ) O

4.A.3 Concentration inequalities

The design of the algorithm relies mostly on concentration inequalities for empirical KME,
and empirical variances. For completeness, we recall in this subsection several inequalities whose
proofs can be found in (Wolfer and Alquier, 2025).

Lemma 4.A.2 (Variance-aware empirical bound (Wolfer and Alquier, 2025)). Let g be a contin-
uous, positive definite, characteristic, translation invariant, bounded kernel. Assume arm i € [n]
was sampled t € N times to calculate the empirical KME [i; and the empirical variance V;. Then
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it holds that

t

logd 16 _log 2
VWG@J%P(“m—mﬂé Vf€5+3v5%5})21—&

For our application, we will prefer the following inequality, which follows directly from Theo-
rem 4.A.2, by application of the triangle inequality.

Lemma 4.A.3 (Variance-aware empirical bound for the distance of two arms). Under the same
assumptions as Theorem 4.A.2

Vo' € (0,1): P (|l — ull - g — puilll <B) > 16",

B = (\ﬁ+ \/E) log = flog g

Lemma 4.A.4. Let g be a continuous, positive definite and bounded kernel with supremum §.
Assume arms i € [n] was sampled t times to calculate the empirical KME [i;. Then it holds that
for all § € (0,1)

B (| 2 =l =l = uill | < B.) 215,

for

B.:= (Vi + V*

Lemma 4.A.5 (Bound for empirical Variance (Wolfer and Alquier, 2025)). Let g be a continuous,
positive definite, characteristic, translation invariant, bounded kernel. Assume arm i € [n] was
sampled t € N times to calculate the empirical variance V;. Let b € {=1,1} Then it holds that

V6 € ( ([\f W} Jm)zl—a.
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CHAPTER 5
CLUSTERING ITEMS THROUGH BANDIT FEEDBACK
FINDING THE RIGHT FEATURE OUT OF MANY

Abstract. We study the problem of clustering a set of items based on bandit feedback. Fach of
the n items is characterized by a feature vector, with a possibly large dimension d. The items are
partitioned into two unknown groups, such that items within the same group share the same feature
vector. We consider a sequential and adaptive setting in which, at each round, the learner selects
one item and one feature, then observes a noisy evaluation of the item’s feature. The learner’s
objective is to recover the correct partition of the items, while keeping the number of observations
as small as possible. We provide an algorithm which relies on finding a relevant feature for the
clustering task, leveraging the Sequential Halving algorithm. With probability at least 1 — §, we
obtain an accurate recovery of the partition and derive an upper bound on the budget required.
Furthermore, we obtain an instance-dependent lower bound, which is tight in some relevant cases.

Related publication. This Chapter is a joint work with Maximilian Graf!, and Nicolas Verze-
len 2, published in ICML 2025 (Graf et al., 2025).

5.1 Introduction

We consider a sequential and adaptive pure exploration problem, in which a learner aims to
cluster a set of items, each represented by a feature vector in R%. The items are partitioned into
two unknown groups such that items within the same group share the same feature vector. The
learner sequentially selects an item and a feature, and then observes a noisy evaluation of the
chosen feature of that item. Given a prescribed probability &, the learner’s objective is to collect
enough information to recover the partition of the items with a probability of error at most 9.

This problem arises in crowdsourcing platforms, where complex labeling tasks are decomposed
into simpler sub-tasks, typically involving answering specific questions about an item — see (Ariu
et al., 2024). A motivating example is image labeling: a platform sequentially presents an image
to a user along with a simple question such as “Is this a vehicle?” or “How many wheels can you
see?”. The learner leverages these answers to classify the images into categories. In this setting,
the images correspond to items that must be clustered, while questions correspond to features.
This problem is a special case of the model studied in (Ariu et al., 2024), where the authors

1. Equal contribution—Institut fiir Mathematik, Universitdt Potsdam, Potsdam, Germany
2. INRAE, Mistea, Institut Agro, Univ Montpellier, Montpellier, France
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numerically demonstrate the advantage of an adaptive sampling scheme over non-adaptive ones.
However, they do not establish the theoretical validity of their adaptive procedure.

From a theoretical perspective, our problem consists of clustering n items based on sequential
and adaptive queries to some of their d features. Intuitively, the difficulty of the clustering task is
driven by the differences between items in different groups across these d features. In particular,
it depends both on the magnitude of these differences and on their sparsity—that is, the number
of features on which the items differ significantly.

In this work, we precisely characterize the sample complexity of the two-group? clustering
task, in a fully adaptive setting. Our main contributions are as follows:

— We introduce the BanditClustering procedure — Algorithm 13. On the one hand, it out-
puts the correct partition of the items with a prescribed probability 1—4. On the other hand,
it adapts to the unknown means of the groups in order to sample at most the informative
features. In Theorem 5.3.1, we provide a tight, non-asymptotic upper bound on its sample
complexity as a function of n, d, log(1/9), and the difference between the means.

— Conversely, we establish in Section 5.4 an information-theoretic lower bound on the budget,
which entails the optimality of BanditClustering.

From a high-level perspective, our algorithm operates in three steps: first, it identifies a pair of
representative belonging to different groups; second, it selects a feature that best discriminates
between the groups; and finally, it leverages this discriminative feature to cluster all items.

Connection to good arm identification and adaptive sensing literature . One of the key
challenges is to achieve the trade-off between the budget used for identifying a good discrimina-
tive feature, and the budget used for the clustering task. We borrow techniques from the best-arm
identification literature, specifically employing the Sequential Halving algorithm (Karnin et al.,
2013b) as a subroutine, leveraging its strong performance in settings where multiple arms are
nearly optimal (Zhao et al., 2023; Katz-Samuels and Jamieson, 2020b; Chaudhuri and Kalyanakr-
ishnan, 2019). The first identification step — finding two items belonging to distinct groups — is
closely related to the adaptive sensing strategies for signal detection, as studied in (Castro, 2014),
where the problem is framed as a sequential and adaptive hypothesis testing task. Furthermore,
our approach incorporates ideas from (Castro, 2014; Saad et al., 2023) to efficiently identify the
most informative features for clustering.

Connection to dueling bandits literature . Our bandit clustering problem is an instance of
a pure bandit exploration problem, where one can sample interaction between items and features.
In that respect, it is also related to ranking (Saad et al., 2023) and dueling bandits in the online
literature (Ailon et al., 2014; Chen et al., 2020; Heckel et al., 2019; Jamieson and Nowak, 2011;
Jamieson et al., 2015; Urvoy et al., 2013; Yue et al., 2012; Haddenhorst et al., 2021b) where the
goal is to recover a partition of the items based on noisy pairwise comparisons. Some ranking
procedures are based on estimating the Borda count (Heckel et al., 2019), some other procedures,
such as (Saad et al., 2023), aim at adapting to the unknown form of the comparison matrix to

3. We focus on K = 2 groups. We discuss how to extend our ideas to K > 2 clusters in Section 5.6.
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reduce the total budget. In essence, our approach is related, as it seeks to balance the trade-off
between identifying relevant entries and exploiting them for efficient comparisons.

Connection to other bandit clustering problems . Recent works (Yang et al., 2024; Thuot
et al., 2025; Yavas et al., 2025) have investigated clustering in a bandit setting, where items
must be clustered based on noisy evaluations of their feature vectors. However, in these settings,
the entire feature vector of the chosen item is observed at each sampling step, whereas in our
framework, only a single feature of a given item is observed per step. Our observation scheme
enables a more efficient allocation of the budget by focusing on the most relevant features —
those that best discriminate between groups. The trade-off between exploring relevant features
and exploiting them for classification is at the core of our work. This allows us to cluster the
items with a much lower observation budget than in (Yang et al., 2024; Thuot et al., 2025) —
see the discussion section. Other authors have previously introduced adaptive clustering problems
for crowdsourcing (Ho et al., 2013; Gomes et al., 2011), although their settings does not directly
relate to ours.

Connection to online clustering of bandits . We point out another line of works (Gentile
et al., 2014; Li et al., 2019; Liu et al., 2022; Li et al., 2025) on the so-called online clustering of
bandits problem — an instance of contextual linear bandit. This problem bears some resemblance
to our setting, as it involves exploring a bandit environment with an underlying clustering structure
among items. Still, there are two major differences with our problem: (1) the learner has no control
over which items are presented at each time step, and (2) the algorithms (such as the CLUB
Algorithm and its extensions) are designed and evaluated in a cumulative regret setting.

Organization. The model is introduced along with notation in the following Section 5.2. In
Section 5.3, we describe our procedure and analyze its sample complexity. Section 5.4 provides
matching lower bounds on the budget that imply the optimality of our procedure. Finally, we
present numerical experiments in Section 5.5. We discuss the extension to K > 2 groups in
Section 5.6. We finally discuss our results in Section 5.7.

5.2 Problem formulation and notation

Consider a set of n items, indexed by [n] = {1,...,n}. Each item is characterized by a feature
vector of dimension d, where the number of features d may be large. Let M € R"*? be the n x d
matrix such that the i-th row of M contains the feature vector of item 7. We denote the feature
vector of item i as M;. = (M;1,...,M;q). We assume that the n items are partitioned into two
unknown groups, such that items within the same group share the same feature vector. The groups
are assumed to be nonempty and non-overlapping. The objective is to recover these two groups.

Assumption 5.2.1 (Hidden partition). There exist two distinct vectors pg € R® and p; € R?,
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and a non-constant label vector g* € {0,1}" such that for any item i € [n],

po if g (i) =0,
p1 o if g*(0)

As is standard in clustering, (g*, po, 1) encodes the same matrix M as (1 — g*, 1, po). There-
fore, we assume without loss of generality that ¢*(1) = 0 in order to make the label vector g*
identifiable.

We consider a bandit setting, in which the learner sequentially and adaptively observes noisy
entries of the matrix M. At each time step ¢, based on passed observations, the learner selects
one item I; € [n] and one feature J; € [d]. She then receives X, a noisy evaluation of M, j,.
Conditionally on the pair (I, J;), X; is an independent sample drawn from an unknown distri-

bution vy, j, with expectation M7, j,. The collection of distributions (I/Z'J)ij is referred to as the
environment.

We assume that the noise in observations is 1-subGaussian.

Assumption 5.2.2 (1-subGaussian noise). For any pair (i,5) € [n] x [d], if X ~ v;;, then
X — M;; is 1-subGaussian, namely

E[exp(z(X — M; ;)] < exp (2%/2) VzeR.

This subGaussian assumption is standard in the bandit literature (Lattimore and Szepesvari,
2020). It covers, for example, the emblematic case where observations follow Gaussian distributions
with variance at most 1, as well as bounded random variables such as those following a Bernoulli
distribution on [0, 1]. By rescaling, the results can be extended to the case of o-subGaussian noise.

We tackle this pure exploration problem in the fixed confidence setting, a common framework

in the bandit literature (Lattimore and Szepesvari, 2020). In this setting, the learner must decide
not only which observations to make but also when to stop. Given a prescribed error probability
0, the learner aims to recover the correct partition of the items with probability at least 1 — ¢,
while minimizing the total number of observations. The learner sequentially collects observations
until a stopping time T, after which it outputs an estimated label vector § € {0,1}" (satisfying
g(1) = 0). The total number of observations, given by T, is referred to as the budget of the

procedure. Formally, T is a stopping time with respect to the natural filtration associated to the
sequential model.
For any confidence level §, we say then that a procedure A is §-correct if

Pan(@=9")21-0,

where P4, denotes the probability distribution induced by the interaction between the environ-
ment v and the algorithm A.

The performance of a §-correct algorithm is evaluated through its budget T', which should be
as small as possible. In this paper, we derive upper bounds on T that hold with high probabil-
ity—typically on an event of probability at least 1 —d, under which the algorithm returns a correct
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clustering.

We introduce two key quantities for analyzing the problem. The gap vector is defined as

Az::“’l_MOERda

which naturally captures the difficulty of the clustering task. By assumption, we have A # 0 so
that there is exactly two disjoint groups. The smaller the norm of A is, the more challenging
the estimation of g becomes. In particular, we analyze the complexity of the clustering task
with respect to the entry of the gap vector A ordered by decreasing absolute value, namely
|2 [de| 2= [Aaw)]

Most intuitions behind our method rely on the sparse setting, where the two groups differ in
exactly s entries with a constant gap h. This corresponds to the case where the gap vector A has
exactly s nonzero entries equal to A > 0 and d — s entries equal to 0. The smaller the sparsity level
s, the more entries must be explored to detect a discriminative feature. The smaller the magnitude
h, the more budget is required to distinguish between the two groups.

Besides, we define 6 the balancedness of the partition ¢g*, that is the proportion of arms in the
smallest group n

1 .
0 := —Z 1(g* (i) =0) A

. 1g() =1) .

n
i=1 i=1
Intuitively, the smaller 0 is, the more unbalanced the partition is, and the more difficult it is to
discover two items of distinct groups. For identifiability reasons, we assumed in Assumption 5.2.1

that the groups are nonempty — which implies in particular that n > 2, but also that 8 €

[1/n;1/2].

5.3 Algorithms

5.3.1 Introduction to our method

We introduce briefly our method, which contains two steps.

First, we fix arbitrary the item 79 = 1 as a representative of the first group?. Then, we
aim to identify a second representative item r; € [n] that belongs to the other group, and a
feature j € [d] such that M,, ; differs from M, ; significantly, that is such that |M,, ; — M, ;| is
large. Our method balances the budget spent on identifying such discriminative feature, with the
budget required for classifying all items based on this feature. Improving the budget compared
to non-active settings requires over-sampling certain rows , which we refer to as representatives,
following (Thuot et al., 2025). This step is crucial for accurately estimating some entries of the
vectors g and pq and, ultimately, for accelerating the clustering task.

Importantly, if we detect an entry (r1,j) in the matrix where the gap |M,, ; — M,, ;| is suf-
ficiently large, we obtain two complementary pieces of information. This naturally leads us to
organize the clustering task as a two-step procedure:

4. By symmetry, any randomly selected row could serve the same purpose.
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1. If we can test that |M,, ; — M, ;| > 0, then item r; can serve as a representative of the
second group. Algorithm 11 identifies such an item r; with high probability. Once the two
representatives rg and ry are known, we allocate a significant portion of the budget to these
items in order to identify a discriminative feature in the gap-vector A.

2. If we identify a feature j such that |M,, ; — M,, ;| not only differs from zero but also exceeds
a certain threshold—specified later—then feature j is deemed sufficiently discriminative, and
we concentrate the classification budget on this feature. We then estimate |A;| = |M,, ; —
M, ;| with samples from entries (79, 7) and (r1,7), and classify the remaining items with a

budget of order O (A”Q log(n/ (5)), uniformly allocated over items in the j-th column of M.
J
This second step is detailed in Algorithm 12.

5.3.2 Warm-up: adaptation of Sequential Halving

As a subroutine, we introduce CSH for CompareSequentialHalving, which is detailed in Al-
gorithm 10. It is a variant of the Sequential Halving (SH) algorithm, introduced in (Karnin et al.,
2013b), which is very similar to Bracketing Sequential Halving described in (Zhao et al., 2023,
Alg. 3). Building on recent advances in the analysis of SH applied to various best arm identifica-
tion problems (Zhao et al., 2023), we analyze the performance of the method in a specific problem
that we introduce. We provide an explicit guarantee for CSH in Lemma 5.B.1.

The algorithm takes 4 entries ro, I, L, T. Given a fixed item 79 € [n] and a subset of items
I C [n]\ ro, CSH outputs an item ¢ € I and a feature j € [d] for which the absolute difference
|M; j — M,, ;| is as large as possible. Each time we run CSH, we allocate a budget T°, that the
algorithm can fully spend. That is, CSH operates under a fixed budget constraint.

Following the literature on best arm identification with multiple good arms (Berry et al., 1997;
Katz-Samuels and Jamieson, 2020b; Jamieson et al., 2016; De Heide et al., 2021), we incorporate a
sub-sampling mechanism. Initially, CSH selects randomly Sy, a subset of 2 entries from I x d, where
L is a parameter specifying the sub-sampling size. Sequential Halving is then applied exclusively
to the selected subset, rather than to the entire matrix. The optimal choice for L balances two
factors. If L is small, the algorithm concentrates more budget per entry, enabling the detection of
smaller gaps. If L is large, we increase the likelihood of including in Sy a significant proportion of
good entries, ensuring that the quality of the remaining entry is not limited by an unlucky draw.

We employ CSH as a subroutine in both Algorithm 11 and Algorithm 12. In Algorithm 11,
we explore the entire matrix in order to detect a row 71 that differs from the first row rg = 1,
for this we use I = [n] \ r¢. In Algorithm 12, we focus the exploration on two rows rop = 1 and
r1 (I = {r1}), aiming at detecting a feature that best separates the two groups represented by rg
and 71.

5. Actually, row 7o is sampled half of the time, so that each sample from v; ; is compared to a new one from
Vro,;- Any more refined bookkeeping of samples from row ro would at best improve the budget by 2.
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Algorithm 10: CompareSequentialHalving (CSH)

Input: ro an item, I C [n]\ {ro} subset of items, L number of halving steps, 7' > 2£+2

budget
Output: a couple (7,7) € I x [d]
1 Select So < {(41,71),- -, (iar, Jor )} uniformly with replacement from I x [d];
2 fori=1,...,L do

3 ] — {ﬁ}
4 for (i,j) € S;_; do
5 Draw Xr(;,)j’ ,XT(Z’J) Yy g
(1) () _iid

6 Draw X; ... Xij W

~ 1
7 Store Dj ; o 23—1 <qu; XTZ)LJ)’
8 end
9 Keep in S; the 26 indices (i,7) € S;_1 with largest |ﬁw‘a
10 end

11 return (i,j) € St

5.3.3 First step: CandidateRow

We start our procedure by solving a sub-problem which consists on detecting an item r; which
is not in the same group as the prefixed representative g = 1. We perform this step in the following
Algorithm 11. The guarantees of Algorithm 11 are proved in Appendix 5.C and are gathered in
Proposition 5.C.1.

Algorithm 11: CandidateRow (CR)
Input: confidence parameter § > 0, item rq
Output: row index 1 € [n]

1 Initialize r; < 0, k < 1;

2 while r; =0 do

3 for 1 < L < Lyax such that L -2F < 2k+1 do

4 (i,5) < CSH([n], L, 25+1);
1 2k) ii.d. 1 2k) ii.d.

5 Draw XT(‘o,)j""’ T(‘O7j) RS Vrg.,j> XZ(,])”X’L(J ) MRS Vij;

. k t t 3
o [T (X - X0)|> /4240 (5455 then

T < i;

end
9 end
10 k+—k+1;
11 end

In Algorithm 11, we perform multiple runs of the CHS subroutine, iteratively increasing the
budget T, = 2F*! allocated for each run. For a given run of CSH(rg,[n], L,Ty), we obtain an
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entry (i,7) (Line 4). In Line 5, we use the same amount of observations 2**! to estimate the
gap |M; j — My, ;|. Finally, in Line 8, we perform a test based on a Hoeffding’s bound to decide
whether |M; ; — M,, ;| > 0 or not. If at some point, this test concludes, Algorithm 11 outputs
r1 = i. The threshold chosen in the stopping condition from Line 6 is designed to assure that with
a probability larger than §, then the selected item 71 belongs to another group as rg = 1.

In Line 3, we chose L.y as

Loax = {log2 <16dn log <410g((88nd))>" ,

which corresponds to the sub-sampling budget required, according to Lemma 5.B.1, when § = 1/n

takes the smallest possible value.

From Lemma 5.B.1, we know that for A%s) < 128L2, for some constant ¢, if the condition

T, = o+ s o3 4(108(1/0) +loglog(nd))

max 2 ’
HSA(S)

holds, then, with high probability, there exists L < Lyax such that CHS(ro, [n], L, T}) outputs a
pair (Z,]) with |Mi,j — Mro,j’ Z ‘A(S)
condition from Line 8 will be reached w.h.p. This condition is especially true for the sparsity

/2. Besides, under this budget condition, the termination

s € [d], where the inequality above is tightest.
As in (Jamieson et al., 2016; Saad et al., 2023), the exponential grid T}, = 2 allows us to

adapt the strategy, and reach a budget that scales up to log terms as O (minse[d} 95% log(1/ 6)),
(s)

even without prior knowledge of this quantity by the learner.
Interestingly, we can relate this quantity to the [ norm of A. For that, we define

" € argmax¢g$ - A%S) . (5.1)

*

This quantity, s*, appears as an effective sparsity parameter, as observed in signal detection

contexts. Actually, the following bound holds

2 2 2
maxs - Afy < [|Aflz < log(2d) max s Al - (5.2)
Finally, we prove that Algorithm 11 outputs an item r; which belongs to the second group
with a probability larger than 1 — §, using a budget that is smaller, up to logarithmic terms, than
the quantity W log(1/§). We will see in Theorem 5.4.1 that this bound is optimal for both 6
2
and A.

5.3.4 Second step: ClusterByCandidates

Consider the high probability event on which, after the first step of our procedure, Algorithm 11
provides an item r; € [n] such that M,, . # M, .. Our next goal is to select a feature j such that
|A ;] is large enough to allow a quick classification of each of the n items. We propose the procedure
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Algorithm 12 which shares a similar structure with Algorithm 11. The guarantees of Algorithm 12
are proved in Appendix 5.C, in Proposition 5.D.1.

Algorithm 12: ClusterByCandidates (CBC)
Input: confidence § > 0, representative items ro, 71 € [n]
Output: labels g € {0,1}"

1§+ (0,...,007 €{0,1}", k « [logy(n)];

2 while True do

3 for 1 < L < Lyax such that L-2F < 281 do

4 j < CSH(rg,ry, L, 2F1);

. Draw X(;)J N 7XT(OL,2;/RJ) iy s XD ,Xﬁfj/nb iy,
6 D« Zttikl/nJ (Xh,j - XTD,]');

7 e /4 [2%/n] log(nk? /0.156);

8 if ‘ﬁ’23-5then

9 for i € [n] do

10 Draw Xﬁ;,)j, N "X;(E?]f“/nj) idd. Vrods Xi(;')7 o 7Xi(bzk/nj) idd. Vi
11 157; «— Zﬁk/” (Xij = Xro,);

12 g(i) <1 (‘f)Z > 5);

13 end

14 output (§(1),...,4(d));

15 end

16 end

17 end

In Line 4, we call CSH(ro, {r1}, L,2¥*1). We obtain a feature j and then estimate |A;| =
|My, j — M,, ;| in Line 6. For that, we take |2¥/n| samples from v, ; and v, ;, and compute
the sum of differences D = Zttikl/ nl (X1, — Xro,j)- We deduce a high probability lower bound
]£|J = ﬁ(f) —¢€) < |Aj|, where € is defined in Line 7. Based on |£\j, we can classify (with high
probability) each item by sampling the j-th feature O (é log(n/ 5)) We can then assess whether
the classification budget required for feature j is feasible given the budget T}. If T, < % log(n/d),

it seems that with feature j, the classification budget exceeds T}, we discard this feature and repeat
CSH with larger sub-sampling size L or budget T

We now bound the budget of our procedure thanks to Lemma 5.B.1. Assume that A%S) <
128L2. If it holds for some constant ¢ that

T, = 26+ > L3 d (log(1/0) + loglog(d)) ‘

max 2
sA(s)
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Then, there exists L < Lyax such that CHS(rg, r1, L, T};) outputs a feature j such that

’Mroj - MT1j| = ‘A(S)

/2.

If we also have Ty, > c¢ 13— log(n/d), then the algorithm stops, otherwise it would continue sampling.

Overall, we prove that the total budget of the procedure, up to logarithmic factors, is no more

than
i <d + ) L +1 | log(1/9)
?elgﬁ s " A%S) & '

5.3.5 Main Algorithm

To obtain a complete clustering procedure that is adaptive to A and 6, one simply has to
combine Algorithm 11 and Algorithm 12. The overall clustering procedure is then given in Algo-
rithm 13.

Algorithm 13: BanditClustering
Input: confidence parameter § > 0
Output: labels g € {0,1}"

1 Fixrg =1;

2 7] CR(5/2, To);

3 f] — CBC((S/Q, 70, 7“1);

Theorem 5.3.1. For § € (0,1/2¢), consider Algorithm 13 with entry 6. Define

d 1 1 d 1
H:=— - in (2 41 '
o (e ) 2 (5 ) <A%s>+ ) | >

where s* is the effective sparsity defined in (5.2).

With a probability of at least 1 — 6, Algorithm 13 returns § = g* with a budget of at most

T<é-10g<(15)‘H,

where there exists a numerical constant C, and an index 5 = s* V ([d/n] AN |{j € [d] ,A; # 0}]),
such that C'is a logarithmic factor smaller than

C - (loglog(1/8) v 1)*
-log(dn)"log(d)(log., log(l/A%g)) V1) .

In order to understand the motivation behind our complexity H, we write our main theorem
in the sparse setting — A is s-sparse with constant magnitude h.
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Corollary 5.3.2. For ¢ € (0,1/e) and A € {0, h}d with 0 < h < 1, with a probability of at least
1 =46, Algorithm 18 returns § = g* with a budget of at most

~ d n
-] 1/6) - —
Co8(1/9)- (g + 1)
where C'is a logarithmic factor smaller than
C - (loglog(1/8) v 1)* - log(dn)®(log, log(1/h*) V1) ,

with a numerical constant C > 0.

Compared to the lower bound in Theorem 5.4.1, we prove that our procedure is optimal when
the gap vector is s-sparse with a constant magnitude h. For a general gap vector A, we have good
reasons to think that understanding the optimality of this trade-off for this simple example allows
us to understand (at least intuitively) the optimality for general vectors.

We interpret H in (5.3) as a non-asymptotic sampling complexity, which depends on the
instance-specific parameters of our model 6, A, n, and d. The complexity H can be decomposed
as two terms:

First Term: ﬁ log(1/9), which correspond to the budget used to identify an item belong-

ing to the second group. In the sparse setting, it scales as 9% X #, which is necessary. Indeed, we

need to explore at least % entries to find a non-zero entry. Then, we need at least 1/h? samples
from each of these entries to decide if it is equal to 0 or not with a constant probability of error.

Second Term: mingcy (% + n) (Aé + 1). This term represents the best trade-off be-
(s)

tween the exploration of the gap vector A and its exploitation for clustering. Indeed, the term

& log(1/4) is the price for clustering if we use a feature with a gap [Ay)| whereas SAd% ) log(1/6)

corresponds to the price for identifying a feature with a gap at least [A(,)|.

Define the effective sparsity § for which the minimum holds, and define the effective magnitude
as A(z). In the sparse setting, this is exactly the sparsity level. Intuitively, we can argue that entries
significantly larger than A ;) are too rare to be detected (otherwise, § would be smaller), and entries
much smaller than A ;) are too weak to be used for classification with a budget H. Our insight is
that the problem is as hard as if the gap vector were 3-sparse with a constant magnitude A,
a setting where we have matching lower and upper bounds (see Corollary 5.3.2, Theorem 5.4.1),
leading to our complexity.

Finally, we mention that the remaining term d/(6s*) in H only dominates in the very specific
setting where the non-zero entries of A are really large so that ||A?|| > s*.

5.4 Lower bounds

In this section, we provide a lower bound on the budget of any d-correct algorithm. The bound
is instance-dependent, meaning it holds for a specific problem instance defined by the matrix M.
We establish this result by constructing a family of alternative environments, each obtained by
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slightly modifying the original matrix M. We then prove that any algorithm with a budget that is
too small cannot perform well simultaneously across all these environments. For the lower bound,
we consider Gaussian environments, for which Assumption 5.2.2 holds.

We define Eper (M) as the set of Gaussian environments constructed from M by permuting its
rows and columns. Without loss of generality, we assume that pg = 0 and p; = A. Formally, an
environment 7 € Eper(M) is defined using a permutation o of [n] and a permutation 7 of [d] as

S _ I NO) it g(e(i) =0
v {MAT]-J) if g*(o(i)) =1 (5-4)

follows:

where ¢g* € {0,1}" denotes the unknown labels associated to matrix M. Intuitively, permuting
the rows and columns of M accounts for the fact that (a) the target labels g* are not available to
the learner, and (b) the structure of the gap vector A is also unknown.

Theorem 5.4.1. Fiz § € (0,1/4). Assume that A is §-correct for the clustering task, then, there
exists U € Eper(M) such that the (1—0)-quantile of the budget of algorithm A is bounded as follows

2(n — 2) 1 2d 1
Pas | T > ——5—=1 — ——log— | > .
4 ( Az 8 (4.85) TN 65) 0 (5:5)

The lower bound contains two terms. The first term scales as Wlog(l /9), and can be
interpreted as the budget required to identify one item from each group, while adapting to the
unknown structure of the gap vector A. This term matches, up to logarithmic factors, the budget
incurred in the first step of our algorithm for identifying a relevant item. In particular, it implies
that the first step from Algorithm 11 is optimal.

The second term scales as ﬁ log(1/0), and take into account the difficulty of clustering all

items once a discriminative feature is identified. Specifically, if the most informative feature is
provided by an oracle—i.e., a feature index j € [d] such that |A;| = A(j) is maximal—then the
problem reduces to performing n independent Gaussian hypothesis tests of the form Hgy : X ~
N(0,1) versus Hy : X ~ N (A, 1).

In the case where the gap vector A takes two values, this lower bound matches, up to poly-
logarithmic terms, the upper bound from Corollary 5.3.2. In summary, when A only takes two
values, our budget is optimal with respect to d, n, 6 and log(1/d). For more general A, we
conjecture that the trade-off in H in (5.3) is optimal and unavoidable.

5.5 Experiments

We support our theoretical results with numerical experiments on synthetic data. In the first
experiment, we investigate the sample complexity of our algorithm in sparse regimes. We compare
its performance to a uniform sampling baseline, where each of the n x d entries of the matrix
M is sampled an equal number of times, and the resulting data is clustered using the K-means
algorithm. In the second experiment, we evaluate the BanditClustering algorithm under fixed
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sparsity while simultaneously increasing the parameters n and d, and we compare different choices
of the confidence parameter § > 0. In a third experiment, we compare BanditClustering to
Adaptive Clustering (Ariu et al., 2024) and see how a growing number of features impacts both
algorithms performances. In a fourth experiment, we illustrate the influence of 8 on the budget
of BanditClustering. As shown in Corollary 5.3.2, the effect of 1/6 is comparable to that of the
sparsity s discussed in the first experiment.

The code we used for the simulations is available in a GitHub repository ©.

Experiment 1. In this experiment, we consider a small number n = 20 of items, and a large
number d = 1000 of features. For s € 1,...,d, define the vector A® = (hg,..., hs,0,...,0), where
———

s times

hs = 15/4/s. This choice ensures that A® is s-sparse and satisfies ||A®[|2 = 15 for any s. First,

we construct the matrix M?® with half of its rows equal to 0 and the other half equal to A®, and

sample observations as v; j ~ N( M? i
9.

varies, which causes the magnitude hs to vary accordingly.

1). Then, we examine the behavior of our algorithms as s

We report separately the budgets required by the two steps of our algorithm. For § = 0.8, we
run each of the algorithms CR(d/2), CBC(d/2,7*) and BanditCluster(d) a total of kK = 5000 times.
We provide to CBC a representative item ¢* in the second group as an oracle. In this setting, the
observed error rate of BanditClustering remains close to 0.01 for all values of s. We depict the
average budgets required by BanditClustering(d), considering only the runs where the first step
CR returns a valid candidate row (otherwise, we emergency-stop the algorithm). We also show
the average budget required by CR(J/2) and CBC(0/2,7*) in Figure 5.1. The figure includes the
(0.05,0.95) quantiles across simulations.

As a benchmark, we compare our algorithm to a strategy that samples uniformly all entries
of M*, and then applies the kmeans algorithm from the Scikit-learn library (Pedregosa et al.,
2011). Given a budget T', we sample 7 = |T/nd] observations Xl(tj) A ./\/(Mifj7 1) per entry,
and compute )_(i,j = % doie1 Xl(t]) We then cluster the items by performing the K-means algorithm

with the vectors ()_(1]-)j:1 ey (an)j:1

oracle, with a grid search, so that the observed error rate after x = 5000 runs is below 0.01. The

g+ For each sparsity s, the budget T is turned by an

resulting budgets are reported in Figure 5.1.

6. https://github.com/grafmaxi/bandit_two_clusters
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Figure 5.1 — Different budgets for Experiment 1, depending on the sparsity of A®.

From Figure 5.1 we observe that in the sparse regime, our algorithm requires fewer observations
than the uniform sampling approach used as baseline. Moreover, the budget required for CR appears
to be mostly independent of the sparsity level s. In this setting, the overall sample complexity
of BanditClustering is mainly driven by the cost of the CBC step, which grows approximately
linearly with s. These empirical dependencies on s align with our theoretical results. The budget
of CR in this case is, up to poly logarithmic factors, of order d/f||A||3, which is constant in s for
fixed ||Al|2, while CBC requires a budget of order n/(A$)* ~n - s.

Experiment 2. In this experiment, we consider matrices of increasing size, with n/100 =
1,2,5,10, 20,50 and d = 10-n, so that the number of features grows proportionally with the number
of items. For each value of n, we define the vector A € R? ag A = (5,...,5,0,...,0) € R%
We construct a matrix M with n/2 rows equal to 0 and n/2 rows equal to A("), and we add
Gaussian noise with unit variance. For each § € 0.8,0.5,0.2,0.05, we run BanditClustering(d)
over kK = 5000 independent trials. In Figure 5.2, we report the average budget required by
BanditClustering for each configuration. For § = 0.05, we additionally report the 5th and 95th
percentiles across the simulations.

154



5.5. Experiments

le7
254 — n?
6=0.8
6=0.5
204 —- 6=02
— 6=0.05
(5%, 95%)-confidence interval
9] for BanditClustering with 6 =0.05
1.5
>
el
()
()]
©
2 1.0 1
@©
0.5 1
0.0 1

0 1000 2000 3000 4000 5000
number of items n

Figure 5.2 — Different budgets for Experiment 2, depending on the dimensionality of the problem
n and d =10 - n.

If we allocate a budget smaller than 5n? = nd/2 uniformly at random across the nd entries of

M, then on average, each item ¢ will have d/2 unobserved features. As both n and d increase, the
(n)
J

rendering accurate clustering impossible. By contrast, Figure 5.2 shows that the budget required

probability that some item ¢ is only sampled on coordinates j such that A™ = 0 tends to one,
by our algorithm scales linearly with n. This matches the bounds from Corollary 5.3.2, which
implies that when d = 10 - n and the parameters 6, s, and h are fixed, the total budget required
(up to poly logarithmic factors) is of order n.

Experiment 3. In this third experiment, we compare our algorithm BanditClustering with
the Adaptive Clustering algorithm introduced as Algorithm 2 in (Ariu et al., 2024). We fix
the number of items to n = 30 and vary the number of features as d, = 27 with v = 1,...,5.
We set § = 0.5, and for each d,, we define s, = d,/2 features j such that M;; = 0.25 for
items in the first cluster and M;; = 0.75 for items in the second cluster, yielding h = 0.5.
For the remaining features, we set M;; = 0.5, independent of the item’s cluster. Observations
are sampled from Bernoulli distributions: v; ; = Bern(M; ;). We apply BanditClustering with
0 = 0.8 over k = 500 runs. We then ran the Adaptive Clustering algorithm using the MATLAB
code provided by (Ariu et al., 2024), under the same setting and a fixed budget of 7' = 400,000,
also with x = 500 runs. In Figure 5.3, we compare this fixed budget to the average budget used
by BanditClustering, and report the corresponding error rates as a function of d,.
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Figure 5.3 — Comparison of the performance of BanditClustering and Adaptive Clustering in
Experiment 3, depending on the number of features d.,.

As the number of features increases, we observe that the error of the fixed-budget algorithm
Adaptive Clustering also increases. In contrast, the fixed-confidence algorithm BanditClustering
maintains a consistently low error, and its average required budget remains largely unchanged.
This behavior aligns with Corollary 5.3.2, as both d/6||A||? and n/h? are constant in our exper-
imental setup. While our algorithm performs better in this specific scenario, it is important to
note that the problem addressed in (Ariu et al., 2024) is more complex than the clustering task we
consider. We believe their algorithm could be adapted to our setting; however, it remains unclear
whether the influence of the number of features on the error rate can be mitigated.

Experiment 4. In this experiment we consider matrices with dimensions n = d = 1000. The
gap vector A’ is defined as

A — 1.5 if 7 <100 ,
J
0 else.

The following simulations are run in x = 5000 trials: For different values 0, = 27/n, v =
0,1,...,|logy(n)] — 1, we run CR and CBC with confidence parameter 6 = 0.4. We also run
BanditClustering with § = 0.8, analogously to experiment 1. The respective budgets are plotted
in Figure 5.4. We also compare our procedure to the K-means algorithm. For that, we uniformly
allocate budgets T, = 222L0111 (101 —10°)410%, ¢ = 0,..., 20, by looking for each 6., for the smallest
T, such that at most 0.01 (again, approximately the error rate of BanditCLustering(0.8) for all

6) respective Monte Carlo iterations returned an incorrect cluster. We also illustrate these times
in Figure 5.4.
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Figure 5.4 — Different budgets for Experiment 4, depending on 6,.

Again, one can see that the budget of BanditClustering is mainly spent on the CBC part of
the algorithm. For small values of 6, our algorithm requires less budget than an equally accurate
version of the K-means algorithm. We can see that the budget of CBC is not effected by 6, while
the budget of CR seems to be almost proportional to 1/6. Since n, d and A’ are fixed, this is in
line with the results in Corollary 5.3.2.

5.6 Extension to K > 2 clusters

In the main part of this Chapter, we focus on the case of two groups as it serves as an
informative baseline for understanding the optimal trade-offs in clustering with bandit feedback.
We introduce in this section an algorithm that extends our method to the general case where
K > 2.

Building on the ideas of Algorithm 12, we aim to identify a set of representative items
(ri,...,rx) € [n]K, with one item from each cluster. Given these representatives, the algorithm
learns a discriminative feature for each pair of clusters, enabling perfect clustering in the general
case with K > 2 groups. The algorithm is described in pseudocode in Algorithm 14.

Setting with K > 2 groups.

In this section, we assume that the items are partitioned into exactly K > 2 clusters, such
that items within the same cluster share the same mean-vector. Specifically, there exists K centers
in RY, denoted as p1,...,pux such that, for any i € [n] then M;. € {u1,...,ux}. We further
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assume that all the centers pui,...,ux are pairwise distinct. For each k& € [K], we denote as
Gy = {i € [n] ; M;. = pi}, and we assume that each cluster G} is non-empty. As before,
we consider sub-Gaussian noise and aim to identify the true partition G* = G7,...,G} in the

d-correct setting.

Note that the partition G* = G7 U - -- UG} is defined only up to a permutation of the cluster
labels.

Description of Algorithm 14.

The algorithm uses the subroutines CR (Algorithm 11) and CBC (Algorithm 12), applied to
subset of items.

For any 6 € (0,1), r € [n] and G C [n], we denote as CR(, r; G) the call of Algorithm 11 where
the search of representatives is restricted to a given set of items G (instead of [n]). We recall that
CR(d,7, ) is designed, to identify, if it exists, an item s € G such that M. # M, ..

For any 6 € (0,1), r € [n], s € [n] and G C [n], we write CBC(d,r, s; G) for the run of CBC
restricted to the set of items G. As we will prove later, with high probability 1 — &, CBC(d,, s; G)
will output a partition of G' into two groups, such that the items with mean M, . and M. are
well-separated. When calling CBC(4,r, s; G), the items from the clusters of r and s within G are
separated in two distinct sets, while other items might be split anywhere.

The algorithm takes as input the confidence parameter § and the number of clusters K. It
is important to note that, in the §-correct setting, the number of clusters K must be known in
advance. Indeed, consider the simpler case where there are only two items with means p; and po.
Even for this simple problem, there is no finite time testing procedure that can decide between
the hypotheses 1 = pg (i.e., K = 1) and p; # po (i.e., K = 2) without any prior knowledge on
the separation p; — uo.

First, we start with a partition G() = [n], where all items are grouped together, and we fix
an arbitrary item r € G(!) as the first representative.

The algorithm proceeds in K — 1 epochs, indexed by e = 1,..., (K — 1). In each epoch e, the
algorithm identifies a new representative r.41 and isolates all items sharing the same mean-vector
M,

Tet1,"

At the beginning of the e-th epoch, the algorithm has access to a partition of [n] into e groups

into a new cluster.

[n] = Ui_; égf) together with e representatives r1, ..., re. If all the previous epochs were successful,
then the representatives rq,...,r. belong to different clusters, and the intermediate cluster C?,ge)
will contain all items with the same mean-vector as r,. The remaining items (i.e., those from
unrepresented clusters) may be mixed in the current partition C;‘ge), cees G’ge).

To identify a new representative, the algorithm calls CR with the representative r; restricted
to the group CAJ,(:), for each £k = 1,...,e, using confidence level é.. These e calls — denoted
CR(Je, Tk; C;’,(:)) — are run in parallel. The first returned item from any successful call is selected
as the new representative re + 1.

Next, for each k € [e], the algorithm runs CBC(d¢, 7k, Tet1; CA},(:)) to split the group CAJ,(:) based
on the new representative. With high probability, r; and re+; come from different clusters. In

that case, CBC will divide CA?,(f) into two subgroups: CA}',(fH), containing all items with mean M, .,
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and ZA%,(fH), containing all items with mean M,.;1.. We then define the new group G((f:rl )

) ﬁ,(fﬂ), which should contain all items with mean M, _,, ..

At the end of the (K —1)-th epoch, the partition [n] = Uleél(:() is the output of the algorithm.
With high probability, it should be exact.

Algorithm 14: K-BanditClustering
Input: confidence parameter 0 > 0, number of clusters K
Output: Clusters Gl, cee Gk
1 G e [n:
2 Pick a first representative r1 uniformly at random from [n];
sforl<e< K-1do

4 Oc ﬁ;
5 Run in parallel CR(de, 7k; G,(:)) for k € [r] until one new representative re4q is
identified.;
6 for k € [¢] do
7 Call CBC(7k, T'et1, de; G,(:)) to cluster G,(f) into two groups GZ+1, RZH (with
TE € GZ—H);
8 end
9 Gather égﬂ = Uizlﬁzﬂ;
10 end

AE)

11 return G . ,CAJ%() partition of the items;

Theorem 5.6.1. Let v be an environment with n items. Assume that there exists [n] = |_|kK 1 G}

a partition of the items into K monempty and disjoint groups such that all items in G}, share the

_ Wi€ln]; M =pu}|

- as the proportion of items

same mean-vector py. For any k € [K]|, denote as 0y,
with mean-vector fi,.

Define, for any 0 # A € RY,

(d+> S
s " A%S)

For 6 € (0,1/e), consider Algorithm 14 with entry 6 and K.

With probability larger than 1 — 8, Algorithm 14 returns a partition G of [n] equal to G* (up
to labelization of the clusters), with a budget of at most

Kd

~ 1
CIO () _— + H / N

ke[K] e
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where there exists a numerical constant C, such that C is a logarithmic factor smaller than

C - (loglog(1/6) v 1)*
log(dn)” log(d) (log, log(d/ min [ — el v )

The proof of Theorem 5.6.1 is postponed to Appendix 5.E. The proofs simply exploit the
results obtained in the next section of this Appendix about subroutines CR and CBC.

Comments on Algorithm 14 and Theorem 5.6.1

In Algorithm 14, we extend our clustering approach to the general case with K > 2 clusters
by reducing the problem to a sequence of binary classification tasks. This allows us to reuse the
subroutines CR and CBC, originally designed for the case where there two groups, in a pipeline
fashion. As shown in Theorem 5.6.1, this reduction yields a d-correct algorithm for the general
clustering problem.

The resulting sample complexity scales as K2, since the algorithm performs one binary classi-
fication for each pair of clusters. This quadratic dependency is unavoidable in the worst case—for
example, when the cluster means u1, ..., ux are positioned in such a way that each pair of clusters
must be treated independently. However, this approach may be suboptimal in general settings.
For instance, if certain features allow simultaneous discrimination among all K clusters, then the
sample complexity should not need to scale quadratically in K.

In other words, while our extension to K > 2 is straightforward and functional, it remains
naive in terms of adaptivity. A more refined approach would aim to capture instance-dependent
complexity, leveraging the joint geometry of the cluster centers pui, ..., ux to potentially reduce
the overall budget. Developing such adaptive strategies remains an open and interesting direction
for future work.

5.7 Discussion

Comparison to other active clustering settings and batch clustering. In this work, we
consider a bandit clustering setting where the learner can adaptively sample each item-feature pair.
This contrasts with (Yang et al., 2024; Thuot et al., 2025; Yavas et al., 2025) where the authors
have to sample all the features for each item and cannot focus on most relevant features. Rewriting
their results in our setting, the optimal budget for the latter problem is, up to poly-logarithmic
terms, of the order of
ndlog(1/6)  d*?\/nlog(1/0)
1A]? 1A
Comparing this with our main result (Theorem 5.3.1), we first observe that the ability to

adaptively select features allows to remove the so-called high-dimensional terms d*/ 2n”127g”(21/5)

that occurs when the number of features is large — d > nlog(1/6). Second, the adaptive queries
allow to drastically decrease the budget in situation where the vector A contains a few large
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entries so that a few features are especially relevant to discriminate. To illustrate this, consider
e.g., a setting as in Corollary 5.3.2 where A € {0, h}d takes s non-zero values where the partition
is balanced so that # = 1/2. Then, our budget is of the order of

log(1/9) | 5 + 75| -

which represents a potential reduction by a factor n A % compared to (Yang et al., 2024; Thuot
et al., 2025).

Extension to a larger number of groups. As discussed in Section 5.6, our algorithms can be
used as subroutines to address the case where K > 2. We provide an algorithm that handles this
extension, along with a (non-optimal) budget that scales with K2. A key challenge in achieving
optimality in this setting is determining whether the algorithm should focus on all K (K — 1)/2
pairwise discriminative features or on a smaller, more informative subset. It is significantly more
difficult to devise a strategy that adapts optimally to the relative positions of the centers of the
K groups. We leave this question for future work.

Extension to heterogeneous groups. We also assumed throughout this work that all items
within a group are perfectly similar, meaning their corresponding mean vectors u; are equal. This
assumption could be relaxed by allowing the p;’s within a group to be close, but not necessarily
identical. For instance, suppose we have prior knowledge that, for any feature j € [d], the within-
group variation satisfies, maxg« ;g (i) [M; j — My ;| < emings g« (iry | Mij— My j|. If ¢ < 1/4, our
algorithm remains correct since the search for a single discriminative feature is still meaningful and
enables classification. However, if the within-group heterogeneity becomes comparable to or larger
than the intergroup differences in some features, our method could fail, and further investigation
would be required. Note also that if ¢ = 1/2, the problem becomes unidentifiable.
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Appendix of Chapter 5

5.A Notation

To ease the reading, we gather the main notation below
— n number of items, d number of features
— o # 1 € R? feature vectors of the two groups
— M;. € {po, p1}, i € [n] feature vector of item i
— M matrix with rows (M;.) (with size n x d)
— g* € {0,1}" true labels (fixing g*(1) = 0)
— X ~y for (i,7) € [n] x [d]: E[X] = M;; with X — M, ; 1-sub-Gaussian
— 0 € (0,1) prescribed probability of error
g = Doy 1(9*(i)=0)22f:1 1(g*(i)=1)

balancedness
— A= 1 — po # 0 gap vector
— " € argmaxg(q)S - A%s) effective sparsity

Moreover, as we repeatedly compare the entries of M with some row ry of our choice, we consider
a fixed row 7 for the following proofs and define

— Di,j = Mz‘,j — Mro,j , for (Z,j) S [TL] X [d]

5.B Analysis of Algorithm 10
We analyze here the performance of CSH.

Lemma 5.B.1. Consider § € (0,1), s € [d] and h > 0 such that ‘A(S) > h. Consider I C

[n] and define the relative proportion of items in the second group as a = % Run
Algorithm 10— CSH(ro, I, L, T) —with input ro, I, L, T such that

L= {logQ (16;310g (410g(58|1d)>)" ) (5.6)

3 .9L

T > 516

— vl (5.7)

Then CSH(ro,I,L,T) outputs a pair (i,]) such that |M;; — My, ;| > h/2 with probability > 1 — 0.
Remark that for I = [n], then o > 6. If I = {r1} where g*(r1) # g*(r0), then a = 1.
Throughout this section, we will prove Lemma 5.B.1 with I = [n]. The general result directly

follows from the case where I contains all items. To see that, we just have to see that « is equal

to the balancedness of the matrix M| restricted to the rows in I, and we would replace n by |I],
and 6 by a.
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Therefore, we consider Algorithm 10 with input ro, I = [n], L = [log2 (16 4 1og (M))—‘

and T = 516L 2%\ 9L+1T, For simplicity in notation, we also fix rg = 1 for the proofs.

We recall that we use for the proofs the notation D; ; := M; ; — M,, ; = M; ; — M ; for any
couple (7,7) € [n] x [d] as the gap between the entries of M compared to the mean-vector of the
fixed item ro = 1.

For the following proofs, define v := h/2L, and for any halving step [ =1 = 0,1,...,L, we
define U; as the set of remaining entries (¢,7) in S; such that the gap |D; ;| exceeds h — ly

Ul = {(Z,j) S Sl : |Di,j| >h— l'y} .

Lemma 5.B.1 is a direct consequence of following statement:

Lemma 5.B.2. With probability of at least 1 — 3, it holds

41
‘Ul’>2_L+3log(Og§8nd)> Vi=0,1,...,L .

Proof of Lemma 5.B.1. The first statement follows by Lemma 5.B.2. Indeed, at the last halving
step, Sr contains only one pair of indices (i, j). Lemma 5.B.2 implies that Uy, C Sy, is nonempty
with probability at least 1 — 4, so that (%, j) € U, that is, D;; > h — Ly = h/2. O

Proof of Lemma 5.B.2. We will prove via induction over [, that

Ukl S, o L+310g(41°g(8"d)> VEk=0,1,...,1
Sk J

holds with probability at least

—(z+1)(4k)g‘(58ml))2.

Let 6 = #). The statement follows then from

4log(8nd
(L41)-6%< (210 (16dlo (1)> - 1) - 62

< 3log <8d> 52+2loglog<~1 .52
Os 62
3 6 <
< —— <
Tlog(snd) "0 S0

where we used that [logy(x)] < 2log(z) for z > 5, and the last line is obtained by 8d/0s < 8nd
and 2z - loglog(1/z) < \/x for z € (0,1).

The base case | = 0 The initial set So = {(i1,71),.-., (i3z,Jor)} is constructed by picking
2L entries uniformly at random (with replacement) from [n] x [d], as described in Line 1 in
Algorithm 10. In the context of Lemma 5.B.2, the parameter a reduces to 6, since we consider
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I = [n] for the proof, and s, h are such that [A(,) > h. Consequently, the matrix M contains at
least 6n - s entries such that |D; ;| > h. Then, the random variables

x=1(Di | >h), t=1,...,2F

are i.i.d. Bernoulli random variables with IP’(Xt(O) = 1) > #5. In particular, we have

2L
4log(8nd)
E E x| =2Lg? > 161 (>
L_O h ] Gd_ 6log 5

Applying the second inequality in Lemma 5.G.1 (a standard Chernoff bound for Bernoulli distri-
butions), we obtain:

2L 2" ?
0) ~ 410g(8nd)> < 0) 1 < (_,u(o)> < ( 0 )
P (Z X, < 8log ( 5 <P 4 Xy S Sl | S exp 8 ) ~ \4log(8nd))

So we have

2L
4log(8nd _ 4log(8nd
0] = 3% > slog (B — jspja-t4910g (1EERD)
t=0

2
with probability at least 1 — (m) .

Induction step: from [ to [ + 1 Consider the event &, defined as

’Uk’ —L+3 (
—>2 log
| Sk

41og(8nd)

=0,1,....1 .
p ) Vk=0,1,...,1

We want to show
1) 2 1) 2
P >1— Hf ——m P >1-(14+2) —r—+
(&) = 1+ >(4log(8nd)) = (&) = 1+ >(4log(8nd)>
Note that &1 C &, so showing

5 2
P(Gar | &) 21— (41g(8nd))

suffices to conclude

2 2
P(&41) =P (&) P (&1 &) = (1 -+ 1)(410;%) ) (1 - <410g((s&zd)> )

21““)(@)2-
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When we condition on the event &;, this implies the condition
4log(8nd
U] > 274318 log (Og((s " )>

Recall that in line 5 of Algorithm 10, we first sample

X%,lj)v o ,Xf;l.“) e g ,XZ-(;-)w Xl(;m) i g
for each (i,7) € S; and store
Ti+1
b= L Sty iy
Y

Since we assumed that Xi(f;) — M;; € SG(1) and Xl(f‘j) — M, ; € SG(1), this implies

(x1 = x{") = D) € SG(2m41) |

and we obtain

P (D@j — Di,j Z 7/2)

S () 7117
Z (Xi,j — Xy —Dm-) > 7417/2 | <exp Tl I i (5.8)

and likewise

P (Di,j — ﬁi,j > ’7/2) <p ,

For (i,j) € Uy, this implies that
P (|0

So we can construct i.i.d. Bernoulli random variables B; ; with

<h—(+1/27) <pr .

P(B;j=1)=p

and
‘Di,j <

—<l+1/2)"y = BZ'J':l
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for (i,7j) € U;. By Lemma 5.G.1 it follows (by letting x = 2%1 -1)

P ( > Bi; >|Ul/2||U| = 77) <exp (kpin — (1 + &)plog (1 + K))
(ivj)eUl

< exp (77 (1/2 o log(l/pz)z— log(2))>

714177 /16 — log(2)

< exp (77 (1/2 — exp(—71117%/16) — 5

< exp(—2'"%n) .
The last inequality follows, since we assumed
T >516-2F . L3/h? v ol > 128 .28 . /4% volTiL |
such that

T 2l+1 1 2l+1

(by |z] > /2 for x > 1), from where we can conclude

714172 /16 — log(2) <
5 <

_gl-2

1/2 — exp(—7’l+172/16) —

for [ > 0. For

2
1> 27138 log (W) _ 9 H2og ((W) ) 7

this implies
Pl S Buzwil2ivl=n) < (1575m)
(U, 4log(8nd)

and therefore

Z:])GUZ

5 2
p (( > Bij > |Ull/2] éz) < (ng(gndﬂ

Next, define
V= {(z’]) €S : ‘Di’j’ < h-— <l+ 1)7} .

Note that S;11 \ Uj+1 C V. So if

41
Vil < 274915 log (g@”‘)) |

0
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this implies

|Uir1] = [Sig1] = [St41 \ Upga ]
> [Si41| — Vi

4log(8nd
:>La+1y—2—L+ﬂ5ﬂlog(‘%;))

41
= (1 _ 2—L+2) |Sl+1’ log (OgC(SSde)>
> 2714315, 1| log <4bg§8nd)) : (5.10)

since we have L > log,(16) = 4. Therefore, consider the nontrivial case

4log(8nd) ) 7

Vil > 2‘L+3!Sz\10g< 5

Like before, we have from (5.8) that

(0

>h—(1+1/2)7) <p
for (i,7) € V. Note that we can again define Bernoulli random variables C; ; with
P(Ci;=1) =p

and
|Di7j| 2h—(l+1/2)’y = Ciﬂ':l

for all (i,7) € V;. We can again show that conditional |V;| = n with

4log(8nd)> 7

n > 2751315 log ( 5

it holds

Z Cij >n/2 (5.11)
(1,)EVL

) o s 2
with probability 1 — (W) .

Now if A is the median of the Dm, (i,§) € Sy, it is either A < h—(1+1/2)yor A > h—(1+1/2).
In the case A < h — (I 4 1/2)v, the bound (5.9) tells us that Uy, contains at least half of the

indices of Uy, in other words,
Uil o Uil _ Ul

1Sival = 20Sa|  [SI

with probability at least 1 — d. In the case A > h — (I + 1/2)y, we either directly conclude
the induction step from (5.10), or we know from (5.11) that the number of (i,j) € S;y1 with
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|D; j| < h—(l+ 1)y is less than half the number of arms in V;. Then,

Uil o, Ml _ Ml _ 0l
1Sipal = 20804 1Sl 1S
2
with probability at least 1 — (m) . Combining both cases yields the claim. O

5.C Analysis of Algorithm 11

Using the results of Lemma 5.B.1, we can now determine theoretical guarantees for Algo-
rithm 11, CR(d, 79).
We present the individual guarantees offered by Algorithm 11 in the following proposition.

Proposition 5.C.1. Let ¢ € (0,1/e). With probability larger than 1 — ¢, Algorithm 11— CR(d,7¢)
—returns an index r1, such that it holds that M,, . # M,, .. Moreover, the total budget is upper

bounded by
~ 1 d 1 1
C-1 ). 2 Bl
o6 (5) 5 (ap =)

where C is a logarithmic factor smaller than

C - (loglog(1/8) v 1)* - log(dn)® log(d) (log_, log(l/A%s*)) V1),
with a numerical constant C' > 0 and log, (v) := log(x V 1) for x € R.

Proof of Proposition 5.C.1. Consider s € [d] and k > 1 minimal, such that for

L= {logg (16962 log (wlogé(&zd)))‘

L32F
5165V oL+l <ok | (5.12)
(s)

It holds

and
log(1/0) + log, log (&)
A7, CI2 v <ok, (5.13)

3714 -

The proof consists of three parts.

1. Algorithm CSH(ro, [n], L, 2¥) returns (r1, j) with |D,, ;| > ’A(s)
1-45/2.
2. For |D7-1,j| Z ’A(S)

/2, with probability at least

/2, if we sample

xW x (@) iid and xO x (@) iid.

T0,J0 " T Vro,j (ST R R S Vrij
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it holds with probability of at least 1 — # that

5% (555)
ok %%\ 0155 )

()
2k Z XTLJ XTO J

3. For any k' > 1, if D; j = 0 and we sample

X(Z’f') _iid.
X

) i
X( ) Jidd. Vrg j' and X( ) is

ZJ/,...

<O

T0,3"7 " o] Vij'

it holds with probability of at least 1 — # that

13
<\l 5w log i :
2 0.159

From point 1 and 2 one can conclude that Algorithm 11 terminates in the L™ step of the k™
iteration at the latest with probability at least 1 — &/2 — 6/0.3k3. If it has not terminated before,
/2 and by point 2, that for such (71, j),

ok

oK’ ZXZJ 7’0]

by point 1, we obtain in line 4 (71, j) with |D, ;| > ’A(S)
the algorithm terminates in line 6, returning r;.

If the algorithm terminates for some k' < k or in the k' round, but for some other L', by
line 6 this means that the algorithm returns some 4 such that for some 5’ it holds

4 k3
] .
2 %%\ 0155

Then, point 3 implies for each iteration &’ and each L’ we iterate over, that we do not return an
index i with M;. = M,, ., with probability at least 1 — 6/0.3k3.

oK’ Zng 7"0]

By the union bound, Algorithm 11 returns r; with M, . # M, . with probability at least

1-6/2 - 3K —§/2— ~>1-4/2-03% _
52— S 5/(0.3K°) > 1-5/2 503§jk 1-6/2-03% 5>1 5 .
K<k 1<L<Lmax k>1
Lol <ok

Finally, we are left with proving the three points.

Proof of 1 By Lemma 5.B.1 and inequality (5.12), calling CSH(rg, [n], L, 2¥) in line 4 of Algo-
rithm 11 yields a pair (r1,j) with |D,, ;| > [A(4)[/2 with probability at least 1 —§/2.

Proof of 2 Note that for

t) t
7'17.7' T 2k ZXrl _] TOJ ) (514)
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by an application of Hoeffding’s inequality we know

4 k3 4 k3
D, ;— 1 D, 1 1
1, \/ 0g (0 155) T17]+\/ Og(o 155)] (5 5)

with a probability of at least 1 — 0.36/k%. Note that from inequality (5.13) we know by the
monotonicity of loglog(x)/x for x > e? that

A

DTLj S

16, B 16 (1 (1/6) + 3loglog(2¥) + 31 (1>+1 (20/3))
ok 8\ 0156 ) ~ 28 \'® 0808 % \log(2)) T8

log(1/6) + loglog (2’“)
< 80 5 .

We want to prove the bound

16 k3
— o (0 155) S)/4 (5.16)

Let us first consider the case A%s) > 1/e. We can bound

k k
8010g(1/6) + log log(2") < 8010g(1/5) + log(2%)

2k - 2k
B 10g(1/5) + 10g(2kA% ) — log(A%s)) A2
- QkA%S) (s)
2log(1/0) + log log(2kA%s))
< 80 e .

(s)
From inequality (5.12), we know
k
2" AL, > 37141og(1/6) ,
and we can therefore use that x — log(z)/z is decreasing for = > e to obtain

log(1/4) + log log(2¥) 21og(1/6) + log(3714log(1/4))

< A?
50 2ok =80 37141og(1/6) (5)
3+1og(3714) ., )
S8 e =AM

Next, consider the case A%s) < 1/e. Then we know from inequality(5.13) that

. log(1/6) + log log(r%s) )
ok > 3714 5
A
(®)
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Because x + loglog(z)/x is decreasing for x > e?, we can bound

log(1/8)+loglog( Aé
log(1/0) + loglog | 3714 X e
(s)

~
B
[\

8Olog(l/é) + log log(2*)

o < 80

3714 <10g(1/5) + loglog (&))
(s)

For a,b > e it holds loglog(ab) < log(2) + loglog(a) + loglog(b), so we can bound

log(1/0) + log log(A% ))

2
Ay

<log(2) + log log(A%‘)) + log log (3714 (log(l/é) + log log (A% ))))

loglog | 3714

<log(2-3714) + 2loglog <A12> +log(1/90) .
(s)

This allows us to bound

2
(s)

(24 log(2-3714)) log(1/d) + 3loglog (Aé >
(s A

)
3714 (log(l/é) + log log (Aé >)
(s)

- 80(2 + log(2 - 3714))
- 3714

8010g(1/5) + log log(2%)

> < 80

2 2
Al S A/4 -

/2, we have with high probability according to (5.15) that

>\ (s )
=\ 2%\ 0158 )

For [Dy, ;| = ‘A(s)

D?‘l,j

Proof of 3 Analogously to (5.14) and (5.15) we can use Hoeffding’s inequality to show that for

k/

A 122 (t)

Dij = g5 > Xy = Xij
t=1

4 k'3
< |2
=\ ok 08 (0.155)
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Bounding the budget: First, we can bound

16 log(8nd)
Linax < 2log (16ndlog( Og n ))

161 8 d)
§1010g(ndlog( og n ))

<10 <log(nd) + log log (1610%8nd)>)

10 (log(nd) + log ((nd)" + log(1/5)) )
70 (log(nd) + loglog(1/9)) .

IN

At the same time, we have that

ol < 32ilog (1610g(8nd))
0s o

d
< 32% (loglog(nd) + log(64/9))

d
< 1920— (loglog(nd) + log(1/9)) .
s
So, if we define C' := 156 - 70% - 192 and k* the minimal & > 1 such that

ok+1 > (C'min
seld]

<(log(nd) + loglog(1/6))?(loglog(nd) + log(1/6))d

2
QSA(S)

n d(log(nd) + loglog(1/6))(loglog(nd) + log(1/9))
Os
d log(1/0) + log log(ﬁ)

+7 2 )
Os A(S)

we can see that by (5.12) and (5.13) Algorithm 11 terminates and returns ry such that M, . #
M, ... with a probability of at least 1—4§. Moreover, on this event of high probability, the algorithm
terminates after at most

k*

> > 225 < 8Liax2"
k=11<L<Lpax: L-20<2k+1

(log(nd) + loglog(1/48))?(log log(nd) + log(1/8))d

2
QSA(S)

N d(log(nd) + loglog(1/d))(loglog(nd) + log(1/9))
s
d log(1/0) + log, log( A%

)
L@ ()

D) )
Os A(S)

< Cl : Lmax min <
s€[d]
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by minimality of k*, where C’ > 0 is some numerical constant that might change. To obtain the

claimed upper bound, note that by (5.2) we know 1/8*A%8*) < log(2d)/||Al|3 and therefore the

right-hand side of the above display can be bounded by

C" (log(nd) + loglog(1/68))* log(nd) + log(1/6)(log log(1/AZ.) v 1)% <||A1H2 + 81*) ;

where C” > 0 is some numerical constant. Reassembling the logarithmic terms yields the claim. ]

5.D Analysis of Algorithm 12

Now, we prove the correctness and we upper-bound the budget of Algorithm 12.

Proposition 5.D.1. Let § € (0,1/e), let r1 € [n] such that M,, . # M,,.. Then Algorithm 12—
CBC(0,19,71) —returns § = g* (fizing arbitrary g*(ro) = 0), with probability at least 1 — &, with a

(L) (2
s " A%S)

budget of at most

C -log(1/6) - min
s€[d]

Y

where C is a logarithmic factor smaller than
C - (loglog(1/0) v 1)4 . log(d)5 -log, log (1/A%§)) ,
with a numerical constant C > 0, and 5 = [d/n] AN |{j € [d] ,A; # 0}].

The proof of Proposition 5.D.1 does not differ much from the proof of Proposition 5.C.1. Again,
we have to bound the time when CSH returns an index pair for which the stopping condition is
fulfilled with high probability. The main difference is, that we also need a guarantee for correct
clustering using these indices, which also leads to a change of the stopping rule.

Proof. Consider s € [d] and k € N, k > logy(n) minimal, such that for

L= {log2 (16? log (1610?(&[)))—‘

L32F
516 voltip <ok (5.17)

A 2

(s)

It holds

and

34423 -

(log(l/é) + log, log (Aé ) + logn) n
von <2k

(s)
2 (5.18)
A

The proof relies on the two following facts.
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1. First, CSH(ro,[n], L,2%) returns (ry,j) with |Dy, ;| > ’A(S) /2, with probability at least

1-6/2.

2. Then, we have that jointly for all iterations &’ > 1 and 1 < L < jimax with 2L < 2k+1, for
some j' € [d] (chosen each time in line 4) and all 1 < ¢ < n, when we draw

x(2¥/m)) i , and xW y(12¢/n]) i

2% LR Rt W/ 1 Vi j

x M

T, " o, Yro.j

holds

2L o o nk'?
_ — D |9k e
> (X0 = X0 = Dug)| <[40 (27 /o] log (0.155) ’

t=1

uniformly with probability at least 1 — 6/2.

Point 1 is a direct consequence of Lemma 5.B.1 and (5.17). Point 2 follows directly from Hoeffding’s
inequality and a union bound over all k > 1, L < Ly, such that L2% < 281 and i € [n]. Indeed,
each inequality for itself holds with probability at least 1 — 0.35/nk’ 3, so the intersection must
hold with a probability of at least

1-> > > 035/nk”>1-030) Tz 1-6/2.
k'>11<L<Lmax 1=2 k'>1
L2L§2k,+l

We will prove that, with probability at least 1 — §, Algorithm 12 terminates at the latest in
the L' round of the k' iteration. Moreover, it clusters correctly. This holds on the intersection
of the high probability events of point 1 and 2 which we will call &gpe.

Algorithm 12 terminates at the latest in the k'! iteration Assume we are on Ecbe- By
point 1, we know that at round L of iteration k it holds |D,, ;| > ‘A(s)
We want to prove

/2 for j obtained in line 4.

64 nk? 9
< . .

n

Note that by (5.18), it holds

64 nk3 128n &
<
{ﬁJ log (0.155) < <logn + 3loglog 2% + log(20/3) + log(l/é))

n

nlog(1/5) + logn + log log 2%

<ca oF
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Again, consider first the case A%s) > 1/e. In this case, we know from (5.18) that

c2 (log(1/6) +logn) -n < QkA%S) .

For presentation purpose, we write ¢; = 640 and ¢y = 34423.

We can use that = — log(z)/z is decreasing for x > e and obtain

k k
Clnlog(1/5) + log2;l + log log(2") < Clnlog(l/é) + 1(2)%71 + log(2%)
log(1/6) + logn + log(2kA%s)) - log(A%s))

kA2
2 A(S)

2log(1/9) + logn + log(2kA%s)) )

QkA% ) ()

c1 2log(1/6) +logn + log (conlog(1/4) + logn)
o log(1/9) + logn
c1 2log(1/6) +2logn +log ey + log(log(1/d) + logn)
o log(1/d) + logn
c1 - (3+1og(c2)) 1o >

A A/ -

C2

=cn A%S)

c1n

IN

2
Als)

IN

2
Al

IN

This proves (5.19) in the case A%s) > 1/e.

Consider A%S) < 1/e. Then, by (5.18), we know

log(1/9) + logn + loglog <A§ )
(s

)
2
Ay

ok > can

We can apply that =+ loglog(x)/x is decreasing for > e? and obtain

log(1/68) + logn + loglog 2¥ L a log(1/0) 4+ logn + A
cin -

AQ
2k T 1
log(1/9) + logn + loglog <A2>
(s)

(s) »
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where A is the following,

log(1/0) + logn + loglog (Aé )

(s)
2
Ay

A =loglog | con

<log(2) + log log (Aé ) + log log (ch (10g(1/6) + logn + loglog <A12 )))
(s) (s)
<log(2 - c2) + loglog <A£ > + log(n) + log <10g(1/5) + logn + loglog <A£ ))
(s)

(s)

< (log(2 - c2) + 1)log(1/0) + 2loglog (A%J + 2log(n) ,

where we used loglog(a - b) < log(2) + loglog(a) + loglog(b) for a,b > e. Thus, it holds

1
) nlog(l/é) + logn + log log(2") o (24 1og(2 - ¢2))log(1/5) + 2logn + 2loglog (N) K
) oL

ok = log(1/6) 4+ logn + log log(A% )) (®)
< c1(2 +log(2 - cz))A%s) < A%s)/‘l ,

C2

which proves (5.19).

Inequality (5.19) implies

Dyl > |

n

/224-\Jﬁlog<$)

and by points 1 and 2 we have a guarantee that

y 23.\J {%J log<07'21k§5) .

By line 8 of Algorithm 12, this is sufficient for the algorithm to terminate after the L™ round of

iteration k.

Algorithm 12 clusters correctly. Consider the first &' € N with &’ > log,(n) such that for
the samples

x®  x2/n) iid and x©  x(2/m) _iid

LT R BV Vro.j T L Vri,j
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we have that

2kl/n

1 (t) (t) 4 nk’3
[2% /n] 2 Xy =X >3 {&J log | 5155 )

t=1 n

Then by line 8, we know that after completing the iteration Algorithm 12 terminates. From point 2
we know that on &g, it holds

4 nk'3
D, . 2. — 1 .
‘ 17]| > \‘21‘ J og (O 156)

n

So if for each ¢ > 2 we sample again

X x D) id g x @ x(2EmD

70,J? 1 “Rro,g 3,50 g VW ’

then for the averages holds again by point 2 that

1 Pk//nJ ) 4 nk/S
2% /n] Z Xig = X > H’Jlog (0.155)

n

if and only if D; ; # 0. So on &, the labeling in line 12 yields to a perfect clustering § = g*.

Bounding the budget:
Similar to the proof of Proposition 5.C.1, we can bound

Linax < 70(log(d) + loglog(1/9)) ,

and J
ok < 192 (loglog d + log(1/9)) -

Defining C := 156 - 703 - 192 and letting k* being minimal such that

b1 S 'min (log d + loglog(1/6))3(loglog d 4 log(1/6))d
~  seld) SA%S)
n (log d + loglog(1/9))(loglogd + log(1/6))d

s
<10g(1/5) +log, log (M ) + logn> .

2
Al

+
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we know from (5.17) and (5.18) that with probability at least 1 — ¢, Algorithm 12 terminates and
clusters correctly. Moreover, on the same event, it spends a budget of at most

k*

> > 2287 < 8L 2"

k=11<L<ILmax: L-2L<2k+1
(log d + loglog(1/6))3(loglog d + log(1/6)) n 1) d

i d
Ay

log(1/0) + log, log (A%) + logn
(s)

2
Ay

< ('(logd + loglog(1/4)) ml[(% [(
se

—+

+1|n| ,

where C' > 0 is a numerical constant. Inserting § in the right-hand side and gathering the loga-
rithmic terms like in the proof of Proposition 5.C.1 yields the claim. 0

5.E Analysis of Algorithm 14

Come-back on sub-routines CR and CBC.
We can reformulate Proposition 5.C.1 in the following corollary.

Corollary 5.E.1. Let § € (0,1/e), r € [n] and G C [n]. There exists an event of probability larger
than 1 — ¢ such that
1. If M;. = M,.. Vi € G, then CR(S,r,G) does not stop.

2. If 3i € G such that M;. # M,,., then CR(J,r,G) returns an item s such that M,. # M, .,
with a budget T' smaller than

Clo <1> min dic] <1 +1>
#\8) 056 | [{G.g) € G X [d] s My — Miy| > B} \R2 |
with C a poly-logarithmic term defined in Proposition 5.C.1.

Proposition 5.D.1 can be formulated as follows:

Corollary 5.E.2. Let 6 € (0,1/e), r € [n], s € [n] and G C [n]. Assume that M, . # Mj., then
there exists an event of probability larger than 1 —§ such that CBC(d,r, s; G) outputs a partition of
G, G = RUS with a budget T verifying the two following points.

1. {ieG; M;.=M,.} CRand{ic G; M;. =M.} CS
2. The budget T is smaller than

e
og | = ) min y n||-—=
d h |{.7 € [d] ;|Mr,j - Ms,j| > h}| h?

with C' a poly-logarithmic term defined in Proposition 5.D.1.

’
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5.F. Proof of the lower bounds

Proof of Theorem 5.6.1. We use the notation from the pseudocode Algorithm 14 and from Sec-
tion 5.6. The correction of the algorithm is a direct consequence of the following lemma, which
states that, with high probability, all epochs behave as expected. The bound on the total budget
given in Theorem 5.6.1 follows directly by summing the sample complexities of all CR and CBC
calls across the K — 1 epochs. These individual complexities are provided in Corollary 5.E.1 and
Corollary 5.E.2.

Lemma 5.E.3. There exists an event of probability larger than 1 — § such that for each epoch
1<e< K -1,

1. Epoch e terminates using a finite budget.

2. The item roi1 selected is a new representative: My, . & {My, .,..., M, .}

3. Forallk € le+1], {i € [n]; M;.= M, .} C ééeﬂ)

Let £ denote the event that, for all epochs e =1,..., K — 1, each call to CR and CBC behaves
correctly — i.e., satisfies Points 1 and 2 of Corollary 5.E.2 and Corollary 5.E.1. In epoch e, the
algorithm makes e calls to CR and e calls to CBC, each with a confidence level §, = ﬁ. By a
union bound over all calls across all epochs, the probability of event £ is at least 1 — §.

We prove by induction on e € [K — 1] that the three points of Lemma 5.E.3 hold on &.

Initially, we have a trivial partition G = [n], and a representative r is arbitrarily selected.
Points 1-3 trivially hold at e = 1.

Assume that, at epoch e, (r1,...,7¢) are representatives from e distinct clusters, and for each
k € [e], the set C?’l(f) contains all items with mean M, ..

Since e < K, there exists at least one cluster not yet represented, and therefore, there exists
some i € @,ge) and some k € [e] such that M;. # M,, .. On event £, CR(d¢, 7g; G,(:)) will return an
item in finite time, and Line 5 of the corresponding algorithm terminates. Denote 7.1 the item
returned from this call. Then, by Corollary 5.E.1, we know that M, ., . # M, ..

Moreover, for k' # k, G,(;) contains all items with mean M,,;C’_ so that M, ., . is not in the set
{M,,...., M, .}, and Point 2 also holds for the e-th epoch. Since all calls terminate in finite time
on &£, Point 1 also holds.

Now, for each k € [e], M, .
(A}zﬂ U ]%Z‘H will perfectly separate the items with mean M,, . and M, .. By assumption, the

# M,, ., so that on &, the partition of G’i into two groups

partial cluster G already contains all items with mean M,, ., so {i € [n] ; M;. = M,,.} C G.
Similarly, as Aﬁ, cees GS‘") is a partition of [n], any item 4 with mean M, . will be set in one of
the sets R so that {i € [n]; M,;. = M,_,,.} C Uzzlﬁzﬂ = C?Zﬁ Thus, Point 3 also holds for
epoch e.

e+1,

By induction, all three points in the lemma hold for all e € [K —1] on event £, which concludes
the proof. ] ]

5.F Proof of the lower bounds

The lower bound in Theorem 5.4.1 consists of two terms, which we prove separately. In the
proofs, we use T; j as the number of time a procedure selects the pair (4, 5) € [n] x [d].
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Lemma 5.F.1. The (1 — d)-quantile of the budget of any d-correct algorithm A is bounded as
follows

Degz)((M) Py 4 (T > 9|2Ad||% log 616> =6 . (5.20)

Proof of Lemma 5.F.1. Fix an algorithm A, and let Epe(M) denote the set of Gaussian envi-
ronments obtained by permuting the rows and columns of M. For the purpose of the proof, we
define P, as the probability distribution induced by the interaction between algorithm .4 and
the environment defined in (5.4), where o and 7 are permutations of the rows and columns of M,
respectively.

We permute the rows of M to reflect the fact that the learner has no access to the label vector
g*. In addition, we permute the columns of M to account for the algorithm’s ignorance of the
structure of the gap vector A, in particular, the identity of the feature with the largest gap.

Without loss of generality, we assume that po = 0 and pu1 = A, with the group associated
with mean vector A being the smaller of the two.

Define  as the smallest integer such that for all permutations o and 7 of 1,...,nand 1,...,d,
respectively, the following inequality holds:

Py (T>x) <0 . (5.21)

Our goal is to derive a lower bound on . Intuitively, we show that for small x, there exists a
permutation of M for which it is impossible to detect a nonzero entry.

Introduce Py as the probability distribution induced by 4, in an environment where all items
belong to a single cluster, i.e., each X; ~ A(0,1). We will prove that under this “null” environment,
the algorithm A requires more than y samples with probability at least 1 — 24.

To this end, consider an environment v(g, 1) consisting of two clusters with means 0 and g,
and let 1 — 0. Since A is d-correct, there exist two distinct partitions g # ¢’ and an event A such
that

IP)1/(g,u) (A7 T < X) + IP)V(g’,u) (Aca T < X) <20 .

For example, take g(1) = 0, g(2) = 1, and ¢'(1) = 0, ¢'(2) = 0, the event {§(1) = §(2)}
suffices. Then, conditionally on 7" < x, P4,y and P,y ,) converge in total variation to Py as
@ — 0. Consider an environment v(g, u) consisting of two clusters with means 0 and p, and let
w— 0.

Po(T < x) <20 . (5.22)

Applying the Bretagnolle-Huber inequality (see Lattimore and Szepesvari, 2020, Thm. 14.2),
and combining (5.21) and (5.22), we obtain

1
e (= KL(Po, Py,r)) < Po(T < ) + Por(T > x) <33,

which implies
1
log 1 < KL(Po, Py 7) - (5.23)
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Next, using the decomposition of KL divergence for bandit models (see Lattimore and Szepesvéri,
2020, Lemma. 15.1), and the Gaussian assumption, we have
A2 ,

7(5)
. .24
. (5.24)

KL(Pg, Py,) ZEO T; ;) KL(PG’, P57 ZEO i Lg* (oi))=

Averaging both sides of (5.23) over all permutations o, 7, and using (5.23)(5.24), we get

111 A2
108 &5 < it 2 FolTualleowy=1—57 - (5.25)

Now, observe that each element in i € {1,...,n} (resp. j € {1,...,d}) appears exactly (n—1)!
(resp. (d — 1)!) times in the multi-set {o(¢)}, (resp. {7(j)},), so that

2

A? . _ 2
() _ (n—=1)I( A
n. d. D Bol Ty oin=1—5 "~ = S S Bl 1,
o,T 4,5 : d! kil 4,7
1 A3
== g Z ]lg*(k)ileEO[T] .
ke(n]

Since the group associated with A is the smallest, %Zke[n] Ly« (xy=1 = 0. Using a modified
algorithm A’ that stops at T' A x, we can bound Eg[T] < x. Finally, it follows that:

L 2 1
XZ91AlZ % 65

Since y is the maximum over all permuted environments constructed with M of the (1 — §)-
quantile of the budget, this inequality concludes the proof of Lemma 5.F.1. O

Lemma 5.F.2. Assume that 6 < 1/2. If A is §-correct for the clustering problem, then for any

environment v,

2(n —2 1
Bt > 20 og (1) (5.26)
where |A()| = max;eiq [A;].

Proof of Theorem 5.4.1. Observe that Lemma 5.F.2 does not directly provide a high-probability
lower bound on the budget. We now show how the expectation bound given by Lemma 5.F.2
implies a lower bound on the (1 — §)-quantile of the budget.

Let A be any d-correct algorithm. Assume, by contradiction, that

2(n — 2) 1
> .
P, A (T/ A%l) log (4.85)) <a
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We modify A such that it stops at time

T’::T/\Q( ))log< ! )

A% 4.86

2(2)
Aty

A’ is 26-correct, with a budget satisfying

If A reaches time log (ﬁ) , it stops sampling and outputs an error. The resulting algorithm

However, this contradicts Lemma 5.F.2, applied to A’ with §' = 2§. Thus, we have

2(n—2) 1
> >0 .
P, A (T A(l) log (4.86)) >0

O]

Proof of Lemma 5.F.2. Let A be any d-correct algorithm for the clustering problem, and consider
the matrix M that parametrizes the Gaussian environment v. We fix for all environments in this
proof that ¢*(1) = 0 and ¢*(2) = 1. It implies intuitively that we assume that the algorithm knows
one item from each group via an oracle.

For the Gaussian environment v, let ¢,5 € [n] x [d]. The observations follow a Gaussian
distribution:

0,
1

o N(0,1), if g*(¢)
Y N@LY, i g6) =

(1/6), a d-correct algorithm cannot

distinguish the environment v from another environment where one item from v has been switched
to the other group. We construct now this alternative environment.

For any k € {3,...,n}, define g as the vector of labels obtained from g by flipping the label
of row k, and let v* denote the corresponding Gaussian environment. The lower bound follows
from the information-theoretic cost of distinguishing v from any v/*.

To handle multiple environments, let P« (resp. Py«) denote the probability distribution in-
duced by the interaction between algorithm A and environment v* (resp. v).

For any k € {3,...,n}, note that environments v and vk differ only on row k. By decomposing
the KL divergence and using the Gaussian KL formula, we have:

d
KL(Pge,Py) = > Ege| T,w
j=1

A
< Ege[Tij]— (5.27)

Jj=1

MLM

where we use that |A ()| = max;cig |A;], and Tj, ; denotes the number of samples taken from row
k and column j.
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5.G. Technical Results

Since A is d-correct for the clustering task, we have:

Now, if § € (0,1/2), by the monotonicity of the binary KL divergence kl, and using the data-
processing inequality, we obtain:

K(5, 1 - 6) <K (Bye (9 = ), Pyu (9 = 6)) < KL(Bye Bye) | (5.28)
Combining (5.27) and (5.28), and summing over k € {3,...,n}, we get:

n d A2
(n—2)K(5,1-8) <SS E,e [Tk,j]% <Eg- 11— (5.29)
k=3 j=1

Finally, Lemma 5.F.2 follows by combining (5.29) with the inequality k1(5,1 —¢) > log (ﬁ). O

5.G Technical Results

Lemma 5.G.1 (Chernoff-Bound for Binomial random variables). For i = 1,...,n, consider
X1, Xo,..., X, ~"d Bern(p) with p € (0,1), denote p == np and consider k > 0. We have

n e,{#
P Xi>2(A+rp) < ——rr-
(; ( )M) (1 + K})(l—i-n)u

If k € (0,1), we also have

n I{Q,u
P (Z X <(1- ’i)ﬂ) < exp <—2> .
i=1
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CHAPTER 6
THE SAMPLING COMPLEXITY OF CONDORCET WINNER
IDENTIFICATION IN DUELING BANDITS

Abstract. We study best-arm identification in large-scale stochastic dueling bandits under the sole
assumption that a Condorcet winner exists, i.e., an arm that wins each noisy pairwise comparison
with probability at least 1/2. We introduce a new identification procedure that exploits the full gap
matriz N;; = ¢ ; — % (where q; ; is the probability that arm i beats arm j), rather than only
the gaps between the Condorcet winner and the other arms. We derive high-probability, instance-
dependent sample-complezity guarantees that (up to logarithmic factors) improve the best known
ones by leveraging informative comparisons beyond those involving the winner. We complement
these results with matching lower bounds that establish the optimality of our procedures in all
regimes. Querall, our results reveal the general form of the sampling complezity, characterized by a
trade-off between the cost of locating informative entries and the verification cost required to achieve
the desired confidence. In particular, this complexity drastically differs from what is suggested by
pure asymptotic results or by procedures that are tailored to Strongly Stochastic Transitive models.

Related publication. This Chapter is a joint work with E1 Mehdi Saad', and Nicolas Verze-
len 2, available as a preprint in (Saad et al., 2026).

6.1 Motivation and High-Level Overview

In many modern machine learning applications, obtaining trustworthy absolute feedback can
be difficult, expensive, or systematically biased. By contrast, relative judgments are often easier
to elicit and can be highly informative. This is especially apparent in information retrieval and
recommendation systems, where users naturally compare two alternatives such as rankings or
models rather than providing calibrated relevance scores (Joachims et al., 2007; Hofmann et al.,
2016).

The dueling bandits framework formalizes this paradigm by allowing a learner to adaptively
query pairs of arms and observe only a noisy binary outcome indicating which arm is preferred.
At each round, the learner selects a pair of two arms (7, j) € [K] x [K] and observes the outcome
of their duel: the feedback is 1 if arm 4 is preferred to arm j, and 0 otherwise. This observation
is modeled as a Bernoulli random variable with unknown parameter g; ; € [0, 1]. The collection

1. Equal contribution—UMG6P College of Computing Rabat, Morocco.
2. INRAE, Mistea, Institut Agro, Univ Montpellier, Montpellier, France.
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of pairwise preference probabilities is represented by the matrix Q = (Qi,j)i,je[K]' Since self-
comparisons are uninformative and preferences are anti-symmetric, namely ¢; ; = 1 — ¢;; for all
i,7 € [K], the unknown matrix @ satisfies a skew-symmetry condition. Equivalently, we define
the gap matrix A = (Ai,j)i,jG[K] by Ai,j = Qi,j — 1/27 WhiCh satisﬁes Ai,j = _Aj,i and Ai,i = 0.

Stochastic dueling bandits have been studied extensively under a variety of structural assump-
tions on @ and with multiple notions of optimality (Bengs et al., 2021; Komiyama et al., 2015;
Falahatgar et al., 2017, 2018; Ren et al., 2020; Jamieson et al., 2015; Zoghi et al., 2015a; Hadden-
horst et al., 2021b). Unlike in the classical multi-armed bandit setting, defining an “optimal arm”
is not immediate, which has led to several competing winner definitions; see the survey of Bengs
et al. (2021). In this work, we focus on instances where a distinguished arm i* € [K]| defeats,
in expectation, every other arm, i.e., g;=; > 1/2 for all j € [K]\ {i*}. Such an arm is called
a Condorcet winner (CW) and is unique; we also refer to it as the optimal arm. Most existing
work on dueling bandits assumes the existence of a CW (Zoghi et al., 2014, 2015b; Li et al., 2020;
Komiyama et al., 2015; Chen and Frazier, 2017; Saha and Gaillard, 2022; Saha and Gupta, 2022),
or even imposes the stronger requirement that the arms admit a total order (Yue et al., 2012; Yue
and Joachims, 2009; Chen and Frazier, 2017). Alternative notions of optimality are discussed in
Section 6.7.

Objective: Condorcet winner identification. Given § € (0,1), the learner must output the
CW ¢* with probability at least 1 — 0 by adaptively and sequentially choosing pairs (i,5) to be
compared and choosing a stopping time. We evaluate an algorithm by its (random) number of
duels Ny, called the budget, and we seek instance-dependent guarantees in terms of the centered

gaps A;j = qij — %, which encode both preference direction (e.g., A; ; > 0 means ¢ beats j) and
statistical difficulty.

State-of-the-art. Although CW identification has attracted quite a lot of attention (Komiyama
et al., 2015; Ailon et al., 2014; Chen and Frazier, 2017; Saha and Gaillard, 2022; Pekoz et al.,
2022), the optimal budget for this task remains poorly understood. Maiti et al. (2024) developed
an algorithm that exploits that the CW row is the unique one with only positive gaps. They
obtained a high-probability guarantee of the budget of the order of Hy () where

He(6) := log(1/8) 3 A% . (6.1)

In the specific scenario where the CW is the strongest opponent of every suboptimal arm, that is,

i = argming, ol ,ViF T, (CW-S0O)

the condition (6.1) is matched by the lower bound from Haddenhorst et al. (2021b) which implies
that the sample complexity Hecy () is optimal. Although (CW-SO) is satisfied for Strong Stochastic
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Transitive (SST) models?, this condition is arguably quite strong and is not even guaranteed when
there is a total order on the arms. In particular, the bound (6.1) can be overly conservative when
some arm 1% is nearly tied with ¢* as it largely ignores potentially informative comparisons among
suboptimal arms.

Prior to that, Karnin (2016) introduced a verification-based approach. The expected budget
of this procedure asymptotically satisfies

E[Ns] < clog (;) min Lz +0

(62)
it j:Ai,j<0 Al,j

) (1 : 1
> Ao T2 min <A2 .,:g}{1<0%>

I e N Y i I

where ¢ is a positive numerical constant and O hides possible logarithmic dependencies. The

log(1/6) term in the bound (6.2) interprets as the sum, over all non-CW arms 4, of log(1/0)/[min; A; ;]

which is the minimal budget required to check whether the row A;. is non-negative if an oracle
provides to the learner the information on the best opponent of 7. Indeed, Theorem 5.2 of Had-
denhorst et al. (2021b) establishes a lower bound of the order log(1/8)/[min; A; ;]?. However, in
a large-scale problem where K is large compared to log(1/d), the right-hand side term in (6.2) is
sizable as it scales at least like K?2/(max;z; A%j) and its optimality is questionable. Altogether,
apart from the small-scale asymptotic regime (K fixed, § — 0) or under the restrictive condi-
tion (CW-SO), the sample complexity remains to be understood.

Question 6. What is the true sampling complexity of CW identification and how does it depend
on gap matriz A beyond the rows and columns of the Condorcet winner?

This question falls within structured pure exploration, where the feedback is noisy but con-
strained by an underlying latent object (here, a skew-symmetric matrix possessing a positive row),
so the goal is to exploit structure rather than estimate all entries. We emphasize that such problems
require ideas and techniques that are at the crossroads of active learning and high-dimensional
statistics. Related challenges arise in noisy payoff matrix games Maiti (2025), e.g., in pure Nash
equilibrium identification.

Contributions. Our main contributions are threefold: (i) we introduce new elimination-based
algorithms for both the fixed budget and the fixed confidence settings and provide non-asymptotic
guarantees, (ii) we establish matching lower bounds. (iii) Overall, this allows us to highlight the
trade-offs and the multiple strategies that underlie CW identification. For the sake of simplicity,

we focus in the main text on the §-PAC setting; we also treat the fixed-budget framework and
provide analogous guarantees in Section 6.5 and 6.B. Our guarantees recover, up to logarithmic
factors, the known optimal rate H.y(0) in the favorable structured regimes such as (CW-SO). In
contrast, when this restrictive assumption fails, our bounds can be drastically smaller than the
existing Hcw(d)-type guaranties of (6.1) or the bound (6.2) of Karnin (2016) by adapting to the
full gaps matrix.

3. SST assumes a total order such that, whenever i is ranked above j and j above k, we have: g;x >
max{qi,j, ¢jk}-
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At a high level, our elimination-based procedure (FC-CWI), described in Algorithms (16)
and (17), iteratively scores the current candidates for CW using subroutines that (i) search in
the gap matrix A for informative comparisons and exploit its skew-symmetric structure, and (ii)
estimate the signs of the discovered entries with sufficient accuracy. Candidates are then ranked
by these scores and a constant fraction of arms is eliminated at each round. Our analysis reveals a
delicate dependence on the full gap matrix A. Indeed, providing evidence that i* is the CW either
amounts to showing that all the CW gaps {A;= ;};+; are positive or amounts to showing that all
arms i # i* are not CW. The evidence of sub-optimality for a given arm i # i* is governed both
by the number of negative entries in its row, K. <o := |[{j : A;; < 0}|, and by the magnitudes of
these gaps, denoted by the ordered values A; 1) < -+ < Aia(Ki;<0) < 0. For each i # ¢*, fix an
integer s; < Kj,<o and write s = (s1,...,sk). The following results will involve a trade-off in s.
Our analysis decomposes the complexity into Hey(d) —see (6.1)—, which corresponds to the cost of
separating i* from every competitor only relying on duels with i*, as well as two new components:

— Eaxploration/Selection cost. This term quantifies the effort required to select a negative entry
whose absolute value is at least |A,; ()| in each suboptimal row.

Y

— (6.3)
i’(si)

Hosgtora(,8) 1= mpx " 251 11%)
i# Sl o) iz Si
Note that the second term of the right-hand-side expression is independent of § and accounts
for the fact that looking for an entry at least |A; ()| out of K depends on both the number
s; of such entries and the magnitude |A; 4,y|. The log(1/d)-dependency only arises for a
single arm 4 # i*.

— Certification cost. This term corresponds to the number of samples required to estimate the
signs of the selected gaps (at the exploration step) at confidence level 1 — ¢

log(1/d
Hcertify(s,é) = Z Ag/) )

i£i* i,(54)

Our main upper bound shows that, with probability at least 1 — §, the budget N5 of FC-CWI
satisfies

Ns S HCW((S) A (SII)llIl {Hcertify(sa 5) + Hexplore(5> 5)} ) (64)

Vi, sigzKZ?Z;/\K/S

where the notation < hides logarithmic factors in K, (A; (1))ixi« and a loglog(1/d) factor. Under
the scenario (CW-SO), our procedure still achieves budget smaller than Hey () as in Maiti et al.
(2024) but also achieves better guarantees for other gap matrices A, where the budget is driven
by the right-hand side in (6.4). In the above infimum in (6.4), the smaller the s;’s are, the smaller
Heertity (8, 0) is, but the exploration cost Hexplore(S, ) for localizing a good candidate can increase
for small s;’s. In the following, we denote s as the vector (s});+ achieving the best trade-off
in Equation (6.4). We interpret s as an effective sparsity of A, although it also depends on .
Importantly, our algorithm does not take sy as input and therefore automatically achieves the
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best balance captured by (6.4).

In Section 6.4, we provide matching lower bounds supporting the optimality of our budget in
all regimes with respect to § and K, as well as for general forms of the matrix A. Importantly, this
showcases that the exploration/certification trade-off unveiled in (6.4) is unavoidable and intrinsic
to the sample complexity of CW-identification. The benefit of our procedure is also illustrated on
numerical experiments.

Emblematic regimes. As the sample complexity is quite intricate in the general case, we
discuss some specific regimes to emphasize key phenomena.

— CW has small gaps. If some entries of the i*-th row of A are small, then Hy(0) is not the

minimum in (6.4) and our sample complexity is of the order of Heertity (87 )+ Hexplore (Si s 9)
which can be arbitrarily smaller than the budget Hcw(d) of Maiti et al. (2024).

— Large-scale/fixed probability regime. Let us consider § as a constant and K as large. In (6.4),

when Hy(0) is not the minimum, then the sample complexity is of the order* of

. 1 K
win (Z P mg) ’

i G

where A, := min(4A, ;,0). In comparison to the complexity of Karnin (2016) in (6.2), our
sample complexity is always smaller and can be smaller by a factor as larger as K.

— Small probability regime. This last observation is more subtle. Similarly to Karnin (2016),
consider the asymptotic regime where log(1/4) goes to infinity, while K and A are fixed. In
this asymptotic, our lower and upper bounds on the (1 — ¢)-quantile of the budget are of

the form

1Y\ . 1 K
o (5 )t | Y2 g —+max |

itix 6(84) i,(s5)
whereas the bound in Karnin (2016) on the expected budget only involves the smaller
quantity Z#i* bﬁgﬂ. Since our bound is optimal in quantile, this establishes that there

i,(1)
is a significant, yet intrinsic, gap between guarantees in expectation and in quantile of the

budget. Especially, when there is heterogeneity in the A,; (), this gap can be as large as
a factor K. This phenomenon is central for the analysis of fixed-budget algorithms - see
Section 6.B.

All the way through these two extreme regimes (0 fixed, § — 0), both (6.4) and the matching
lower bound illustrate a trade-off between exploration and certification. Intuitively, when log(1/9)
increases, the effective sparsity s tends to decrease so the algorithm explores other arms more
thoroughly to identify stronger opponents.

Technical Innovations. Our Algorithms 16 and 17 are based on a new iterative scoring strategy
that builds on the selection, for each ’active’ arm i, of a strong opponent as well as the estimation of

2

4. To show this, we observe that max,,—1 i (s

Kyco Sil () X |A7 |3, see Lemma 6.F.1.

.....
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some quantile of the estimation A; . For that purpose, we need to introduce a new active quantile
estimation algorithm achieving optimal e-error simultaneously for all € —see Section 6.2. Our main
lower bounds use novel approaches and techniques as our aim is to lower bound the (1—0) quantile
of the budget. For that purpose, we reduce the problem to an active multiple testing problem of
the existence of negative entries within a vector of size K —1, our lower bound introduce techniques
that go beyond classical MAB lower bounds are at the crossroad of high-dimensional statistics
and bandit theory.

Organization. Section 6.3 presents our algorithms and fixed-confidence upper bounds; the
fixed-budget guarantees are deferred to the appendix. Section 6.4 gives lower bounds for the
fixed-confidence setting, while Section 6.5 provides lower bounds for the fixed-budget setting. Sec-
tion 6.6 illustrates our results on numerical experiments. Section 6.7 concludes with implications
and future directions. All proofs are provided in the appendix.

6.2 Intermediate result: Adaptive quantile estimation

In this section, we present an algorithm for quantile estimation with a fixed budget of samples,
and a high-probability guarantee on the estimation error. This result is of independent interest
and will be used as a key building block in the proofs of the main results.

Consider a classical K-armed bandit setting, where we are given K arms with means (y;) ic[K]"
We assume that the samples from the arms are bounded® by 1, and without loss of generality
that the means are distinct. Denote by p(1) < p(2) < ... < k) the ordered means of the K arms.
For two integers d < u in [K], our objective is to find a point in the interval [1q), f1(u)]-

For this task, a learner is given a fixed budget of T' queries, after which the learner outputs a
quantity ¢7. In this framework, we are targeting an ‘adaptive’ guarantee in the following sense.
Given the budget T as input, we want the output to satisfy

T
Ve >0, P — €, <e —c-ré > ,
>0, B (or ¢ [ o ) <o (—erep T
where c is a positive universal constant, and r is a positive quantity depending only on d, u and
K.
The allocation strategy we develop requires a sufficiently large budget. Specifically, we assume

that
: oo 128K (128K>
— o — .
T u—d 82 u—d

When T falls below this threshold, the resulting guarantee becomes vacuous (the stated upper
bound on the error probability exceeds 1). In this regime, we therefore resort to an arbitrary
heuristic. Algorithm 15 implements this by explicitly branching between the small-budget case
T < %lo&(%) and the regime where the budget is large enough for the analysis to be
meaningful.

5. The result can be extended to sub-Gaussian variables
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Solving this problem requires balancing the tasks of locating the arms whose means fall within
the desired rank range, and estimating these means accurately. The algorithm runs a multi-step
scheme indexed by ¢. At each level ¢, it draws a random multi-set A, of arms large enough
to contain, with good probability, representatives of the [d, u] quantile range. Then, it allocates
@(6;2) samples per selected arm so that empirical means are accurate up to €.

Then we form three empirical quantiles fgl),féz),fég) corresponding to ranks slightly below, near
the middle of, and slightly above [d, u], yielding a noisy bracket around the ta(rg)get interval. Finally,
(2

a Lepski-type stability rule selects the earliest level ¢ whose middle estimate t,”’ remains consistent
with the brackets produced at all finer levels (up to the tolerance 2¢y), and returns fg).

Theorem 6.2.1 states that with budget 7', the output lies in [,u(d) — € fu) T €] with high probability
for every € € (0,1), and the failure probability decays essentially as exp(—©O(e?T/logT)) (up to
( 16K )

the multiplicative factor 40logy(T") and the extra log term). The quantity

r—min{d 1—u} (U_d>2
- K’ K K ’

captures the difficulty of the target rank range as it decreases when the interval is narrower (u—d

small) or when it is close to the extremes (small d or large u). When d and u are constant fractions
of K, we have r = ©(1) and the bound simplifies to log(T") exp(—ce?T/log T).

Algorithm 15: Range-Quantile(K, d,u, T)

Input: K arms, budget 7', integers d < u in [K]

L « |)10gy(T/ logs(T)), fmin < [] logs (1655);

2 if T < 128 log2(128K> or u = d then

3 Allocate budget uniformly over arms and return the average empirical mean between
ranks d and u; > Small-budget fallback

4 end

5 for { = lpip,...,L—1do

6 | e 2.-27L-0/2

[uny

eT

7 Sample a multiset A, of size |x] W from [K] with replacement;

> Duplicates treated as distinct

o 16K
8 Allocate [x] 1 P 2 1) samples to each arm a € A; and compute fiq;
9 Rank empirical means in Ag: fi(1) < -+ < fi4,));
10
(1) _ 22) _ /(3) _ 4
= patieayy W= Aeagany 0 = Apggeay) (65)
11 end

12 E(— mingeﬂgmim[/_l]] {Vﬁ’ S {g, ey L— 1} : £§2) [ ( ) — 26@/ té/) + 26@/:| }

~N2
13 return tg); > Lepski-type selected estimate
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Theorem 6.2.1. Consider Algorithm 15 with inputs (K,d,u,T), such that u > d. Then, the
output satisfies for any € € (0,1):

A 2T
P (i ¢ [1a) — € g + €] ) < 40Togy(T) exp (—C T tog (125 log (T)) ’ (6.6)
u-d ) 1082

2
where r = min {%, 1-— %} (“T_d) is a positive quantity depending only on d, u and K, and c is

an absolute numerical constant.

Here, we did not try to optimize the constants. Next, we state a corollary that will be used in the
proofs of the main theorems.

Corollary 6.2.2. Consider Algorithm 15 with inputs (K, [K/8],[K/4],T), where T > 4. Then,
the output satisfies for any e € (0,1):

2
2) e“T
P (&7 ¢ uaesm)) — € uiaesa) + el) < log(T) exp <_c' log(T)>’

where ¢ is an absolute numerical constant smaller than 1.

6.3 Upper Bounds: Algorithm and Guarantees

This section presents our fixed-confidence identification procedure and the upper bound an-
nounced in Section 6.1. The algorithm is built from a budgeted elimination-and-certification sub-
routine, denoted FB-CWI (Algorithm 16). Given a tentative budget scale 7', a confidence level
J, this subroutine performs one elimination run using O(7') duels and returns a candidate arm
together with a Boolean certificate indicating whether the run can be safely stopped. The budget
T should be viewed only as a guessed complexity scale: if it is too small for the instance, the
subroutine is allowed to fail to certify rather than output a final answer.

The fixed-confidence algorithm FC-CWI (Algorithm 17) removes the need to know this scale
in advance by calling FB-CWI with geometrically increasing values of T and stopping at the
first successful certificate. Thus, the main algorithm is a genuine J-PAC procedure: the stopping
time is determined by the certification step, while the budgeted subroutine only provides the
candidate-generation and elimination mechanism. We describe this subroutine first, and then
state the high-probability sample-complexity guarantee for the resulting doubled procedure. The
corresponding fixed-budget framework and guarantees are deferred to the appendix.

FB-CWTI is an elimination procedure initialized with A; = [K]: at each round k, it assigns a
score Si(a) to every active arm « € Ay, ranks the arms accordingly, and discards the bottom 1/8
fraction (so |Axy1| = |7]Ak| /8]). Therefore, the number of rounds is O(log K).

The core of FB-CWI is the score computation, whose purpose is to keep the CW ranked above
the elimination threshold. At round k, we split a budget of order 7'/ log(K) across the active set
Ay. For each o € A, we devote one quarter of its share to search for a strong opponent by running
Sequential Halving (SH) (Karnin et al., 2013a) on the instance of the duels {(5, «) : 8 € [K]\{a}},
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yielding an opponent a(®) that is likely to beat «, and another quarter to estimate the gap Aa’a(s)
via an empirical mean; this estimate defines the strong-opponent component of the score. We call
al®) ‘strong’ because it is selected from all K arms (not only from Ay): this tends to penalize
sub-optimal arms more sharply, at the price of higher uncertainty due to the larger search space.
Relying only on the strong-opponent term can be brittle: if the CW is nearly tied with some
arm, the selected opponent may yield a gap estimate close to zero and provide little separation
with the elimination threshold. We therefore add a ‘weak-opponent’ term that yields adaptivity
to larger gaps with the CW. More specifically, writing A®) .= A A x AL, Skew-symmetry implies
that at least half of the entries of A®) are non-positive, and a simple pigeon-hole type argument
implies that at least |Ag| /4 rows contain at least |Ax| /4 non-positive entries (Lemma 6.F.6 in
the appendix). Accordingly, for each o € Ay we estimate a point whose value lies between the
1/8- and 1/4-quantiles of the row (A, g)gea, (via RANGE-QUANTILE). This lower-tail statistic is
typically negative for many sub-optimal arms pushing them into the bottom-1/8 region, while for
the CW it remains positive and leverages the fact that most of its gaps can still be large.

Subroutines: Bracketed Sequential Halving and Range-Quantile. Our score construc-
tion relies on two subroutines. For the strong-opponent search we use Bracketed Sequential Halving
(BSH) (Zhao et al., 2023), an anytime and parameter-free variant of SH, (Karnin et al., 2013a),
designed for the data-poor regime, chosen for its adaptive guarantees on simple regret, which
translate in our context into gap-dependent guarantees —see Zhao et al. (2023) and Section 6.2
of the appendix. For the weak-opponent choice, we introduce Range-Quantile (Algorithm 15), a
general fixed-budget procedure revealing a point in a prescribed quantile range: given N arms
with means (1;);e[n) ordered as pqy < --+ < py) and indices d < u, it returns an estimate t
that falls between the d-th and u-th means (up to an additive error €) with error probability
decaying as exp(—(:)((u];#Tﬁ)) —see Theorem 6.2.1). Importantly, RANGE-QUANTILE does not
require € as input and is therefore simultaneously valid for any €; in FB-CWI we instantiate it
with N = |Ag|, e = %AZ‘*’(HAk‘/g"), d = [|Ax| /8] and u = [|Ag| /4] to obtain a value between the
1/8- and 1/4-quantiles of (Aq g)gca,- Note that Maiti et al. (2024) gives a fixed-confidence routine
that, given (4, ¢), outputs a value in [y (n/2) —€, H(n/a41)+€] with probability at least 1—0. Here, e
is instance-dependent and unknown, which motivates our adaptive RANGE-QUANTILE subroutine
that does not take € as input.

From a budgeted subroutine to fixed confidence. Algorithm 16 is used as a certificate-
driven subroutine: for a tentative budget scale T and confidence level 0, it spends O(T') duels and
returns a candidate I together with a success flag ¥ = ¢V ¢o. The direct certificate ¢o verifies that
I is the CW, leading to the classical H.y(0) regime. The elimination certificate ¢, instead checks
that the elimination frontier remains safely negative, thereby exploiting informative comparisons
among suboptimal arms. The analysis shows that, up to logarithmic factors, certification succeeds

once
T 2 Hew(5) A (n)nn {H.ertity (8, 0) + Hexplore(s,0)} - (6.7)
W<k
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Algorithm 16: FB-CWI + Certification

Input: Fixed budget T, certification parameters (0,7, c)
T )
1 k<« 1, A1 — [K], n < 10g2<2K10g8/7(K)>7

N

¢1, P2 < True;
while |[A;| > 1 do
Bk < \_*J

s W

T )
[Ax|logg /7 (K)’
5 for a € A; do
6 Run Bracketed SH with budget [Bj/4] on candidates {(8,«) : 5 € [K]\ {a}}; let

(a(s),a) be the output; > Find a strong opponent

Query [By,/4] samples of (a, a(®)) and compute Z,ES)(a);
Run Range-Quantile on duels between « and Ay \ {a} with budget [By/2] and

quantiles ([|Ax| /8], [|Ak|/4]); let Z(w (o) be the output; > Compute weak score

component

9 end

10 Compute Si(a) = min{Z]gs) (),0} + Z,iw)(oz) for each av € Ay;
11 Rank arms in Ay by Si(-) and set Ai41 to the top |Ax| — [|Ax| /8] arms;
12 a < arm ranked |Ag| — [|Ag| /8] + 1 according to Sk(-);

13| ¢1 ¢ ¢ 1<Sk(&) < 20 g (812 o () log(T) - n(n;l)));

> Fixed-confidence check

14 k+—k+1;

15 end

16 I < unique arm in Ag;

17 ¢y < Test-CW(1,0,T); > Certify sign of all gaps for [
18 return ¢; V ¢2, I; > Return certificate and candidate

Algorithm 17: FC-CWI

Input: ¢, confidence parameter ¢

1 ¢ < False, T < 8K log(K);

2 while —p do

3 (p,I) < FB-CWI(4, T, c); > Run one budgeted certification round
4 T+ 2T, > Doubling schedule on the budget
5 end

6 return [; > First certified candidate
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Since these quantities are unknown, we run FB-CWI under a doubling schedule on T" and stop as
soon as a budgeted verification succeeds. It uses at most 27" queries per stage (in Algorithm 16,
¢1 is computed from the same samples as the scores, and ¢y runs TEST-CW with at most 7'/2
extra queries). A direct verification is to certify that the returned arm I is Condorcet by testing
Arj > 0 for all j # I at level 1 — 4, which costs 37, log(l/é)/A%j and matches the Hy(d)
regime. When the second term in (6.7) is dominant, our identification relies instead on certifying
sub-optimality: many sub-optimal arms have scores S(+) that are typically negative while the CW
remains positive. This motivates the second verification ¢1, which checks that the elimination
frontier is on the negative side. We stop at the first success of ¢; or ¢o, which guarantees 6-
correctness. The complete proof of Theorem 6.3.1 is presented in Section 6.C of the appendix.

Theorem 6.3.1. There exists a constant cy such that the following holds for any 6 € (0,1/6).
Under the assumption of the existence of a CW, the output of Algorithm 17, denoted v, with input
(6,¢) where ¢ > ¢y satisfies: P (s #1i*) <6 .

Moreover, the total number of queries Ng satisfies, with probability at least 1 — 9,

Ns<e¢- (ch((S) A (SH)lln {Hcertify(37 5) + Heacplore(37 5)}) 5
Vi, SZSH;;}KO
where ¢ is proportional to ¢ and hides logarithmic factors in K and (A; (1))izi+ and a loglog(1/9)
factor, and H oy, H certify, Heplore are defined in Section 6.1 .

Remark 6.3.2 (On the constant ¢ in the stopping rule). The stopping condition in Algorithm 16
involves a numerical constant ¢ inherited from the high-probability analysis of Corollary 6.2.2.
This absolute value of ¢y can be made explicit by tracking constants in the proof. Since we did
not optimize numerical factors, we keep c¢g symbolic for readability.

Guarantees: intuition. The proof of Theorem 6.3.1 analyzes one call of the budgeted subrou-
tine FB-CWTI at a tentative scale T'. In the outer fixed-confidence algorithm, a call that does not
certify is harmless: FC-CWI simply doubles T" and tries again. Thus, the key point is to show
that once T' exceeds the relevant instance-dependent scale, the CW is not eliminated and one of
the certificates succeeds with high probability. Conditionally on i* € Ay, the only way the elimi-
nation step can be harmful is if the CW score falls below the bottom-1/8 cutoff in some round.
The analysis therefore controls the separation between the CW score and the elimination frontier
across the O(log K') rounds.

The weak-opponent term gives a baseline separation. At round k, the CW benefits from a
positive lower-tail gap of order A (1,)4,|/8), estimated with By = ©(T/(|Ax|log K')) samples.
Concentration bounds, together with the RANGE-QUANTILE guarantee, yield an error of order
exp(_é(BkAZZ*,(HAM/B])))' The worst round is controlled by

|Ax|/8 i
max —————— < max 5 < Z
FOAG (Nawlss) RS AG Gy T A
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which leads, after the final CW verification, to the classical Hcy(d) regime.

The strong-opponent term yields the matrix-adaptive regime by actively finding negative wit-
nesses for suboptimal arms. Fix s; < K; . For each i # i*, Sequential Halving needs budget of
order K/ (sz-Az(Si)) to locate an opponent whose gap is at most A; (5,), while certifying the sign

of this gap costs 1/ A?(S_). The aggregate cost of locating such witnesses gives to 3, ﬁ

e Y7, (s)

whereas the high-confidence part is governed by >, ;- A% +max;4 %. Thus, certification
i,(s; 7, (s5)

succeeds once T’ is larger than the bound stated in Theorem 6.3.1.

6.4 Fixed confidence Lower Bounds

Beyond the instance-dependent lower bound (6.2) from Haddenhorst et al. (2021b) that we
complement with a corresponding quantile-bound and restate as Proposition 6.4.1, we establish
in Theorem 6.4.2 the first lower bound that highlight the intrinsic cost of detecting informative
entries for CWI. In Section 6.5, we also derive fixed-budget minimax lower bounds. Denote by
Deyw the class of dueling bandit environments that admits a CW 6 :

Dew = {A €1, %]KXK : A = —AT and 3i* € [K] such that Vj # i*, A ; > 0} . (6.8)

We say that an algorithm A is d-correct for CW identification if, for any A € Dy, it identifies
i* with error probability at most J, that is, Pa a(i # i*(A)) < 9, where Pa 4 denotes the
probability 7 induced by the interaction between A and the environment with gap matrix A.

Proposition 6.4.1. Let K > 2 and 6 € (0,1/6) and consider any gap matric A € Dey,. For any
algorithm A that is §-correct on Dy, the budget Ns satisfies

1  log(1/(46)) 1  log (1/(64))
> — _— L~ 77 > — — 2| > 0. . .
Ea 4[Ns] > 41; ol and  Paa|Ns> g ; A7, > 6 (6.9)

The lower Bound of the expected budget is a particular case of Theorem 5.2 in Haddenhorst
et al. (2021b). We complement it here with a quantile-bound. This proposition certifies optimality
of the complexity Hey(0) in the CW—SO regime. Indeed, under (CW-SO), the strongest negative
entry of every suboptimal row is the comparison with the Condorcet winner, so A; (1) = A =
—Aj«;. Hence the lower bound in Proposition 6.4.1 is, up to constants, 37, 10g(1/5)/A22*ﬂ» =
Hw(0).

To characterize the optimality of (6.4), we establish a lower bound on the d-quantile of any
algorithm under a local class of instances. The budget condition (6.4) only depends on the gap
matrix A through three vectors: (i) the row i* of the CW A;« ., (ii) the effective sparsity s,
and (iii) the gaps at the sparsity level s*: (Ai7(5;))i¢i*. Given any gap matrix A, we define the
collection D(A) of gap matrices A that leave the Condorcet winner i’y , the effective sparsity s},

6. The restriction to gaps in away from —1/2 and 1/2 is standard in lower bounds with Bernoulli rewards.
7. denote Ea 4 for the corresponding expectation
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and the gaps (A; (s))iz+ unchanged

D(A) :={A s.t. i3 =1ia, Sz = SAs (D (er))izin = (D s2))iir} - (6.10)

Theorem 6.4.2. Let A be a d-correct algorithm for CW identification, with 6 < 1/12, and let
A € Dgy. Assume that A has no ties, that is, Vi # j, A;; # 0. For this matriz A, one can
construct a matriz A by permuting the entries of A in such a way that A € D(A), and such that

1 Ki.<o (1) 1 Ki.<o
P A Ns > — max —— Jog| — | V : >0 . 6.11
AvA( ° 7 3 A2 2\65) T 3Tlog(2K) ; A2 (6.11)

Moreover, for all i # i*, the rows satisfy (Ai,(j))jSKi;<O = (Aj,(j))j<Kicor B Az and A;. share
the same K;.<o negative entries, up to permutation.

Remark 6.4.3. While the bound (6.9) from Proposition 6.4.1 captures the cost of certification, the
lower bound (6.11) captures the intrinsic need of exploration. Indeed, from the classical bound
of Lemma 6.F.1, we have ming Hexplore(s,0) = maxisy K 1og(1/0)/[|A7 |1 + iz K/ A7 |7, up
to a factor log(2K). Importantly, the two lower bounds in Proposition 6.4.1 and Theorem 6.4.2
imply the following.

Corollary 6.4.4. Let A be a §-correct algorithm for CW identification, with § < 1/12, and let
A € Dey,. Then, one can construct A € D(A), such that

PAA (N6 Z, Hcertify(S*a 6) + Hezplore(S*a 5)) = o ; (612)

where 2 hides a log term in K and a numerical constant.

This corollary assesses the optimality of our upper bound (6.4) on the budget. Indeed, observe
that A has exactly the same sign structure as A (i.e., sign(A) = sign(A)), and that the permu-
tation preserves, in each row, the multiset of negative magnitudes. Intuitively, A has the same
dueling structure as A, except that A has been chosen in such a way that the complexity Hy(0)
for A is larger than Heertity (8%, 0) + Hexplore (8%, ). A more general version—Theorem 6.D.3, which
also covers ties and provides an explicit construction—is provided in Appendix 6.D.3.

Proof Sketch Theorem 6.4.2. The proof reduces CW identification to a collection of active
signal-detection tasks: for each non-winner row, the learner must certify the existence of at least
one negative entry under a global error constraint. The key technical novelty is an adversar-

ial permutation construction that hides the locations of negative gaps and reduces the problem
Ki.<o
A7 112
detection lower-bound arguments. Finally, the two terms in (6.11) are obtained through new

to multiple hypothesis testing; this yields the complexity term log(1/0) via active signal-

multiple-hypothesis techniques.
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6.5 Minimax Fixed-Budget Lower Bounds

In this section, we establish lower bounds for the fixed-budget CW identification. In some way,
these are the counterparts of the results of Section 6.4, only that we only derive minimax bounds,
similar to Corollary 6.4.4.

We specify a class of distributions, parametrized by the row of the Condorcet Winner. Let
A = (A, A, ..., Ak), with A; = 0 and A; € (0,1/4) for i # 1. Define D(V(A) as the set of
dueling feedback distributions whose gap matrix A € Dy, is such that the row of the Condorcet
winner ¢*, namely A;« ., is equal to A up to a permutation . Formally,

DD(A) == {A € Doy : Jo € S st ia = (1), and Ay = o(A)}, (6.13)

where S is the set of permutations on [K], and for any 2 € R, () = (2,(;))icx]- The following
result is the counterpart of Theorem 6.4.1.

Theorem 6.5.1. Let K > 2 and T € N* and consider any vector A with A1 =0, and A; € (0,1/4)
for i # 1. For any algorithm A with a fixed budget T, one has

1 T
max P 7 ) > —exp| —22 ,
AcDM)(A) 4.4 ( T 7& ) 4 p( ch)

K 1
where Heyw =) ;29 AT
1

Remark 6.5.2. This theorem reveals that one can exhibit a matrix A for which the the exponen-
tial error decay scaling as exp(—1/Hcy) in Theorem 6.B.1 is tight. The proof can be found in
Appendix 6.E.1.

We now turn to the counterpart of Theorem 6.4.2. Consider the following class of environments,
for which the quantities (s, A(4+)), defined in Section 6.4 are equal to a given couple (A, s) up to
a permutation of the arms. By convention, we extend s = (s]);x» into a K-dimensional vector
by fixing as 0 the 7*-th entry, that is sj. := 0. We proceed similarly for A ).

DA (A, 5) = {A €Dy : J0 € G st 84 = 0(s) and Ay = 0(A)} (6.14)

Theorem 6.5.3. Let T € N*, K a multiple of 8, A = (A1,...,Ax) with Ay =0 and A; € (0,1/4)
fori#1, and s = (s1,...,8K) withs; =0,1 < s; < K/4 fori=2,..., K. Then, any fired-budget
algorithm A satisfies

T
max P v i"(A)) = —exp| -b———rn— | . 6.15
NE: A aalir 77 (A)) 2 7 exp - (6.15)
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If, additionally Ay = A >0 and s; = s € [K/4] for alli € {2,...,K/2}, then

ma Pa alip #1*(A)) > L e IOTAQ (6.16)
X = —exp| — , .
Acd®(ag ST 1P K
1 sA2
Pa a(ir £ i*(A)) > = —[37°=-T. 1
A o aalir #7°(A)) 2 5 (&% (6.17)

Remark 6.5.4. Equation (6.17) shows that for matrices where half the rows equal (up to permu-
tation) a vector with s entries at —A and the rest near zero, any algorithm must pay % to reach
a constant success probability. This is aligned with the probability-independent cost H, e(gi)lore (8))
that suffers Algorithm 16 —see Theorem 6.B.1.

Equation (6.15) establishes probability of error is no smaller than exp(—7/H, g(i)lore (s)), while (6.16)
implies that the quantity exp(—1/Hcertify(8)) is required, at least for some specific highly struc-
tured matrices.

We refer to Appendix 6.E for the proofs, and a detailed discussion on the link between fixed-
budget and fixed-confidence lower bounds.

6.6 Numerical simulations

We compare FC-CWI with two standard baselines: MidSearch (Maiti et al., 2024) and Explore—
Verify (Karnin, 2016). Our experiments target two predictions of the theory. First, we vary the
strength p of informative suboptimal-suboptimal comparisons, while keeping the direct CW gaps
fixed, to isolate the benefit of exploiting the full gap matrix. Second, we study the scaling with
the number of arms K in the same sparse informative regime. Each method is run with a fixed
numerical prefactor, chosen once to compensate for conservative theoretical constants and then
kept unchanged across all main-text experiments.

All instances are sparse skew-symmetric gap matrices with arm 0 as the Condorcet winner.
The CW beats every other arm with margin at least -, while the suboptimal block contains an
a fraction of nonzero entries per row, with gaps equal to +p and all remaining entries set to
zero. Thus, v controls the difficulty of direct CW verification, whereas p controls the usefulness of
suboptimal-suboptimal comparisons.

We fix K = 64, « = 0.3, and 6 = 0.1, and vary p in the range [0.2,0.45] with step 0.05. For
the large-scale diagnostic, we fix v = 0.3, p = 0.4, and a = 0.3, and vary K € {100, 200,...,900}.
Figure 6.1 summarizes the two diagnostics. In the left panel, FC-CWI remains more sample-
efficient than MidSearch for different p values. Explore—Verify also improves as p increases and
can become competitive in this small-scale setting, where finding and verifying strong opponents
is cheap. This behavior is consistent with the theory: the cost of Explore—Verify can be favorable
at small K, but its sample complexity carries a stronger dependence on K. This is visible in the
right panel, where, as K grows, Explore—Verify scales much faster than FC-CWI, while FC-CWI
keeps the most favorable query growth on the logarithmic scale.

199



Chapter 6 — The Sampling Complexity of Condorcet Winner Identification in Dueling Bandits
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(a) Informativeness sweep. (b) Large-scale behavior.

Figure 6.1 — Left: query complexity in the sparse gaps matrix model with K = 64, = 0.3, and
0 = 0.1, as the suboptimal gap magnitude p varies. Right: query complexity as a function of K in
the sparse model with v = 0.3, p = 0.4, and o = 0.3, shown on a logarithmic scale.

We report now two complementary experiments. The first is a Bradley—Terry difficulty sweep,
which tests a classical structured regime with a total order. The second uses unstructured random
sparse matrices, to evaluate robustness beyond the controlled circulant model used in the main
text.

For the Bradley-Terry experiment, arm 0 is the Condorcet winner. We assign latent scores
=K —ifori=0,...,K —1andset ¢; = 1+exp(—/\113T(6,-—6j))’ Nij=qij— % . The parameter
AT controls the difficulty: smaller values produce smaller gaps and therefore harder instances.
We fix K = 200, § = 0.1, and run 5 trials for Agp € {0.04,0.05,0.06,0.07,0.08}, with a cap of
7 x 10° pairwise queries.

Bradley--Terry difficulty sweep (6 = 0.1, 30 trials)

_— - FC-cwWI
o — =i~ MidSearch
L -
n
ks
o
=
& ]
T
g
©
o
0.04 0.05 0.06 0.07 0.08

AsT

Figure 6.2 — Query complexity on Bradley—Terry instances as the difficulty parameter Agt varies.
FC-CWI remains consistently more sample-efficient than MidSearch across the sweep.
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Random sparse gaps, 60% zero entries
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Figure 6.3 — Query complexity on random sparse gap matrices. Left: 10% zero entries. Right:
60% zero entries. FC-CWI is most effective for small and intermediate p, while Explore—Verify
improves as stronger random witnesses become easier to find and certify.

Figure 6.2 shows that FC-CWTI identifies the Condorcet winner in all runs and uses substan-
tially fewer queries than MidSearch. The gap is most pronounced at intermediate difficulty; for
instance, when A\gt = 0.05, FC-CWI uses about 8.4 x 10° queries on average, whereas MidSearch
uses about 5.3 x 10% queries and reaches the query cap once.

We also evaluate random sparse gap matrices. Arm 0 is again the Condorcet winner, with
Aoﬂ' ~ Unlf(005, 01), Ai,O == _AO,i-

For each pair of suboptimal arms, the entry is set to zero with probability pg and otherwise
sampled from Unif[—p, p], with skew-symmetry imposed. We use K = 50, 6 = 0.1, and average
over 10 trials for p € {0.1,0.2,0.3,0.4,0.499}.

Overall, these experiments show that FC-CWI remains competitive in classical structured
instances and is particularly effective when useful suboptimal-suboptimal comparisons exist but
are sparse or heterogeneous.

Calibration of numerical constants. All three algorithms contain numerical constants that
affect their empirical sampling budgets. Since the theoretical constants are conservative, we cal-
ibrate one scalar constant per method on a single representative instance and then keep these
constants fixed in all subsequent experiments. The calibration instance is the sparse controlled
model with

K =128, 0 =0.1, a=0.2, v = 0.05, p=0.3.

For FC-CWI, the scalar cpc is the constant used in the elimination/certification threshold. For
MidSearch, the scalar cyig rescales the sampling budgets used inside the MidSearch subroutines.
For Explore—Verify, the scalar cgy rescales the initial budget in the doubling schedule. In all cases,
the confidence radii and verification thresholds are left unchanged.
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Table 6.1 — Selected calibration constants on the sparse controlled instance. All selected constants
identify the Condorcet winner in all 10 paired trials.

Method Selected constant Errors / 10 Median queries 90% quantile
FC-CWI 0.5 0/10 1.95x 10° 2.14 %106
MidSearch 0.3 0/10 8.42x 106 8.75x 106
Explore—Verify 4 0/10 4.00x 106 4.03x 106

To make the comparison insensitive to random fluctuations, we use paired trials: for a fixed
method and trial index, all constants are evaluated on the same randomly permuted instance and
with the same initial random seed. Each entry below is computed over 10 trials.

Table 6.2 — Robustness of the calibration. Query-complexity ranges are computed over local sweeps
around the selected constants. All entries in the table have zero errors over 10 paired trials.

Method Tested constants Median query range 90% quantile range
FC-CWI {0.5,0.7,0.9,1.1,1.3,1.5} [1.95,2.11] x 106 [2.14,2.14] x 106
MidSearch {0.2,0.3,0.5} [6.09, 13.08] x 10° [6.44,13.12] x 109
Explore—Verify {1,2,4} [4.00, 4.02] x 106 [4.03,4.05] x 106

The stability table shows that the empirical conclusions are not driven by a finely tuned
constant. FC-CWI remains essentially unchanged over the tested range of cpc, while Explore—
Verify is also stable near the selected constant. MidSearch is more sensitive because its scalar
directly multiplies several internal sampling allocations, but the selected value cyg = 0.3 lies in a
clean zero-error regime and the resulting query complexity remains well separated from FC-CWI
on this calibration instance.

6.7 Discussion

In this manuscript, we consider §-PAC and fixed-budget Condorcet-winner identification in
stochastic dueling bandits under the sole assumption that a CW exists. We derive instance-
dependent, high-probability sample-complexity guarantees that exploit the full gap matrix, and
complement them with new lower bounds covering both large-scale regimes, where K is large,
and small probability regimes, where § is small. We further improve over the state-of-the-art un-
der additional structural assumptions such as weak stochastic transitivity (WST), both on the
upper- and lower-bound sides— see the paragraph above. More broadly, CWI is a structured pure-
exploration problem over a latent matrix, with close connections to noisy payoff matrix games and
Nash equilibrium identification (Zhao et al., 2023; Maiti et al., 2024, 2025; Ito et al., 2025). We
believe that the exploration-certification decomposition and the tail-oriented lower-bound view-
point may help clarify analogous expectation-versus-high-probability separations in equilibrium
learning, whose optimal instance-dependent query complexity remains largely open; see Maiti
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(2025).

Total order implies a Condorcet winner. Weak stochastic transitivity (WST) is a standard
sufficient condition for a latent total order: for any 4, j,k € [K], A;; > 0 and Aj, > 0 imply
A;r > 0. Thus (up to tie-breaking) preferences are transitive and admit a total order, whose
maximal element is a Condorcet winner (CW). CW /optimal-arm identification in such total-order
regimes is studied in, e.g., Falahatgar et al. (2017, 2018), which provide worst-case guarantees
under WST (notably an O(Ke~?log(K/§)) bound for (e, §)-maxing, i.e., returning an arm I such
that P(Af;+ < —e) < 6)). Since WST is strictly stronger than merely assuming the existence of a
CW, our CW-based bounds directly apply under WST. In particular, our bound for FC-CW1 in
Theorem 6.3.1 improves over the state-of-the art under WST without relying on that assumption.
Furthermore, our lower bounds in Theorems 6.4.1 and 6.4.2 provide novel distribution-dependent
and minimax lower bounds under the WST assumption. Indeed, regarding Theorem 6.4.2, if the
matrix A satisfies WST, then the class D(A) defined in (6.10) considered in that theorem only
contains gap matrices satisfying WST. A stronger assumption is strong stochastic transitivity
(SST), which adds magnitude constraints (for ordered i > j > k, A;; > max{A;;,A;x}); in
particular, SST implies a CW and ensures that each suboptimal arm attains its largest loss against
the CW. Instance-dependent sample complexity under SST (often with mild regularity such as
STI) is characterized in Falahatgar et al. (2017); Ren et al. (2020), and our upper bounds recover
these guarantees (of the order Hcy(d)) up to logarithmic factors without even relying on the SST
assumption. Finally, parametric random-utility models such as Bradley—Terry—Luce, Plackett—
Luce, and Thurstone (Bradley and Terry, 1952; Luce et al., 1959; Plackett, 1975; Thurstone,
2017) are more restrictive than SST and therefore fall within our scope; in particular, our bounds
recover existing guarantees for BTL (see, e.g., Ren et al. (2020)). See Bengs et al. (2021) for a
broader overview.

Works on other types of winners. Beyond the CW objective (Komiyama et al., 2015;
Ailon et al., 2014; Chen and Frazier, 2017; Saha and Gaillard, 2022; Pekoz et al., 2022), al-
ternative notions include the Borda winner (Chen et al., 2020; Jamieson et al., 2015) (maxi-
mizing average pairwise advantage) and the Copeland winner (Zoghi et al., 2015a; Komiyama
et al., 2016) (maximizing the number of beaten opponents). Since the Borda and Condorcet
winners can differ, Borda-specific guarantees do not transfer to our setting. Copeland winners
always exist (possibly non-unique) and generalize the CW; fixed-confidence identification is stud-
ied in Zoghi et al. (2015a), but when specialized to CW instances the resulting complexity is
(@) (maXiE[K] Dt log(1/6)/AZ27j>, which is looser than our bounds.
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Appendix of Chapter 6

6.A Proof of Section 6.2

6.A.1 Proof of Theorem 6.2.1

Since the right-hand side of (6.6) does not depend on the values of p),. .., fi(x), it suffices
to treat the strictly ordered case where p1) < po) < -+ < p(k); the case where some values are
perhaps identical follows by a continuity argument.

Proof. If T < % logy (fﬁﬁ{ ) the bound is vacuous. Assume that T > % log, (fﬁg ) so that
logy(logy(T)) > 1 and lpin < L — 1. We introduce the following additional notation, for each

0 € {luin, ..., L —1} where i, = [*]log, (%), let

u

2 log }Lﬁf[(
Ny i= [ Ag = |x] —t and Ty = [+] §2d) , (6.18)
log (m) log,(T) €
and let
d 3d d d+3
ro= 7, 1= Tu , T2 = U y T3 = o and 7“4323-
K 4K 2K 4K K

The proof follows the steps below

— We start by a sanity check, verifying that the total number of queries made by Algorithm 15
is at most 7', and that ¢ exists.

— Next, we show an intermediary result about the quantities féi) for ¢ € {1,2,3} in the form

|

— Finally, we build on the obtained intermediary result to prove that the way ¢ is defined

of an upper-bound on

i (£§“¢ [“(H+K) T (prtgem) T

allows to have the stated guarantees.

Sanity checks: Recall the expressions L = |*|logy(T/logy(T)), € = 2. 2= L=0/2 and |A,| =
e%T . . . . . .
| ] o8 (T ) fog, () Algorithm 15 comprises L — {yyi, iterations, for each iteration ¢ € {lpin, ..., L—

u—
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1} it makes |Ay| Ty queries. Thus, the total number of queries is

Sl gt g e ()
lrmin 2€; i log (185) logy (1) 2€;

T T -1
L e2
2 log (15) logy(T) 1277,
<+ T <,

where we used in the last line the threshold condition on 7', giving
log(16K/(u — d)) logs(T') > 8.

For the definition of the quantity ¢, note that the set over which the minimum is taken is not
empty, since it always contains L — 1.

Step 2: Per-level quantile control.

In this step we will prove that for every level ¢ € {{iin, ..., L — 1} and every i € {1,2,3}

P(#" ¢ Cui) <pe, (6.19)

where we define (for each ¢ and i € {1,2,3})

)

g~ (g

Kdu — min{;, 1-— ;}(%O—de, pe i— 4exp(—kquNp) .

Throughout this step, fix £ € {{min,..., L — 1} and i € {1,2,3}. Define the two (random-sample)

ranks
- F“i—lg— 2r; Ng-‘ ’ o Vﬂ' ‘;7'2'-5—1 Ne-‘ 7

and define the two (population) bracket points

S (=t R ()
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Let v1,...,7n, be the (random) true means of the sampled multiset A;, and let Y1) S SV
be their order statistics (ties broken arbitrarily).

Next, introduce the event E(®) given by

E® — Yooy <m_} U {4 >my}.
Then, by a union bound,

(i) ¢ Cui) <P(ED) +P(# ¢ Cpy and =ED) . (6.20)

Term 1 Term 2
Next we will control the probability of E(*) (Term 1). Define the counts
My = [{j € [Ne] : yj <m_}, My :— |{j € [N¢] : y; > my}| .

Since Ay is obtained by sampling arms i.i.d. with replacement from [K], these are binomials:

M ~ Bin (Ng, PAQMKW _ 1) . My~ Bin (Ng, 1— m) .

K K
Moreover, by definition of order statistics we have
{")/(,,_) < m_} - {Ml > T_}, {’Y(r+) > m+} - {Mz > Ng —ry+ 1}.

Therefore,
IP(E@) <P(My>r_) + P(My>Ny—ry +1).

Let us bound the two terms in the upper bound above using binomial tail bounds. Using [z]—1 < x
and [z] > x, we have the parameter bounds

[”%*”KW—I Ti-1+7Ti 1_@ 1—M
K -2 K 2

IN

Hence, M; and Ms are stochastically dominated by Bin(Ny, %) and Bin(Ny, 1 — Tﬁ#),
respectively. Also, by construction we have

rie1+2r  rica T ri— Tl (1 _2ri Ti+1) _ (1 it Ti+1) _ Tkl i

3 2 B 6 3 2 6

Applying Hoeffding’s inequality to these dominating binomials yields

R S 2
P(My >r_) < eXp<—2Ne(m6m) ) ;

P(Ms > Ny — ry +1) < exp <—2N£(”+16”) ) .
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Since for each j € {1,2,3,4} one has r; —r;j_; > %1, we obtain

) _ 2
Term 1 = P(EW) < 2exp[ — Y= D7) 6.21
288K 2

Next, let us upper bound Term 2 in (6.20). On -E we have Yy = m— and 7,y < m4, hence
[m— —€e, my + €] 2 V) — €0, Yy + el
Therefore,
Term 2 = P(féi) ¢ [m_ — ep,m4 + €] and —\E(i))

< P(fy) ¢ o) — €6 Yoy T 6@]) :

By Lemma 6.A.2, this implies
Term 2 < 2exp(—kquNVe) - (6.22)

Combining (6.20), (6.21) and (6.22), and using that rq,, < (u — d)?/(288K?), we obtain
P(£7 ¢ Cy;) < dexp(—rqulNe) =
v & Cui) < dexp(—kaulNe) = pe,

which is exactly (6.19).

Step 3: Conclusion.

then the upper bound of the theorem is greater than 1 and the bound is vacuous.
. Let £* be the largest level such that

If € < 3ep,,,»
Assume that € > 3¢y,

36[* S € .

This implies in particular, since £* + 1 violates the condition above, that € < 3ep i1 = 3v/2¢p,
therefore

€p* Z (623)

€

3v2

Next, we will prove that for any ¢ € {lwin,...,L — 1}, we have
P(fﬁf) & [1(a) — 3ee, ) + 3ee]) < 2(4L + 1)py

Let £ € {lwin, ..., L — 1}, recall that by definition of ¢, for I > ¢, one has ff) < fﬁ) + 2¢p. Then,
it holds that

P (%2) > () + 365) < IP’(E > E) + P(fég) > h(w) + Eg) <4Lpy+ py ,
where we use Lemma 6.A.1, which ensures that for every £ € {{pn, ..., L —1} we have IP’(Z > /() <
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4Lpy, and we use the Bound 6.19 from step 2 with ¢ = 3. The second bound
(2
P (t%) < p(d) — 364) < 4L+ 1)p; ,

is proven using the same arguments (in particular Bound 6.19 with ¢ = 1).

Applying this bound to £*, using 3¢« < €, we have

~(2 (2
P (t%) ¢ [:u(d) =€ M) + 6]) <P (t%) ¢ [:U'(d) — 3epr, () + 365*])
< 2(4L + 1)pe -

Next, in order to upper bound pg» we use the following lower bound on Ny«

2 2
. GK*T 1 GZ*T
N[*_\‘Jl 16K 1 251 16K 1
og 0gy(T) og 0gy(T)
2
> T

)

3610g (1625 ) log, (7)

where we use the fact that from the assumption on the budget 7', Ny > 2, and e+ > €/3v/2
(see (6.23)). Therefore, using the definition of py,

per = 4exp(—Fau - Nev)

<4dexp —min{d l—u} <u—d>2 T
- K* KJ\GOK /) 3610g (155 logy(T)

_ 4 cre2T
= 2exp 1 16K 1 T ’
og 0gy(T')

2
where ¢ > 0 is an absolute constant, and r = min {%, 1-— %} (“T_d) . Finally, given that L <
logo(T') and 2(4L 4 1) -4 < 40logy(T) for T' > 2,

. 2T
P (1% ¢ (1) — € pg + €]) < 40logy(T) exp ,
( V4 (d) (w) ) 2 lOg (16K> IOgQ( )

which is the desired bound. O

Below are two technical lemmas deferred here to avoid cluttering the proof above.
Lemma 6.A.1. For every £ € {min, ..., L — 1}, we have P(£ > £) < 4Lp, .

Proof. Suppose that ¢ > ¢, then using the definition of ¢ we have necessarily that there exists
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¢ > ¢ such that ff) ¢ Iy, with Iy = [fé,l) — 2¢pr, tAg’) + 264. Therefore,
Z > E Z P (t@) < t@’ — 26g/) + Z P (t > fg?) + 264/) .
YY) >0
Let
m_ — ,LL([*] TI;T2 K), my — ILL([*] r242rr3 K) .
Let ¢/ > ¢, the event fgm < fé,l) — 2¢p implies fg,l) > m_ + €y or ff) < m_ — ep. Since we have
e > € for £/ > ¢, Bound 6.19 yields P(t(l) >m_ +ep) < ppr and

IP’(ff) <m_ —ep) < IP’(ff) <m_ —e€)
<Dpe-

Therefore,

P < 25 — 2ep) < po+por -
Similarly,

P('EéZ) > fg/s) + 26[/) S De —+ Per .
Therefore, for every ¢/ >/,

P(Ef) ¢ Ig/) < 2pp + 2pp .

Summing over ¢ >/,

0> >0

Since Ny increases with ¢ (thus py is decreasing), we have Y -, py < Lpg, which gives P(¢ >
0) < 4Lpy. 0

Lemma 6.A.2. Let ¢ € {lin,...,L — 1} and consider the notation introduced in the proof of
Theorem 6.2.1. For each i € {1,2,3}, define the two indices
rie1 421

r_ — [*] ?Ng and 1y — [*]

21 + Tit1

Ny.
3 ¢

Then ‘
P (fgz) ¢ [’Y(r,) — €Y ry) T Eg:| | Az) < 2exp (—Kgu - No) -
Proof. Fix £ € {lwin,...,L — 1} and ¢ € {1,2,3}. Define ¢ = [r;N;|. Given that we have T, =
[log(16K/(u — d))/(2€7)], let
dp :— exp (—2Tee%>

< exp (— log(16K/(u — d))) = “—2

16K °

(6.24)
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Moreover, for every arm j, given that samples are 1-range bounded and fi; is computed with T}
samples, Hoeffding’s inequality gives

P; <vj—e | Ag) <6, P(fi; > +er | Ag) < 6. (6.25)

Next, we prove the lower tail of the claimed bound. Recall that fgi) = fig) and r_ = [¥] %%Ng
and define the event

£ = g <o) — et}

If £_ occurs, then at least ¢ empirical means are smaller than y(,_)— ¢, (with ¢ > r_). Given that
('y(k)) & are in non-decreasing order, we conclude that among the set

G = {7 =%}

then at least ¢ — (r— — 1) elements must satisfy fi; < 7(,_) — €. For each element j € G_ we
have v; > v(_), hence {fi; < v,_) — e} € {fi; < 7; — e¢}, using (6.24) and (6.25) we have
that, conditionally on Ay, each such downward deviation has probability at most (v — d)/(16K).
Therefore, we conclude that

P(E- | Ar) < P (Bin(|G-|, (u— d)/(16K)) = g — (r_ — 1)) .
Using the definitions of ¢,r_ and r;, we have
ri—1+2r
q— (T_ - ].) = ly*-| TiNg — ([*w 1?]\fg — 1)
ri-1+2r

> 1ilNg — fNe

-nm ety

3

u—d
>

- 12K

G| .

Applying Hoeffding’s inequality for binomials yields

—d —d\?
P(E_ | Af) < exp (—2|g| (%or -~ 5oi ) )

N2
< exp (—2lg|(28;> ) -

Finally, for i € {1, 2,3} we have ”*13& < %, hence |G| = Ny—r_+1> (1—u/K)N,. Therefore,

e v - ) )

< exp (—Kdu - Ne) - (6.26)
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Let us show the upper tail of the claimed bound. We follow similar steps as in the lower tail proof.
Consider ry — [*] M#Ng and define

Er = {hg) > Vo) et

If &4 occurs, then at least Ny — ¢ + 1 empirical means exceed 7(,, ) + €. At most Ny — 7y arms

can have true mean larger than . ), therefore at least (Ny —q+1) — (N —ry) =714 —q+1

ry)s
arms from the set

G =477 <)
must satisfy fi; > 7, ) + €. For each j € G, we have v; < 7, therefore {fi; > v, )+ €} C
{ft; > ~v; + €}, using (6.24) and (6.25) we have that, conditionally on A, each such upward
deviation has probability at most (u — d)/(16K) conditionally on A,. Thus, conditionally on Ay,

we have

B(€, | Ag) < P (Bin(|G. |, (u— d)/(16K)) = vy —q+1) .
Also, we have

2r; +rig1

r+—q+12 3 Ng—T‘iNg
Ti+1 — T4 u—d
3 T 12K

Therefore, using the binomial Hoeffding bound we obtain

d 2

P(5+|Ae)§exp< 216+ (4o ) )
u—d\?

Sexp<—2r+<48K>>.

Moreover, for i € {1,2,3} we have M >

d
K>
d 2
P(E, | A <e ( M))

— K - No) (6.27)

L > %Ng. Hence,

The conclusion follows by combining (6.26), and (6.27) which leads to the bound

P(fiq) & Yooy — €05 Yiry) +€2)) < 2exp (—kaulNe) -
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6.A.2 Proof of Corollary 6.2.2

Proof of Corollary 6.2.2. Suppose K > 5, then [K/4] > [K/8]. Let € > 0 and I = [u([x/8)) —
€ U([K/4]) T €]. We have

win [ FEIS1 TN g (1 KA1 529

Moreover, using K > 5 and K = 8g + r where ¢ € N and r € {0,...,7}, we show that

_ 2
([K/zﬂ = (K/SW) > ﬁ ' (6.29)

Applying Theorem 6.2.1 with v = [K/4], d = [K/8] and using the bounds (6.28) and (6.29) we
obtain

2) ; . L
P (té ¢ I) < min {1, 401ogy(T') exp <_C 8 144 3logy(T)

2T
< log(T) exp (—0’ ‘ ,

where ¢’ is a numerical constant. The last line follows by absorbing all numerical constants into
d >0, using T > 4.

Suppose now that K € {2,3,4}, then [K/4] = [K/8] = 1. In this case, Algorithm 15 allocates at
least T'/4 samples to each arm and outputs the minimal empirical mean. Let a € [K] denote the
index corresponding to the arm with the smallest true mean, we therefore have (let £ denote the
output)

P(f ¢ [,u((K/gw) — € M([K/4]) T E]) = P(f < 1) — 6) —|—IP)(L? > py + 6)
K
Sp(ﬂa>ua+€)+zp(ﬂi <,U/i_€) )
=1

where fi; denotes the empirical mean of arm i. We conclude using Hoeffding’s inequality, with the
fact that each arm receives at least 7'/4 samples that

N T
]P)(t ¢ ['LL({K/SD — € H([K/4]) T 6]) < 56Xp<_622> ,

which corresponds to the result. O

6.A.3 A result on Sequential Halving Algorithm by Zhao et al. (2023)

Consider a K-armed bandit problem with Bernoulli reward with unknown means pq, ..., ux.
As in the previous subsection, we write 1 (1) < ... < pg for its ordered values. Sequential halving
is a classical elimination scheme for pure-exploration problems (Karnin et al., 2013a). It proceeds
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in at most [logy K| phases. Starting from the full set of K candidate arms, each phase spends
approximately |7T'/logy K| samples by distributing them uniformly across the surviving arms,
then ranks arms by their empirical means and discards the top half. Since our goal is to identify
arms with the smallest mean, we retain the bottom-ranked half after each phase. This procedure
is known to be adaptive for simple-regret minimization, in the sense formalized by Theorem 6.A.3
below.

Theorem 6.A.3. [From Zhao et al. (2023), Theorem 6] Consider the Algorithm Bracketed SH
with inputs T and K. The output It satisfies for any € > 0 and m € [K]:

me> T
P (NIT 2 P(m) + 6) < exp —Cm )

where ¢ is a positive absolute constant.

6.B Guarantees on FB CWI procedure (Algorithm 16) in the
fixed budget setting

In order to structure the proofs, in this section we present guarantees about the output of
Algorithm 16 when fed with input (0, 7). More precisely the output being (¢1 V ¢, ), here we
provide upper bounds on the probability of misidentification error for the arm candidate I. This
corresponds to the typical kind of guarantees encountered in context of best arm identification in
the fixed budget framework. In turn, we apply these results in Section 6.C to prove the guarantees
presented in Theorem 6.3.1.

6.B.1 First Upper Bound

Theorem 6.B.1. The output of FB CWI (Algorithm 16) with input T satisfies:

P (¢ # i*) < 27K log(K ) log(T) - exp (—C' log(T) 10£(K)ch) ’

where ¢ is a numerical constant, and we recall that H., is defined by

ch: Z

i

1

P} )
%,

if Ni=; >0 for alli € [K]\ {i*} and H., = +00 otherwise.

Notation: Let A®) ¢ [—1/2,1/2]4x¥I4] denote the sub-matrix of A restricted to rows and
columns in Ag. For o € Ag, let (A

in Ay \ {a} such that:

N ) denote the ordered gaps between o and arms
O[,(’L) Ze{177|Ak‘_1}

) *)
Do) S S AL a1 -
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Since the gaps sub-matrix for arms in Ay is skew-symmetric (i.e., Vi, j : AR — A( )) the

0]
number of arms such that A&kz 1474, /4) < 0 1s at least [%] |Ag| /4 (see Lemma 6.F.6). Let Ey C Ag

denote the last set of arms:

_ A
By = {a € Ak s Al{ 4, < O) -

Finally, we remind the reader that for any j € [K], the quantities A;qy < - < Aj gy
correspond to the ordered gaps between j and all arms in [K]\ {j}.

Proof of Theorem 6.B.1. Suppose that T > 8K logg7(K), otherwise the bound is vacuous.
Assume that A;«; > 0 for all 7 # ¢*. Otherwise, if A« ; = 0 for some j # ¥, then H¢, = 400 and
the stated bound is trivial.

We start by bounding the probability of the event 1 # i* by the probabilities that i* gets
eliminated at some step k. Since i* € Ay = [K], the event {¢)r # i*} implies that there exists a
round k € {1,..., kyax — 1} such that i* € Ay but i* ¢ Ap,1. Hence,

kmax

P(yr # i) = B u (e A i ¢ Agir})

Z Z € A, 7* ¢ Ak+1)

<kma><' P(i* ¢ Apoy | € Ap). 6.30
< kE{l,?’?i{ax—l} (i ¢ Apq1 | 7° € Ay) (6.30)

Recall that kmax < [logg7(K)].

Next, we upper-bound P(i* ¢ Axyq | * € Ag). Fix k € {1,...,kmax — 1} and condition on
{i* € Ap}. If i* ¢ Ajy1, then by the definition of the next set (keeplng only the top fraction), the
number of arms in Ay with score smaller than Si(i*) is at most [|Ag| /8]. Equivalently, at least
|Ak| — [|Ak| /8] arms in Ay have score at least Sk (i*).

By Lemma 6.F.7 applied to the skew-symmetric matrix A®) we conclude that if |Aj| > 3 then the
intersection between Ej and Ay (which have a size of |Ag| — [|Ak| /8]) is non-empty, therefore

da € Fy : Sk(a) > Sk(l*)
Otherwise, if |Ax| = 2 and i* € Ay, we necessarily have E = Ay \ {i*}. We conclude that
P(i* ¢ Agi |i* € Ay) <P(3a € By Sp(a) > Si(i))

. L) (k)
P (500 < 5 Al +P (30 € B 81> 5 &)

Term 1 Term 2

—_
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Denote Ay, :— Agf,)(ﬂAkVS})' By Lemma 6.B.2, Terms 1 and 2 satisfy

2
P(i* ¢ Ay | i* € Ap) < (K + 2log(T)) exp <_Cbg([ABi/21) Bk)

+ K log(T) —’AiiB
OISR T og(TBi/2])

2
< 3K log(T) exp (—01 log((ABi/ﬂ) Bk> , (6.31)

where ¢; = min{c, ¢'}.

Next, we develop a bound on Agf,)(HAkI/SU using Hew = 32z ﬁ Recall By, = {

T
|Ak“0g8/7(K) '
We have

T
AIBL=A2 |
kR ’“LAmoggﬁ(K)J

9 T
= 85 314, Tlogas (K)
oA T
~ [[Ak| /8] 16logg/7(K)
. T B T
~ 161ogg 7 (K) - 3 sie Az# 16logg7(K) Hew '

where we used in the second line the fact that 7' > 8K logg/7(K) and Lemma 6.F.2 in the last
line (using Ay :— Al(f)(ﬂz‘lk\/?ﬂ))' Plugging this into (6.31) yields

T
(1 ¢ k41 ’Z S k) <3 Og( ) eXp< C1 1610g8/7(K) 10g([Bk/2—|)HCW>
T
< 3K log(T —c 32
< 3K log( )eXp< “ log(K) log(T) ch> ’ (032

for numerical constants c1, ¢} > 0 (using logg /7(K) = O(log K) and log([ By /2]) < log(T)).

Finally, we combine the bounds (6.30) and (6.32), and use kpax < [loggﬁ(K)-‘, we get

P(ypr # i*) < [logg 7 (K)] - 3K log(T) eXp<—C/1 log(K) I;Fg(T) ch> ’

which yields the claimed form

P(ypp #i*) < 27K log(K) log(T) exp <_c log(T) 101;(K)HCW> ’
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for a numerical constant ¢ > 0.

It remains to prove the following technical lemma.

Lemma 6.B.2. Consider step k in Algorithm 16 and assume that i* € Ay. Let Ay — Ag,’f)(
then

[Akl/81)7

2
P <Sk(l*) < Ak) < (K + 2log(T)) exp <_Clqg([ABi/2]) Bk:) ;

2
Ak> < Klog(T) exp (—c’ lmg([ABi/Q]) Bk) ;

for numerical constants c,c’ > 0.

Proof. Assume T > 8K log8/7(K), this guarantees By = {Akllongﬁ(K)J > 8. Let c¢; denote the

constant from Corollary 6.2.2.

Proof of the first bound: Let i} be the strong opponent chosen for i* at step k of Algorithm 16.
Recall
S(i*) = min{Z{ ("),0} + 2, (i*).

Therefore, we have

1 1 1
]P’(Sk(z'*) < 2Ak> < P(Z,gs)(i*) + 20 () < 2Ak> +1P><z,§w>(z'*) < 2Ak> | (6.33)

Recall that the event {Z,gs) (i*) + ka) (%) < %Ak} implies that
5) [ x 1 W) s O
{Z,g )(z ) < _ZAk or Z,g )(z ) < 4Ak} ,
Combining with Inequality 6.33 we obtain
e 1 (8) (5% 1 (w) (- 3
P (ki) < 5AK) <P (2067 £ —7Ak) +2P (20767 < LA ) (6.34)

We use Hoeffding’s inequality (Lemma 6.F.10) to bound the first term in the upper bound above.
For any fixed i € [K]\ {i*} and € > 0, we have

R ’B
P (Al*z — Ay < *6) < exp <€2k> ;

where A ; is the empirical mean of duels between (i*,7) computed using [ By/4] samples. There-
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fore, applying the bound above with € = A /4 and a union bound over the arms, we have
S . 1 s X 1
P (Z;g (i) < —4Ak> <P (Z,g (i) = Age s < —4Ak)
2

where we used the fact that A ; > 0 for all j € [K]. Now, using Corollary 6.2.2 which gives a

guarantee on the output Z ,gw) (1*), we have

w), -x 3 w) /% k
P(z,g (i) < 4Ak) —P (z,g i) < A s — Ak)

B A7
< log ([*] ;) exp ( WB > (6.36)

We conclude by combining (6.35), (6.36) and (6.34) that

2
<Sk( o < ;Ak;> < (K =1+ 2log(T)) exp (_Clmg(éi/ﬂ)Ba ’

where c is a numerical constant.
Proof of the second bound: Fix a € Fj. By definition of Fj, we have

(*)
Ao (rlagl/an =0

Moreover, min{Z,(f) (), 0} <0, hence

LN 1
P (ke = 5o = (mm{z V(@),0} + 2 () = 541 )
Wy o]
<P Z -
- ( =5 ’“)
w) K)
<P (2" (@) = A4 T Ak)7

where the last step uses Agzkzﬁ Apl/4) < 0. Applying Corollary 6.2.2 to Z, (w )( ) then yields

(Sk( ) > 1 k) < log (ﬁ’“D exp (—c1 810g(?§k/21)3k> . (6.37)

Finally, union bound over a € E}, gives

P <Ela € By : Si(a) > ;Ak) < |Eg|log GB;-D exp ( log([ABi/ﬂ)Bk> )
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We may bound |Ej| by K; hence the above yields the stated form

2
P (Ela € By : Sk(a) > ;Ak) < Klog(T) exp (—c’ log((ABi/ﬂ) Bk> ,

for a numerical constant ¢’ > 0. This proves the second inequality and concludes the lemma. [

6.B.2 Second Upper Bound

For each i # i*, let A; ;) denote the ordered gaps (A; ;)ix; as
Ajy < <Ay k-1

Denote by Kj.<o the number of j such that A;; < 0. For each i € [K], let s; < Kj.<o, and

s = (81,...,5K). Here, we take the convention K;+..o = 0. We recall the expressions of the
. 0 1
quantities Heertity (), He(xz)lore(s) and He(xz)lore(s)

K
and H, e()(zl)alore (3) -

1 1
Heertify(8) = Z 7 He(xl)Jlore(S) = max

iz Bi(sr) #SIA (s,) G sihiy

Theorem 6.B.3. For any s such that 1 < s; < K., it holds that

T — ¢y log?(HY s)) - HY s
log (K) log(T) Hezplore(s) + HC@Tﬁfy(S)

where ¢ and co are numerical constants.

We restate and extend the notation introduced in the last section.

Notation: Let A% ¢ [~1/2,1/2]/4I%I4kl denote the sub-matrix of A restricted to lines and
rows in Ay. For oo € A, let (A(k)

. ) denote the ordered gaps between o and arms in
() ) ie{1,...,|Ap| -1}
Ay, such that:

AP << AW

1 = o,(|Ag|-1)"
Recall that since the gaps sub-matrix for arms in Ay, is skew-symmetric (i.e., Vi, j : Ag? = —Ag»i-)),
the number of arms such that A&kg(*ﬂflkl/ﬁl) < 0 is at least [*]|Ag|/4 (see Lemma 6.F.6). Let

B, C Aj, denote the last set of arms

— AR
Bi = {o € Ak Al am) <0 -
We rank the quantities (Aq (s,))ack,- We denote the ranked sequence with ties broken arbitrarily
(Api)icym)
Ag,1 < < Apg, -

218



6.B. Guarantees on FB CWI procedure (Algorithm 16) in the fized budget setting

Define the quantity Ay by

Observe that when A = 0, we necessarily have A; (s, = 0 for some i € [K]\ {i"}, this implies
in particular that Heeify = 0o and the bound becomes loose. Therefore, in the remainder of this
proof, we assume that Ay < 0.

Let F}, denote the subset of arms in E; such that Aa,(sa) < Ak.
Fpi={a € Byt Ay o) < Ak} (6.39)

Finally, we denote for each i # i* : T; := siA?(

) S’L),

quantities I'ig) < --- < T'(g, with ties broken arbitrarily.

and let (I'(;))ixi+ correspond to the ranked

Proof of Theorem 6.B.3. Fix s such that 1 <s; < Kj. o for all i # ¢* (and Kj«.<o = 0 by
convention). Note that by the assumption of the uniqueness of the Condorcet winner we have
Ki.<o > 1 for any i # i*. Let ¢ > 0 be a numerical constant (chosen smaller than the constants
appearing in Corollary 6.2.2 and Theorem 6.A.3). We assume that 7' > 8K logg,7(K), otherwise
the bound of the theorem is vacuous.

Similar to the proof of Theorem 6.B.1, we start by bounding the probability of the event ¢ # ¢*
by the probabilities that ¢* gets eliminated at some step k. We have

kmaxfl
Plpr #i%) < Y P ¢ Agir, i € A) < hnax - max P ¢ Apyr |7 € A). (640)
k=1

>fmax

Recall kpax < [logg/7(K)]. Fix k € {1,..., kmax—1}, we will first consider the case where [A| > 3.
The case where |Ay| = 2 is simple and is left to the end of this proof.

Next, we build the argument of our proof on the observation that given i* € Aj, the event
i* ¢ Ag41 implies in particular that the number of arms o € A with a score S(«) larger than
Si(i*) is at least |Ag| — [|Ax| /8]. Therefore, the event i* ¢ Aj41 implies that the number of arms
in Fy with a score Si(-) larger than Si(i*) is at least |Agy1 N Fy| > [|Fk| /3] as stated in the
following lemma

Lemma 6.B.4. Let k € {1,..., kmax — 1}, recall the definition of Fy, given in (6.39). We have, if
|Ak| > 3 then

1
[ A1 O Fi| 2 [x] 5 | Fel -
This lemma implies that if i* is eliminated at step k (i.e., i* ¢ Ag41), then many “bad” arms in

F}, beat i*. More precisely, since Agy;1 consists of the top-scoring arms at step k, every a € Apy1
satisfies Sk(a) > Si(i*) whenever i* ¢ Ay 1. Therefore,

("¢ Aen) € {lae s Su@) =56 = [51R)}.

219



Chapter 6 — The Sampling Complexity of Condorcet Winner Identification in Dueling Bandits

Introduce the threshold %Ak defined by (6.38) and split

P(i* ¢ Aoy | i* € Ay) < ]P(]{a € Fyp: Sp(a) = Si(i*)}| = { \Fk\-‘

g]P’(Sk( ) < Ak>+P(|{aeFk Sk(a )Z%A H > [ IFkID

Term 1 Term

The following lemma is a key step in the proof, we postponed its proof to the next subsection.

Lemma 6.B.5. Under the assumptions of Theorem 6.B.3, consider step k in Algorithm 16. Then,
we have

P (51«(2' )< %5 i € Ak) < (K +log(T)) exp <CA5‘Q) Bk)

log (B,
1 | ¢ T —clog®(H) 1,0 (8)) - Heoyyo(5)
P < {aeFy: A < Sk(a)}‘ >[5 |Fk|) <exp|——3 : (Iil) . ’
2 3 log”(K) log(T) H piore(8)

where ¢ and ¢ are positives numerical constants.

A direct application of the lemma above gives (for numerical constants ¢, ¢’ > 0)

AZ
P ¢ Apr |7 € Ag) < (K + log(T ))eXp< Bk)

“log(By)
+exp| — ¢ . T — Cl 10g5(He()(2)lore(8)) Hégg)lore(s) (6 41)
og () oa(D) B e

Next, we will convert the dependence of the bound on A}, into Heertity ().

Recall |Ey| > [|Ag|/4]. Since A = AEkt[%IEkH’ and the sequence (Apg,.;); is non-decreasing
and non-positive, the squared sequence (AQEN)Z is non-increasing. Applying Lemma 6.F.2 to
(AQEk:i)ie[lEkl] yields

|Ag| -

| E| 1 1
—2 < 4|Ey]- —2 <32- { 2 w e <32) < 32Hcerify(8).  (6.42)
A A Ey:[Z|Ex[] a€E, Ta(sa)

. T T .
Using By, = {|Ak10gs/7(K)J > 9T TTogs () (and log(By) < log(T)), we obtain

A 2
s ew (‘C welh B’“) = e (‘Cl Hova o 8T} 1og<K>> |

(6.43)

for a numerical constant ¢ > 0 (absorbing logg 7(K) = O(log K) into constants).
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Next combine (6.41) and (6.43), and using exp(—a) + exp(—b) < 2exp(—min{a,b}), we get that
if |Ag| > 3, we have

c T— €2 10g5(Ht3(2) lore(s)) He(:g) 10re(s)
P(i* ¢ Agyr | 0" € Ay) < 3(K+log(T)) exp | — : . . :
+ log3(K) log(T) He()lcz)lore(s) + Heerity (5)

for a numerical constant ¢ > 0 (renaming constants). To conclude we need to consider the edge
case where |Ag| = 2 (last iteration). In this case we have |Ey| = |F)| =: {a}. Therefore,

P@* ¢ Apsr |7 € Ap) < P(Sp(a) = Si(i"))
1+ 1~
<P(8u07) < 584 ) + B(Sulo) 2 35
The first term in the upper bound can be bounded using (6.B.5), the second term can be bounded
using Lemma 6.B.6. The resulting bound is smaller than the one obtained when |Ag| > 3.

Finally, using (6.40) and kmax < [logg,7(K)], and absorbing [logg,7(/)] and additive logarithms
into the prefactor, we obtain

T — ey log(HY g s
]P)(wT?éZ*) §47K10g(K) log(T) exp (_ C1 2 108 ( explore( )) explore( ) ’

log®(K)log(T)  H{)\,.. () + Heertity (3)

which is the claim of Theorem 6.B.3.

6.B.3 Proofs of Technical Lemmas
6.B.3.1 Proof of Lemma 6.B.4

Proof. Recall Ay, = AEkt[%IEkH and F, = {a € B : Ay (5,) < A}, hence

7
Bl =[5 1B |- (6.44)
Algorithm 16 keeps [Ajy1| = |Ak| — [*] |Ax| /8 arms, so for any A1 C Ay and Fj, C A,

144l

| A1 N Eg| > [Aga| + [Fe| — [Ag| = [Fi| — [*] 3

(6.45)

Case 1: |A;| > 5. By Lemma 6.F.6, |Ex| > [|Ax| /4] > 2, hence [|Ag| /8] < [|Ek| /2]. Moreover,
for every integer m > 2,

2[7?] > 3[2] , (6.46)

(which follows by writing m = 8¢ + r and checking r € {0,...,7}; the only delicate residue
= 1 is harmless since then ¢ > 1). Applying (6.46) with m = |Ej| and using (6.44) gives
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L% |Fr|] > [|Ex| /2] > T|Ag| /8]. Plugging into (6.45) yields
2 1
A N Fel 2 1F| = |5 1B | = [ 1R ] -
Case 2: |Ag| € {3,4}. Here [|A.] /8] = 1. By skew-symmetry of A®) at most one row can have
all off-diagonal entries > 0, hence at least |Aj|—1 rows have Agﬁzl) <0,so0 |Eg| > |Ak|—1 € {2,3}.
Then [%|Ey|] = |Eg|, and since Fy, C Ey, (6.44) implies |Fy,| = |Ey| > |Ay| — 1. Using (6.45),
|Ag1 N Fy| > [Fpl -1,
and for |Fy| € {2,3} this satisfies |Fj;| — 1 > [|Fy| /3].
Combining both cases proves that for every |Ax| > 3,

AeanFil > [31Rd] .

6.B.3.2 Proof of Lemma 6.B.5

Proof. Fix around k € {1,...,kpnax — 1} and recall Ay, < 0 by construction.

Proof of the first bound

_ A2
}P’(Sk(i*) < ;Ak> < (K +log(T)) exp <_clo§gk)3k> .

If A, = 0 the bound is immediate. Assume Aj < 0. Recall S (i*) = min{Z,gs) (i*),0} + Z,gw) (7%).
Then

]P’(Sk(i*) < Ak) < P(Z,gs)(i*) + 72" (%) < ;&) +P<Z,§w)(¢*) < ;Ak)

The first term in the last upper-bound is bounded using Hoeffding and a union bound over the
opponent choice,

_ A2
P(2{7(") < ) < (K - 1>exp(—§;Bk> .
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The second term is bounded by Corollary 6.2.2,
(w) (7% 1 A (W) /% (k) 1+

< log(T) L AL g
= OBVEPA T hog(TBi/2]) F )

Finally, absorbing log([ By/2]) into log(Bj) and constants yields

_ A 2
P<Sk(i ) < %A ) < (K—i—log(T))exp(—c logA(gk) Bk>.

Proof of the second bound

1 < T - C/ 10 Hég) ore Hég) ore
P(|{a€Fk: Sk(a) > ZAg}| > [|Fk|/31) ) — . 8" (Hegpiore(5)) - Hogprore(8) _
2 log (K) IOg(T) He()lczﬂore (S)

We start from the indicator-sum form

Next, we keep only the hardest 3/4 of Fj. More formally, we rank I'y, = saAi (s4) OVEr @ € Fy as
I'pea < <T'ppys and let F,E,3/4) be the subset containing the top [3 |F)| /4] arms with largest
T,.. Then ]Fk \ F,§3/4>\ = ||Fi| /4], so

Let us develop a uniform per-arm bound on F ,53/ Y Lemma 6.B.6 below gives such a bound

Lemma 6.B.6. Let a € F,gg/4). We have

T

log®(K)log(T) Y e, ﬁ

: (6.48)

P (Sk(a) > ;Ak> < (log(T) + K)exp| —¢”

(s) log? (HY

explore

where c” is a positive numerical constant. Moreover, if T > ¢ g (8)), where

explore
— 103 v 2 10g?(22), we have
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In the remainder of this proof we assume that the condition 7' > ¢/ H ég;lore(s) log® (H, égfﬂore(s)) is

satisfied, otherwise the upper bound stated by the theorem is greater than 1 and is thus vacuous.
Denote by p; the bound given by the lemma above

T

log®(K) 1og(T) Licp, ﬁ

1
PriT g A (log(T) + K)exp| —¢”

We use Lemma 6.F.9, which is purely technical and deferred to Section 6.F, to obtain the following
upper bound

T

log®(K)log(T) Y e, ﬁ

pe < exp | —c1 , (6.49)

where ¢; is a numerical constant depending only on ¢”. Therefore, by independence across arms
in the construction of Si(-) since the algorithm uses independent fresh samples per arm,

Consequently, using the fact that pg < Tls implies [%-‘ — Dk E ]Fk|-‘ > % we have

o3 =[] (o 125
< IF’(Mk —E[M,;] > “;Z’) : (6.50)

Next, we use Lemma 6.F.12 which provides a deviation bound for binomial variables in regimes
where the parameters can be small. Recall that M is a binomial distribution with parameters
(P, [3|F| /4]). We have

P(Mk — E[My] > fﬂ) < exp<—86£’;f(’pk)> : (6.51)

L

15, the expression

where ¢ is the function defined in Lemma 6.F.1. Since we have proved that py <
of ¢(pg) is therefore given by

% — Pk
#lpe) = log(1 — pg) — log(pr) -

Since the function ¢ is increasing on (0, 1/2) and, since by Lemma 6.F.5 we have, for any y > 0,
_ 5 — exp(—y)
log(1 — exp(—y)) — log(exp(—y))

0 <

1
2y’
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we conclude using the bound (6.49) that
1 S C1 T

2 .
o) = 320108(T) 0% (K)  Ticp, 55—

Using the bound above with (6.51) and |Fj| > £ |Ej|, we have

F F c r
P(Mk—E[Mk]Z‘k’>§eXp _| k| C1 3 . K
24 864 320log(T)log”(K) Yicm, siAZ
Y7, (s4)
< i T | By
<exp | —c2 ’

log® (K)10g(T) Y icp, ﬁ

where ¢y is a numerical constant. We then use the fact that

| Ek| - 1 1

) _ K = K 1) ’
ZleEk siA?’(si) maXiz; siA?,(si) Hexplore(s)

Plugging these two relations into (6.50) then (6.47) yields for a numerical constant ¢z

. a) > LA [l exp| —¢3- -
]P’(]{aEFk- Sk(ar) > QAkHZ’V 3 -D = p( ’ log®(K) log(T) H'Y (3))7

explore

as soon as T' > ¢'H ég;lore(s) log®(H ég;lore(s)). Reintroducing the shift (to cover smaller T') gives

the stated bound in Lemma 6.B.5. O

Proof. of Lemma 6.B.6. Fix o € F,Eg/4), let o®) denote the strong opponent chosen for a. We
have

P (Sk(a) > ;Ak> _p (min{z,§8>(a), 0} + 20 (o) > 1Ak>

<P (Z,?)(a) + 2" () > ;Ak)

a,a(s) =
7~ (w) 1-
+ P Aa,a(s) > éAk +P Zk (a) > _gAk . (652)
Using Hoeffding’s concentration inequality with a union bound over the possible choices of a(®),
we have B
(s) L X A
P Zk (a) — Aa,a(s) > _ZAk < (K - 1) exp —gBk . (6.53)
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Since o € Fy, C E}, we have Ak EHA 1/47) < 0. Therefore, by Corollary 6.2.2, we get

w 1 A v 1 A
P (Z,E Y(a) > —SAk> =P (Zzﬁ @) > AgszAk\/éﬂ) - A’“)

<log (T

<log (T

By,
( 64log Bk/ﬂ) ] 2)

S — 6.54
128log Bk) ) (6.54)

Since a € Fy, by definition of F}, given in (6.39), we have A, (,,) < Ay < 0. Therefore,

P (AW@ > ;Ak> <P (A o) > A )

Then using Theorem 6.A.3 we have

2
<exp b foRatw) p ) (6.55)
- 256 K log3(K)

We conclude by plugging the bounds (6.53), (6.54) and (6.55) into (6.52)

) A 2
P <5k( ) > %A ) < (K +log(T)) exp (—C' min{mozg(m’ 105(%) } Bk) '

where ¢ := Now it remains to prove that

I'r. A2 T
min { BV A Lo _
Klog®(K)’ log(By) log®(K)1og(T) ek, T

_c
1024

Recall Lemma 6.F.2 gives
|E%|
(] 5
Uit — icr,
Therefore,
[Fl 1
A e, &= = WAL
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Hence, using the bound above and the definition of B we obtain

Cropbind p, o 1B 1 T
Klog?(K) " = 43 cp & Klog’(K) 2[Ag[logs:(K)
_ T 1 | F|
~ 8log’(K) loggr(K)  Ticp, & Akl
T | Fy|

> . ,
~138log!(K) Yiep, £ 1Akl

Recall that |Fj| > [*] % |Ex| > [*] 1% |Ag|. Therefore, the bound above gives

RSP T (6.56)
Klog*(K) "~ 736log*(K) Yicp, 1
Moreover, we have
1 1
Al 57 < 4Bl 55 <32 [ g |Bulgr———
Aj A Ey:[¥] L] Byl
<32 Z (6.57)
Q€L a (sa)
where we used again Lemma 6.F.2 in the second line. Therefore, we have
A2 A2
Bk g Bk T
log(By) log(By) 2[Ag|logg 7 (K)
1 T
> . . 6.58
> acE, 7A21< 64 log(By) log8/7(K) ( )
Therefore, combining (6.56) and (6.58), we get,
1- Primalimg A2
P(S “Ap) <1 —c mi b v LI
(1) 3) < tes ( ‘ mm{ Klog' ()" Tog(B) | "
<lexp d min L 1 a
—_— X "
736 log™ (K Z Z L og(r) | o)
1€Ek a€Ey 04 (Sa)
d T
<lexp (— ) , (6.59)
736 log*(K)log(T) Yiep, 1

where we used log(T) > log(K) in the last line, and the pre-factor is | = (log(7T') + K).

(0)

Xplore( s). Let us prove the last claim.

For the remainder of this proof, we denote H :(— H
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Let ¢” :— 10% v 29 10g?(20) | which implies that ¢’ > 960%. The function T +— (log(T) +
K)exp (—%m) is non-increasing on the interval [¢” - H log®(H), +-00). Therefore, we

have using (6.59)

/ ” 5
P (Sk(Oé) > ;Ak) < (log(c”Hlog®(H)) + K) exp | —— ¢"H log”(H) )

736 Hlog?(K)log(c”H log®(H))

736
log?(H)
log(c”H log®(H))

< (log(¢”Hlog®(H)) + H) exp

c ¢ log?
< (log(c"H log®(H)) + H) exp <_ ' log(c”lﬂglo(gjg()ﬂ))>
(—4log2(6”) :

) . (6.60)

where we used in the second line the facts that H > K min; ; A;- jz > 4K (since |A; ;| < 3) and
that ¢ > 9601087 (") by definition of ¢”. Next, we show that

C

, 10g2(c") log?(H)
log(c”H log®(H))

> log(¢H) ,

this bound is derived just by studying the variations of a function and using ¢” > 10 by definition
and H > 4K > 8, the proof is deferred to Lemma 6.F.8 in Section 6.F. Combining the bound
above with (6.60), we obtain

P (S’k(a) > ;Ak> < (log(¢”Hlog® (H)) + H) exp (—2 log(c” H))

< log(c”H log®(H)) + H

<
= (C”H)Z =

1

18’

where we used 100log(c”H log®(H)) < ¢”H? and 36H < (¢”H)?, given that H > 8 and ¢” >
10°. O

6.C Proof of Theorem 6.3.1

This routine, presented in Algorithm 18, serves as one of the two certification sub-procedures in
the fixed-confidence algorithm. Given a confidence level §, a query budget 71", and a candidate Con-
dorcet winner I, it sequentially tests whether one can certify—using at most T comparisons—that
all pairwise gaps (Ar;)ixr are positive with probability at least 1 — 6. The budget is allocated
uniformly across these gaps, and the procedure terminates as soon as either (i) a negative gap is
detected, (ii) all gaps are certified positive, or (iii) the budget T" is exhausted.

6.C.1 Proof of )-correctness

Let ¢y denote the absolute numerical constant corresponding to the one appearing in the
upper bound of Corollary 6.2.2. Theorem 6.3.1 states that Algorithm 17 with input § € (0,1) and
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6.C. Proof of Theorem 6.3.1

Algorithm 18: Test-CW
Input: I € [K],6,T
1 C« [K|\{I}, Arj«Oforall j € C,t+ 1;

T :
2 n log2<4K10g8/7(K)),

3 Ny; < 0 forall j € [K]; > Query counts
4 while C #( and t <T do
5 Sample duel (7, j) with j € argmin . Ny ; and update empirical means;

6 NLj(—N[’j—Fl,t(—t—{—l;
7 for j € C' do

L log( K N7 ML)

8 lf A[J Z \/]VI,] then

9 ‘ C+C\{jh > Certified positive gap
10 end

o log( K N2 Mnt1)

11 else if A7 ; < —\/(]{,Ijj‘s) then

12 ‘ break; > Negative gap detected
13 end

14 end
15 end
16 if C'=( then

17 ‘ return True; > Candidate certified
18 end
19 return False; > Budget exhausted or contradiction

¢ > 2/cp, it outputs an arm different from the CW with probability at most §. Let 15 denote the
output of Algorithm 17 when the input is §. We will prove that

P(ys # i) <6 .

To prove this claim, we introduce the following notation. In the n-th iteration (i.e., the n-th call
to Algorithm 16), denote by alm, gbgn), ¢§n)71 () and T™) the corresponding values of &, ¢1, o, I
and T, and let (™ = qﬁgn) Vv (Z)én). For convenience define, for all n > 1,

)
On = .
8K?2logg7(K) log(T™)n(n + 1)

Let S ,(C")() denote the score used at round k within the n-th call to Algorithm 16, and let Z,iw’n)(')
denote its weak component. Recall that each call to Algorithm 16 has at most kmax < [logg/7(K)]

rounds. Finally, in the n-th call to TEST-CW (Algorithm 18) with inputs (I, 8, T(™), let Ao
denote the final empirical estimate of A 1) j for each j # 1.

If 95 # 7%, then for some n > 1 the algorithm must have certified an incorrect candidate, namely
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{I™ #§*} and {¢(™ = True}. Hence, by a union bound,

P(ys #1*) < IP’( >1: 10 £ o) = True)
3 ]P’(I(”) £, ¢ = True) + Z ]P’( £, ¢ = True) . (6.61)
n=1

n=1

IN

We first bound the contribution of ¢;. On the event {I () £ j*, gn) = True}, during the n-th run
of Algorithm 16 the true Condorcet winner ¢* must have been eliminated at some round k < kpax
(otherwise the procedure would return 1™ = i*). By the definition of the selection @™ and the
condition gbgn) = True, this implies that for some k < knax,

(n) (¢ B 2clog(T(™) log(1/5,)
Sy (1) < \J (B,(g")/lﬂ ‘

Using S,En) (%) = mln{A (kom) 0} + Z “ n)( *) (for the opponent u queried at that round) and the

zu’

fact that min{z,0} +y < —n 1mphes (x < —n/2) or (y < —n/2), we get

)
P(I(n)#i*’ gn):True> < Y IP’(EIu;éi*; min{AEfZ)70}+Z£w,n)(i*)<_\/2clog(rB(ng;Z?(l/5n))
k<kmax k

Sy Y P(Agfjp . \/clog<T<n>>1)og<1/an>>

mierd 2[B" /4]
o log(T™) log(1/dn
+ ) P<z,g (%) < —\/C og( ()n)og( / )> . (6.62)
ke o 2B, /4]

For the ﬁrst term since Az, > 0 for all u # ¢*, we can center and apply Hoeffding’s inequality:
for N = [B / 4],

. (n)
P(Agg;ﬁ) < _\/clog(T )log(l/én)) <P(A(kn) Ay < log(l/dn))

2N 2N

< exp(—2N . logélj\/f(%)) < 0y . (6.63)
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For the second term in (6.62), Corollary 6.2.2 (with constant cy) gives

log(T(™) log(1 log(T(™)1log(1
IP’(Z;?“’")(Z'*) < —\/c o(T™)) log /5")> < P<Z£w’")(i*) < AL anysn ~ \/C 08T osl Mn))

2[Bl(€”)/4] 2|—B]E;n)/4-|
(n) c (n)
§1og<m B;) exp | —co - 18T )iz)g(l/%)
21og([Bk /2—‘)
(n)
<1°g<“‘1 BS )5’“ (6.64)

where we used ¢ > 2/¢y, and B(n) < T™). Plugging (6.63) and (6.64) into (6.62), summing over
k < kmax and using log( (B /2}) <log(T™) and kpay < [logg7(K)], we obtain

( max ))5 +kmax log(T("))5 )

i IP’(I(") #i", gn) = True)
n=1

IN

(6.65)

<3 (o

M\Of)

n+1

We now bound the contribution of ¢ in (6.61). On the event {I(™ # i*, qbgn) = True}, the n-th
call to TEST-CW returns True although 7™ is not the Condorcet winner. In particular, for some

N > 1 the test must have accepted the comparison against *, meaning that

. J log(KNQW)

Hence, by a union bound over n > 1, N > 1 and all ¢ # 7*, and since A;;+ < 0 when i # ¥,

et o0 00 n(n+1)
Z ( 1M £ ¢ —True)g ZZP Ai7i*>\llog(KN; 5+ )

0o 0 B log(KNQMnT‘m)
< Z Z ZP Agie — Aj e >

N

) )
< — .

=PI B 7o EEY

where the last inequality follows from Hoeffding’s inequality and >y~ 1/N 2 <9
Finally, combining (6.61) with (6.65) and (6.66) yields

(?/)675@) :57

1\3\0'1

L9
T3
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which concludes the proof.

6.C.2 Proof of Theorem 6.3.1 (sample complexity statement)

We build on the guarantees established for Algorithm 16 (fixed-budget elimination with cer-
tification) to prove the second statement of Theorem 6.3.1. We use the notation: for each i # i*,
Ay < - < Ay g—1y denotes the ordered list of gaps (A ;) ., and Ky := [{j : As; < 0}].

Fix any vector s = (s1,...,Sk) such that s; < Kj.o for all i # ¢* (and Kj+.<o = 0 by convention),
and recall
1 (1) K (0) K
Hertity (8) = , H max , H = —_— .
cott (5) z; A2( i) explore( )= 7 SZAQ( i) explore( K #Zi:* siAzz,(sl-)

Let ¢; be the numerical constant in Theorem 6.B.1 and let ¢, c3 be the numerical constants in
Lemma 6.B.5. Let ¢y be the numerical constant in Corollary 6.2.2, and assume ¢ > 2/¢g as in the
statement of Theorem 6.3.1. For concision, define

32 K Hey

G5 = ?;?ch log(K) log( ) log(cl_chw log(K/5)) ,

(0)
512¢ BQCK‘HeX ore( )
Gas = Heertity (8) log® (K) log( #) )
2 &) 0
326 2Kkmax 320 2Kkmax
G376 7He(xz)lore( ) IOgB(K) IOg ( 5 ) IOg <C2He()lcg)lore(s) 10g3(K) IOg ( 5 )) ’
: 203 0 523 11 (0)
Go = Hexplore( ) log (TQHexplore(s)) :

Algorithm 17 doubles the budget parameter T" at each unsuccessful iteration; therefore, if one can
show that whenever

T e {Mlg, 2M5}, where My := min {Gl,& G275 + G3,5 + Go} , (6.67)

the call to Algorithm 16 with inputs (9,7, ¢) returns ¢; V ¢2 = True with probability at least
1 — 66, then it follows that the total number of queries Ns used by Algorithm 17 is at most a
universal constant multiple of Ms with probability at least 1 — 66 (since the sum of a doubling
schedule up to the first successful budget is at most 2 times that budget). We now verify this
success probability for any T satisfying (6.67), distinguishing two regimes depending on which
term attains the minimum.

Regime 1: G5 < Ga5 + G35 + Go. Then, we focus on the regime T' € [G;5,2G; ). In this
regime we certify correctness through the fixed-budget guarantee of Theorem 6.B.1. Indeed, for
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6.C. Proof of Theorem 6.3.1

T € [G1,5, 2G1 5], we have

P(I #i*) < 27K log(K) log(T) eXP( ~ “log(T) log(K)ch)

G
< 27K log(K)log(2 — : . .
< 27K log(K) log( G1,6)exp( a1 log(2G1,5)10g(K)HCW) (6.68)

We now use the explicit definition of G1 5 and the crude upper bound
log(2G1,5) < 1610g (c; ' Hey log(K/0)) | (6.69)

which results from the expression of Gy 5, K, Hew > 2 and 0 € (0,1/6). Using the bound (6.69)
and plugging it back in (6.68), we obtain

P (I # i) < 432 K log(K) log(c; " Hew 1og(K/3)) - exp (2 - log(32¢; K Hew /6) )
< 432K log(K) log(cy * Hew log(K/6)) -
- (32¢; 'K Hey )2
<3.

where in the last line we used the fact that K, Hey > 2,0 € (0,1/6) and ¢; € (0,1). It remains

to argue that, conditional on I = ¢*, the auxiliary certification Test-CW (Algorithm 18) returns
True with probability at least 1 — 24, hence overall P(¢; V ¢ = True) > 1 — 3¢ in this regime. Run
Test-CW with inputs (i*,d,7) and let T; be the number of comparisons allocated to pair (i*,7).
By construction, >« T; < T'. If Test-CW returns False, then either it exhausted the budget
without eliminating all opponents, or it triggered a negative-deviation stopping rule. Formally,

define
&1 ::{ZE:T}, &y 1= {EIj;éZ‘*, N >1: Ai*’j(N)g_\/W}

i

so that {¢2 = False} C & U &. Since A j > 0 for all j # ¢*, Hoeffding’s inequality and a union
bound give

. o n(n+1)
PE) <Y Y P(Ai*vj(zv) —Ap < - WM)

j#i* N>1

<3y < (6.70)

where we used in the last line the fact that n(n + 1) > 2 > 72/6.
Next, for each i # i* define

_ 16 32Kn(n + 1)
L= AZ, 1°g< SAZ ) '
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Lemma 6.C.1 below ensures that ;. T; < G145 < T, hence

P(&) :P(ZT,:T) gP(ZE zGl,a) <P(3i#i:T;>T)
i+ it
<Y P(T;>T;) . (6.71)
>

If T; > Tj, then at time N = T; the arm i was not eliminated, meaning

_ B log (K T2 nrnt1)
Al*,z(Tl) < $ Og( i 6 ) ‘
T;
log(KT? M)

By Lemma 6.C.1, the RHS is at most A« ; — Té’ hence

. < __|Toa(KT? ")
7 21:1
9

(6.72)

where the last line uses Hoeffding and a union bound over N > 1. Combining (6.71) and (6.72)
yields P(&;) < 6. Together with (6.70), we obtain P(¢2 = False) < 26, hence P(¢2 = True) > 1-2§
when I = ¢*. This completes Regime 1.

Regime 2: GL(; > Gz,a + G3,5 + Gg. Then T € [G275 + G3,5 + G, 2(G27§ + G3,§ + Go)]. We show
that, for such T, the certification variable ¢ in Algorithm 16 remains True with probability at
least 1 — 26. Let ay, be the arm ranked |Ag| — [|Ax| /8] + 1 at round k according to scores Sk(-).
Define

QClog(T)l ( 1 ) P 0
J ’ KT 8K logg7(K)log(T)n(n +1) -

By the update rule for ¢1, the event {¢; = False} implies that for some k < kmax, Sk(ar) > —Lis.
The definition of ay, entails that at most [x]|Ay| /8 arms have score not larger than —Lj s, i.e.

{Sk(aw) > —Lps} C { Z L(Sk(a) < —Lgs) < [*] |Ak‘} . (6.73)

OéEAk 8

We now relate —Lj, s to the threshold %Ak used in Lemma 6.B.5. Recall the definitions (as in the
proof of Theorem 6.B.3): let

k
Ek = {Oé S Ak : A((%zHAkVZﬂ) < 0}7 ’Ek| > [*-‘ |Ak| /4 ’
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6.C. Proof of Theorem 6.3.1

and define the 7/8-quantile Ay = Ag,.1(7/8)|E] < 0 and the subset
Fy, = {Oé € Ey: Aa,(sa) < Ak} .

Recall that by definition we have Ay, < 0. Moreover, Ay, — 0 implies that H C(esgtify — oo and the

bound resulting on the choice of s are vacuous in this case. We therefore suppose that Ay < 0.
Lemma 6.C.2 ensures that for all & < k. and all T in the present regime,

—Lips > = Ag. (6.74)

N |

We assume that |Ag| > 3, the case |A;| = 2 is treated in the end. Using (6.74) inside (6.73) gives

M&@“Z_%@§P<§:M&wwﬁﬁﬂﬁhﬂ?g

aEAg
= P( > ]1(5k(04) > %Ak) = |Ag| = [*] ’ék’) : (6.75)
aEAg

Since |Ag| — [*]|Ak| /8 = |Ag+1| and Lemma 6.B.4 gives |Agi1 N Fi| > [*]|Fk| /3, the RHS
of (6.75) is upper bounded by

- F
P Z IL(Sk(a) > %Ak> > [*] |3k‘ .
acFy
Lemma 6.B.5 then yields, for a numerical constant co > 0,
T — s Hiioro(8) 108" (Highioro(s)) 1
P(Sk(@k) > _Lk,é) <exp| —c2 L 3 L Ry . (6'76)
log”(K) log(T') Hy o (9)

Next, we use T' > G35 + Gp with Lemma 6.C.3, which turns the last inequality into a bound on
the exponent term of (6.76) leading to

B(Sk(0r) > ~Lip) < ors (6.77)

h 2Kkmax ‘

which is the desired per-round bound.
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Suppose that |Ag| = 2, then we have E = F}, :— {a}. Therefore

P(Sk(ax) > —Lis) <P (Sk(oz) > ;A)

0 0
T - C3Héx1))10re(s) logS(Héxz)lore(S)) 1
<exp| —c 3 gy
log®(K) log(T') Hyore(S)
)
< .
~ 2K kpmax

where in the second line we used Lemma 6.B.6 (which provides a smaller upper bound than the
one given above).

Finally, since {¢1 = False} C U<, .. {Sk(ak) > —Lg s}, a union bound and (6.77) yield

k

max 5
P(¢1 = False) < — < §,
(1 ) < kz::12Kkmax <

which completes Regime 2.

Conclusion. In either regime, for any 7" satisfying (6.67) the call to Algorithm 16 returns ¢; V¢ =
True with probability at least 1—64. Since Algorithm 17 doubles T" until this event occurs, its total
number of queries Ns is at most a universal constant multiple of Ms = min{G} 5, G2 s+ G35+ Go}
with probability at least 1 —66. Absorbing numerical constants into ¢1, ¢ yields the stated bounds
of Theorem 6.3.1.

The lemmas below are technical.

Lemma 6.C.1. Consider the notation introduced in the proof of Theorem 6.3.1. Then we have

Z Tz < G175 .
iAi*

Moreover, for all i # i*

QJ log (KT25H1) a

S -

Proof. We have

_ 16 32Kn(n+1)
1= % g e (M)

ii* itix Tt

16 32Kn(n + 1)
<> X 'log( 5 ch>
iti T

< 16 Hew(10g(32K Hey /0) +log(n(n +1))) . (6.78)
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Therefore we only need to prove that
16 Hew(log(32K Hew /6) + log(n(n +1))) < Gy 5,

which is equivalent to

log (25575 )+ o + 1)) < 1 10g(K) og(K How/8) (e How log(K/5)).
C1

Observe that to prove the bound above we just need an upper bound on log(n(n + 1)), more
precisely, given that log(K)log(c; ! Hey log(K/8) > 2 and ¢; < %, it suffices the show that

log(n(n + 1)) < Clllog(K) log(K Hox /6) (6.79)

We have from the definition of n = log, ( and T' < 2G5 that

B
K Togg 7 (K)

<1 _ 261
"= 2K logg7(K)

3210g(8/7) Hew 32K Hy 1
<
< log, ( o I log ( - ) log (01 Hey log(K/6))>

6 H2, 32K H,y,
§10g2<c%K ng( - ))

2K H.y
<t (ot (25
c1 c10

This gives

log(n(n + 1)) < 2log(n + 1)

12 H.w 32K H
§210g<210g2 (Cl I(; log< 016CW>)>,

which gives (6.79), and leads to the first claim of the lemma.
log(KTfn(%m)
T;

The second claim of the lemma is equivalent to < 12*2 which in turn is implied

by log (K Tf%) < 4-log <32§§g"_+1)), which is verified given the definition of Tj.

7

O
Lemma 6.C.2. Consider the notation introduced in the proof of Theorem 6.3.1. If A, < 0 and
T e [GQ,g + G37§ + G, 2(G27§ + G3,5 + Go)],

then 1
—Lys > §Ak .
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Proof. Let
0
On,K = 775 :
8K?logg7(K)log(T) n(n + 1)
Assume A < 0. Since Lj s > 0, the inequality —Lj 5 > %Ak is equivalent to Lj 5 < —%Ak, i.e.
AQ
Lis < Tk' (6.80)
Recalling
2¢clog(T) 1 T
L2 - 1 ’ By = [*
o= T ) B 1 gy ()
we have (6.80) is implied by
A? T
log(T) log( —) < =k 6.81
8(7) g((sn,K) = Be [Ay[logg(K) (6.81)
Next, using the inequality (6.57)
| A | 1
— < 32
7 = 2 g
Ak acFy, Aav(sa)
and the fact that i* ¢ Ej (since all Aj<; > 0 so AEE)(HA/QI/ZH) > 0), we have >, cp, ﬁ <
’ o, (sa)
Heertity (s). Hence
A? 1
> . 6.82
’Ak’ - 32 Hcertify(s) ( )
Moreover, using the expression of d,, g with n < log, <2KlogT8/7(K)>’ we have
1 8K?logg /- (K
log( > < log(8/7()> + loglog(T) + log(n(n + 1))
On, K 4]
<log( ————F—=) +loglog(T) + 2log1 .
< 0g( 5 ) + loglog(T") + 2log log, K Togs,7(K) (6.83)
Combining (6.82), (6.83) with (6.81) we conclude that we only need that 71" satisfies the bound
2T T
+ loglog(T') + 2logl < .
) oglog(T) 08082 <K10g8/7(K)>] N 512010g8/7(K)Hcertify(5)
(6.84)
O

8K2 10g8/7(K)

log(T) 1og( 5
Give that T' > G 5+ G, using the expressions of G2 5 and G, with the statement of the technical

Lemma 6.C.4, we conclude that (6.84) is satified, which concludes the proof.
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Lemma 6.C.3. Suppose that T > Go + G3 5. Then we have

ex —c T— C3H§m;lore( )10g5(H£2;lore)(s) 1 < 0
Pl log(K) log(T) HO ()] = 2Kk

explore

Proof. The desired inequality is equivalent to

(0) 7
T- C3H€X ore( ) log ( ex Ore(s))
§ log( ) - =z ; He()lq))lore( ) 10g3(K) log (

(6.85)

2K kmax )
5 :

Define

2K max
A= 325 1L (5) o (1) log (250

By assumption,
T > 22g0

Co explore

(5)log?(HY) ..o (5)) + Alog(A) .

Since co < 1 (as is the case for the numerical constant ¢y coming from the preceding bounds),
the first term implies 7" > 21" (s)log®(H. 2 (s)), hence

explore explore

(6.86)

0 T
T = c3Hore () 108° (HQiore(5)) = 5

Next, the function f(x) := x/logx for z > e is increasing. Moreover, we have log(2K kmax/0) > 1
and H( ) (s) > 4 (since |A|i7(5i) < % and s; < K), and with ¢ > 1 and ¢ < 1 this yields

explore —

A >32-4-(log2)3-log4 > e. Therefore, Alog A > e and in particular log(Alog A) > 0.

Since T' > Alog A and f is increasing on (e, 00), we obtain

T Alog A

ogT f(T) = f(AlogA) = Tog(Alog A)’ (6.87)

Finally, because A > e, we have log(Alog A) = log A + loglog A < log A 4+ log A = 2log A, and

theref
erefore Alog A > AlogA A (6.88)
log(AlogA) = 2logA 2 |

Combining (6.86), (6.87), and (6.88) gives

T — csHY oo (8)ogd(HY  (s))

explore explore

1 S 1
logT 2 logT — 2

v

By the definition of A,

1
i 8 c£ H, logS(K) log(2K kmax/9) > . H; logS(K) log(2K kmax/9),
2 2
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where we used ¢ > 1. This proves (6.85), and hence

(0) 5/ 77(0)
oxp [ e T— CSHexplore(S) log (Hexplore(s)) < o= 108(2Kkmax/6) _ 0 '
log*(K) log(T') Hy = 2K K

Lemma 6.C.4. Let K > 2,6 € (0,1), if T > Go+ Gas, then

2T T

8K?logg 7 (K) -
K logg 7(K) = 512clogg 7 (K) H certify(s)

log(T") 3

log (

) + loglog(T) + 21log log, (

Proof. Let L := 10g8/7(K), H := Hertity (), and set

SK2L
5

M :=512cLH, B :=log( ) +3log(8M) + 10 .

By the definition of Gy and Gy, and given ¢y < 1/8 the assumption T' > G + G35 implies in
particular that

T > Ty :=2048 - cLHBlog(2048 - cLHB)  and T >¢*.

Moreover, we have for T > 2,

2T
log log2<ﬁ) <loglog(T) + 2,

Therefore the left-hand side is at most

8K2L
u(T) :=log(T) llog( 5 ) +3loglogT +4

The function u(T)/T is decreasing on [e2, c0). Hence for all T > Ty,

u(T) < ;;u(To) .

Now Ty = 2048 - cLH Blog(2048 - cLH B) (given that G > 2048 - cLH Blog(2048 - cLHB)) gives
log Ty = log(2048 - cLHB) + loglog(2048 - cLH B) < 21og(2048 - cLHB) ,

and
loglog Ty < loglog(2048 - cLHB) + 1 ,
S0
8K2L
)

u(Ty) < 2log(2048 - cLHB) (log( ) + 3loglog(2048 - cLHB) + 7).
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Moreover,

loglog(2048 - cLHB) < log(2048 - cLHB)
=log(2048 - ¢cLH) + log B
<log(2048 - cLH) + B,

and B = log (SK;L) + 310g(2048 - cLH) + 10, hence

2

K7L K%L
log (8 5 >+310g10g(2048-cLHB)+7§log (8 >+3log(2048.cLH)+SB+7
— 4B -3 <4B.

Therefore

Ty

Th) < 2log(2048 - cLHB) - 4B = 8Blog(2048 - cLHB) = ———.
u(Tp) < 21og(2048 - ¢ ) 8Blog(2048 - ¢ ) 512 cLH

Combining the previous displays yields u(T") < T'/M for all T' > Ty, i.e.

8K?L 2T T

which is exactly the desired inequality. O

6.D Proofs of Section 6.4

In this section, we provide all proofs for the instance-dependent fixed-confidence lower bounds.

We begin with a short roadmap in Subsection 6.D.1 describing the classical change-of-measure
arguments underlying all our constructions (along the way, we fix some notation). In Subsec-
tion 6.D.2, we prove Proposition 6.4.1, separating the expected budget bound (Subsection 6.D.2.1)
from the high-probability quantile bound (Subsection 6.D.2.2).

In Subsection 6.D.3, we explain the construction leading to Theorem 6.4.2 and state a more
precise formulation in Theorem 6.D.3, proved in Subsection 6.D.4. Corollary 6.4.4 follows in Sub-
section 6.D.5.

Finally, Subsection 6.D.6 discusses lower bounds preserving CW row structure.

6.D.1 Roadmap on change-of-measure lower bounds

All our proofs follow a common three-step structure.

First step: reference and alternative instances. We fix a reference instance A € D, that

is, a gap matrix admitting a (unique) Condorcet winner i*(A). In the fixed-confidence regime, our
lower bounds are instance-dependent, so all constructions are built directly from the given K x K
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matrix
A = (Aij)ijelk)-

For some results (e.g., Theorem 6.4.2), we also consider a local class of instances obtained from
A by permuting the negative entries of each row, while preserving prescribed structural features
(CW, sign structure, multiset of negative entries, effective sparsity, and so on). This leads to
families { A(™}, indexed by permutations 7, but the reference object remains A.

For each suboptimal arm k # ¢*, we construct an alternative instance

A

in such a way that i* is no longer the (strong) Condorcet winner, while k& becomes the CW or
at least a weak CW, in the sense that the k-th row of A®) contains only non-negative entries.

A typical construction consists in modifying only the k-th row of A, for example by setting all
its negative entries to a small constant ¢ > 0, and updating the k-th column so as to preserve
symmetry. In more refined arguments, we first permute the negative entries within each row.

Second step: total variation. We then exploit the properties of a given algorithm A in order
to exhibit, for each k& # i*, a separating event By on which the two laws assign very different
probabilities,

P 4(By) is large (typically > 1 —9), Pa) 4(Bg) is small (typically < ).

Here Pa_ 4 denotes the law of all observations (and internal randomness) when algorithm A in-
teracts with environment A. A natural choice, when A is §-correct for CW identification, is the
event {i = k}, where 7 is the recommendation output by A. For quantile (high-probability) lower
bounds, we additionally introduce the (1—J)-quantile x of the budget Ns under P 4, and we con-
sider events such as {Ns < x} or their intersections with identification events. The precise choice
of By varies from theorem to theorem, but the goal is always to produce a set on which the two
laws Pa 4 and Pp®) 4 have very different probabilities, thereby enforcing a large total-variation
distance:

TV(Pa A, Paw) a) > [Paa(Br) —Paw a(Br)l

The total-variation distance is then controlled from above through a standard data-processing
inequality: we use either Pinsker’s inequality, the Bretagnolle-Huber inequality, or a Fano-type
inequality (see Lemma 6.F.4) to relate TV to the Kullback-Leibler divergence. For example,

TV(P,Q) < JAKL(PQ), or 1-TV(PQ) > Lexp(—KL(P.Q)).

The choice depends on the error-probability regime: Bretagnolle-Huber is convenient in the very
small-§ regime, while Pinsker is often sharper in moderate-error regimes.
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Third step: decomposition and control of the KL divergence. The last step is to decom-
pose the Kullback—Leibler divergence between the laws induced by A under the two environments.
Let N; ; denote the total number of observed duels of the ordered pair (4, j) between time 1 and the
stopping time Ny, and let Ny; ;3 = N; j+ N;; be the total number of observations of the unordered
pair {7, j}. A standard KL-decomposition for adaptive bandit algorithms (see, e.g., Lattimore and
Szepesvari, 2020, Lemma 15.1) yields

KL(PA A, Paw a) = Y, Eaa[Nujl KL(va,,, A(k))
1<i<j<K

where v, ; denotes the Bernoulli distribution with parameter 1 /2+A; ;. In all our constructions,
A and A®) differ only on a small set of pairs (typically those involving arm k), so the sum reduces
to those indices. The Bernoulli KL-divergence admits the classical upper bound, for p,q € (0, 1),

(p—q)?
kl(p,q) < ma

which, in our setting, leads to bounds of the form

2
KL(PaaPawa) S Y. EaalNpusl (A — A2
{%,7} modified

Combining this upper bound with the lower bound on total variation from the third step
yields a constraint that any d-correct algorithm A must satisfy. Rearranging these inequalities then
produces a lower bound on the sample complexity, typically expressed in terms of the expected
budget Ea [N;] or on the (1 — d)-quantile of Ny, and involving the instance-dependent hardness
parameters (such as A; 1) or A7 |13/ Kj<0).

6.D.2 Proof of Proposition 6.4.1

We prove separately the bound in expectation (paragraph 6.D.2.1) and the bound on the
(1 —9)-quantile of Ns (paragraph 6.D.2.2). The two arguments share the same change-of-measure
structure (see Section 6.D.1) and differ only in the way we exploit either the identification rule or
the stopping rule to construct a separating event. The expectation bound 6.89 already appears as
Theorem 5.2 in Haddenhorst et al. (2021b), but we provide here a proof for completeness.

6.D.2.1 Bound in expectation from Proposition 6.4.1

Fix K > 2 and § € (0,1). Consider an algorithm A that is d-correct over the entire class Dy .
We fix any matrix A € D¢y, such that ¢* = 1 and prove the following expected lower bound that
holds for this specific instance:

log
Ea,a[N;s] > 4; AS( )>. (6.89)
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Sketch of proof. We follow the three-step roadmap of Section 6.D.1. (i) Reference and alternative

instances. Fix any A € Dy, with CW ¢* = 1; this is our reference instance. For each suboptimal
arm k # 1, we construct an alternative instance A*) by lifting all non-positive entries in row & to
a small constant € > 0 (and adjusting the k-th column to preserve symmetry), so that k becomes
the CW in A(®). (ii) Separating event and total variation. Since the algorithm is -correct for CW

identification, it must distinguish A from each A®) with error at most § when deciding between
i* and k as CW. Using the test event By, = {i = k}, we obtain that the total-variation distance
between Pa 4 and Po ) 4 1s at least 1 — 26, which, via the Bretagnolle-Huber inequality, yields

a lower bound on KL(Pa 4,Pa@) 4)- (i) KL decomposition. We then decompose this KL along
unordered pairs. The two instances A and A®*) differ only on duels involving arm k, and for
each such pair the Bernoulli parameters differ by at most a constant of order |Ak7(1) |. A Bernoulli
KL upper bound, combined with the decomposition, forces Ea a[Ni] 2 A];%l) log(1/0), where
Ny counts duels involving k. Summing this constraint over all k& # 1 yields the desired lower
bound (6.89).

Proof. Step 1: reference and perturbed instances.

The argument is fully instance-dependent: we fix an arbitrary gap matrix A € D¢y, with
Condorcet winner ¢* = 1, and work throughout with this specific instance. We denote P the
probability induced by the interaction between A and A.

Let € > 0 be a constant, arbitrary small. Let £ # 1 be an arm that is not the CW under A.
A simple way to modify A so that & becomes the CW, is to make all non-positive entries in the
k-th row of A equal to e.

Construct the gap matrix A®*) as follows. For all i,j ¢ {1, k}, set AR — A j. Set A;ﬁ =€

0]
and Agklz = —e. Finally, for each j ¢ {1,k}, define

AN if Ap: >0
k) k,j» k,j ;

AR — _A®)
¢, if Ap; <0, Ih I

(6.90)

For € small enough, the modified matrix A®*) can be represented as

0 Ao Aq g1 —€ A1 - Ak
Ag 0 Ao i1 —(eV Agp) A k1 Ag g
A _ Ap—11 Dp_12 - 0 —(eVAL1k) DAp—igrr 0 Ak |
€ eV Ak,g eV Akz,k’—l 0 eV Ak:,k-H eV Akj(
AVER R IVAVER Appip—1 —(€V Appir) 0 Apy1x
Ak Axo Ak g1 —(eV Ag ) Ak k+1 0

244




6.D. Proofs of Section 6./

where the blue entries indicate the differences with respect to the reference A. In fact, only
non-positive entries of row k are modified between A and A®).

Since € > 0, the k-th row Agﬁk.) is positive (aside from A,gkll) Hence, the CW of A®) is k. As
standard in this line of work, our construction is motivated by the fact that the instance A®) is
hard to distinguish from the reference gap matrix A.

For k > 2, denote by P®*) the distribution of the data when the underlying gap matrix is
A®). Formally, when the algorithm queries a pair (i,5) with i < j, it receives a sample X; ; ~
B (AZ(IE) + 1), where B(p) denotes the Bernoulli distribution with parameter p.

Step 2: information-theoretic arguments.

Let 7 denote the output of algorithm A, which is assumed to be d-correct over Dey,. When the gap
matrix is A®) the CW is k, so d-correctness implies

Vk £, PPG=k)>1-6 and Pli=k)<J.
By the definition of the total variation distance,
TV(®,PY) > [P =k) - PG =k)>1-25. (6.91)

From (6.91), the Bretagnolle-Huber inequality (Theorem 14.2 in Lattimore and Szepesvari, 2020)
yields
1
1-25 STV(E,PW) <12 exp{ ~KL(P,P*)}. (6.92)

Step 3: computing the KL divergence and concluding on the budget.

For any unordered pair {7, j} with i # j, denote by Ny; 5y the number of duels involving either
(i,4) or (j,i), that is,
Nyigy = Nij + Ny,
where
Nij = |{t € [Ns] : (It, Jy) = (i, )},
and Ny is the stopping time of the algorithm.

Using the divergence decomposition lemma (Lemma 15.1 in Lattimore and Szepesvari, 2020)
and the fact that the two instances A and A®) differ only on pairs involving arm k, we obtain

KLEPY) = 3 E[Npy| KLy BY)

0" 4,9
1<i<j<K
- (k)
= > E[Njry| KL(Pys, PL). (6.93)
Zk

We now upper bound KL (P, P,(ckz)) Let i € [K] with i # k. If Ay; > 0, then by construction
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Py = ]P’,(Ckl) . Otherwise, if Ay ; < 0, the corresponding Bernoulli feedback distributions satisfy
k
i=B(i+an), P =B(5+e),
so that
KL (P, PL) = K(Agi+ 4, e+ 1)
2
(Api+35—(e+3))
(—e+3)(e+3)

(e —Ap))?
NEEEE

(6.94)

(6.95)

Here, (6.94) follows from the standard upper bound kl(p, q) < (p — ¢)?/[q(1 — q)] for p,q € (0, 1),
while (6.95) uses that A% A% ) by definition of Ay (1) as the smallest negative entry in row

k. Similarly, if Ay ; =0,
Pry=B(3), PY =B +¢),

so that the same computation gives

KL (Pr;, P)) <

(—e+3)(e+3)
which vanishes to 0 with € — 0.

Combining these bounds with (6.93), and taking the limit e — 0, we obtain

K

KL(P,P*)) < 4 Zﬂ{Ak,i<o}E[N{k,i}} Ay
=1
i£k

Using the Bretagnolle-Huber inequality (6.92) from Step 3 , we then get

at 1 1
Z]I{AkKO}E[N{k E IA? (1)1 815
'L;ék

Summing over k > 2, we conclude that the total number of queries Ny satisfies

K
E[Ns] =) Zﬂ{Ak <0y E[ Ny
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which is exactly the claimed lower bound (6.89). O

6.D.2.2 Bound in quantile in Proposition 6.4.1

In this paragraph, we prove the quantile bound from Proposition 6.4.1, namely

1
P4 (N5 >1 3 <§5) ) > (6.96)

35 Ay

Sketch of proof. Even though expectation lower bounds are naturally weaker than quantile
bounds, deducing a quantile lower bound from its expectation counterpart is nontrivial. Still, the
arguments largely mirror the expectation proof (paragraph 6.D.2.1), we follow the same three-
step roadmap. (i) Reference instance and alternative instances: we fix A € Dcy, with CW ¢* and,

for each k # i*, construct A*) by zeroing the negative entries in row/column k. In particular,
A®) has two nonnegative rows (those of 1 and k) and therefore does not belong to Dey. (ii)
Separating event and total variation: we now use the stopping rule instead of the recommendation
and consider the event B = {Ns > Q}, where @ is the (1 — J)-quantile of Ns under A. This
event has small probability under P, but (after a continuity argument using perturbations of

A(k)) it has large probability under P*) | since A cannot quickly decide between i = 1 and 7 = k.
(iii) KL decomposition: as before, we decompose the KL along pairs and use that A and AK)

differ only on duels involving k. The only extra ingredient is that, since B depends only on the
first Q observations, we introduce a truncated algorithm A that stops at time Q, apply the KL
decomposition to A, and then reinterpret the resulting inequality as a lower bound on @, i.e., on
the (1 — §)-quantile of Nj.

Proof. Let A be any d-correct algorithm on Dey.
Step 1: Reference and alternative instances.

As for the expectation bound, we fix any A as the reference instance, with ¢* = 1. Denote P4
for the probability induced by the interaction between A and A. Then, for each suboptimal arm
ke{2,...,K}, construct A*) by setting to zero all entries (k, j) with Ay ; <0, that is, AK) ig
defined by Equation (6.90) with € = 0.

The matrices A and A% differ only in row/column k. By construction, rows 1 and k of AK)
contain only nonnegative entries, then A®*) contains two weak CW, and 1 and k are tied. In
particular, A®*) ¢ Dcyw. Denote IP’(:) the distribution induced by A interacting with A®*),

Step 2: bound in total variation and reduction to fixed budget.

Consider the recommendation rule i and the budget Ny of A. Define @ as the (1 — §)-quantile
of the budget under P:
Q = inf{z > 0 s.t. P(N5 > x) < 6}. (6.97)

Consider the event B := {N; < x} where the budget is smaller than x.
We define a truncated version A of A with budget at most y as follows: run A for t = 1,...,x;
if A stops before time y, return 7 = 4; else stop at time y and return 7 = 0. Let Ny, 7 be A’s
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budget/recommendation, P ; (resp. Pg)) its law under A (resp. A(*)). By construction,

B ={i+0},

so this event is measurable with respect to the observations of algorithm A. Moreover, it has the

same probability under A and A.

(%)

We now lower bound the total variation distance between PP ; and P 1

By the definition of @ in (6.97), we have
P;(i=0)=Pa(Ns > Q) < 0. (6.98)

Under A®)| the instance does not belong to Dey, so we cannot directly invoke d-correctness.
We therefore approximate A*¥) by nearby instances in Dgy. More precisely, define A*-€) ag (6.90),
i.e., by lifting all zero entries in row k of A®) to e >0 (and adjusting the k-th column to preserve
symmetry). For 0 < € < 1/4, the matrix A®9 lies in Dy and admits & as its CW. Similarly,
define A—€) by subtracting € to all zero entries int the k-th row of A®) (and adjusting the k-th
column to preserve symmetry); so that A*~9) e D, and admits 1 as its CW.

Let ]P’Ef’e) and Pf’fﬁ) denote the laws of A under A% and A®*—9) respectively. Since A is

d-correct on Dy, we have
PE9G#£k) <5, PP 90£1)<6. (6.99)

) (k)

Moreover, }P’j(f’6 converges in total variation to P’ as € — 0. Using these facts and letting

€ — 0, we obtain

PO (N <x) =PW (i =1,N5 < x) + PP £ 1, N5 < )

= lim [PY (6 = 1, N5 <) + P70 # 1, N5 < )]
<20, (6.100)

where the last inequality follows from (6.99).
Since A and A coincide up to time @, we also have IP’SC) (1#0) = IP’XC)(N(; < Q), so (6.100)
implies

(k) (>
P57 #0) <26

combining (6.98) with this inequality, and writing B = {i = 0}, we obtain

TV(P 4, PY) > PY (B9 ~P4(B) >1-35 . (6.101)

Remark 6.D.1. Intuitively, one may think of A as a fixed-budget algorithm with budget Q. This
can be viewed as a reduction: from any J-correct algorithm A that enjoys a high-probability
control on its budget (namely, P(Ns < Q) > 1 — §), we construct a fixed-budget algorithm A
with budget ) that inherits the same distinguishing power between the reference instance and its
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perturbations.

Step 3: computing the KL divergence.

By the Bretagnolle-Huber inequality (see, e.g., Lattimore and Szepesvari, 2020), we have
k) 1 (k)
1-35 <TV(P4PY) <1 iexp{—KL(]P’A,IP’A )}
In particular,

KL(P;,PY) > log( 615) (6.102)

We now decompose KL(IP’A,IP%)). For ¢ # j in [K], recall that NN;; denotes the number of
duels (i, j), while Ny; j3 = Njj + Nj; is the number of duels with unordered pair {7, j}. By the
standard KL decomposition for adaptive procedures (Lattimore and Szepesvari, 2020),

k
L4 PY) = S E4[Ni;] KL(:;, P
i#j
k
= > EA[N{k,j}]KL(Pk,japl(.w)')v (6.103)
jZAk7j<0

since A and A*) differ only on duels {k, j} with A ; < 0.
For j with Ag; < 0, PY) = B(1/2), Py = B(1/2 + Apj) with Ay € [~1/4,0]. Thus,

1 1
= 1 =
P ,}P’(k) log 72 + = log —2
KL Ply) = 2+ 8k ) 2T\ g~ Dy
1 4
= —5log(1 —4A%)) < 810g<3> A% (6.104)

where (6.104) follows from sup,¢o,1/4) w < 4log(%>, applied with z = 4Ai7j € [0,1/4].

Plugging these bounds into (6.103), we obtain

4
KL(]P)A, ng)) < 810g<3> Z EA[N{k,j}] Az,j

Ay ;<0
< 8log<§> ( > IEA[N{M}]) Af )y s (6.105)
jiAy, ;<0
since A%,j < Ai(l) whenever Ay ; < 0. Combining (6.102)—(6.105), we obtain
3 ! 21 log ( ! ) < Y EilNpjl - (6.106)
0g(4/3) Ak,( 1 60 Jhn<0
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Since A uses at most y duels, we have almost surely, under P e

Z Z Ny < N5 < x,
A j:Ag <0

in particular, the same bound also holds in expectation E ;.
Summing in (6.106) over k # ¢* yields

1 1 1
log(65>< E~[N ']éx-
E 3 E E , AUV{k.j}
810g(4/3) ki Ak,(l) k#i* j: Ay ;<0

Using the numerical bound 8log(4/3) < 3 and the definition of @ as the (1 — d)-quantile of Nj
then gives the high-probability lower bound (6.96).
O

6.D.3 Proof of Theorem 6.4.2

In this subsection, we prove the high-probability lower bound from Theorem 6.4.2. We start
with a sketch of proof.

Proof Sketch of (6.11). The key idea is to reduce CW identification to multiple active signal
detection problems (Castro, 2014): for each i # i*, we need to certify that the row Ay . has at least
a negative entry, this with a probability of error at most . Along the way, we have to improve
state-of-the-art lower bounds for such detection problems.

Consider any é-correct algorithm A. We introduce a collection A(™ of gap matrices that differ
from A as we permute, on each row i # i*, the position of the negative entries by some collection
7w = (m;)izi» of permutations while preserving the skew symmetry. Then, we fix a specific arm
i # i* and construct the gap matrices A(™) by setting to 0 the negative entries of the i-th row
of A(™ while preserving skew symmetry. As A(™) contains two rows with non-negative entries,
one easily deduces that the budget of A under A(™ is arbitrarily large with probability 1 —d. In
contrast, under A, A finishes before y—the (1 — d)-quantile of N5 under Pa 4. Hence, we reduce
A to an active testing problem with budget y for any unknown gap matrix A of the hypotheses

Héi) : A = A™) for some perm. w  Vvs. H%i) : A = A for some perm. m .

Since the permutation 7 is unknown to the learner, this allows to improve over (6.9) by accounting
for the fact that the algorithm must explore all possible positions of the negative entries in row .

Then, by a convexity argument, we deduce y = ”[25”02 log(1/0). Optimizing over i # i* yields
the first part of the bound x 2 max;.; HIXTHOQ log(1/9).
Ki.<o '

The second term ;4 interprets as the total cost for testing all hypotheses Héi) against

;<
A 1A 112
Hl(l) with a constant error probability. We develop new arguments for this multiple-hypotheses
problem. Unlike the involved technique in Simchowitz et al. (2017), we reduce w.l.o.g. to the case
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— 112
where all tests have similar complexity % and we write 52 for this common value. Then, we

build upon the symmetry of our problem to reduce to the case where each row receives the same
sampling effort /K. Relying again on lower bounds on active signal detection, we get x/K > 572,
which leads to the desired result. We believe that these arguments can generalize to other multiple
active testing problems. The full proof is given in Appendix 6.D.3.

We first introduce additional notation and state a more precise version of the result, in par-
ticular, we consider here the case where A might contains some ties.

Notation and precise formulation Consider a matrix A with entries in [—%, %] that admits a
unique CW ¢*(A), that is, A € Dc,. Without loss of generality, we assume that i*(A) = 1, and we
keep this matrix fixed throughout this section. We now define a family of environments obtained
from A by permuting its entries in a specific way. This will lead to a more precise formulation of
Theorem 6.4.2.

Fix an antisymmetric matrix 3 = (05 j)1<i j<x defined, for any 1 < i # j < K, by

sign A,L i) if Al i 0 y
ig=1{ ¢ ( ,’J) i7 (6.107)
ftb(za]) ) if Al,] =0 y

where fi, @ [K]? — {—1,0,1} is an antisymmetric function used as a tie-breaking convention. In
other words, 3 records the sign pattern of the gap matrix A, with a fixed rule when A;; = 0.
Note that 3 is antisymmetric, since A is antisymmetric and fip, is antisymmetric by assumption.
For now, we do not specify how we fix this convention, as the precise choice will arise naturally
at the very end of our proofs.

For a suboptimal arm i € {2,..., K}, denote by ¥, the set of arms that beat i (with ties
broken according to fip),

2= e K\ {i} 00y =—1} .

For any i € {2,..., K}, define II;(3) as the set of permutations of 3; :
IL;(X) == {m : & — X, | m is a bijection} ,

and set
II(X) :=TI2(X) x - x [Ig(X) . (6.108)

Fix a permutation 7 = (m;)K, € II(X). For each row i # 1, we permute the entries of
A indexed by X, according to m;. To preserve antisymmetry, we apply the same permutation
7; to the corresponding entries in column 7. We thus define the matrix A(™ as follows: for all
(i,5) € [K]?,

Airgy, Hoig=-1,
AEZ) =94 A, oy =1, (6.109)
AV else |
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the last condition might happen when o; ; = 0, which only happens for ties.

The permutations in II(X) destroy any exploitable ordering structure between arms while
preserving, in each row, the multiset of non-positive entries and hence the row-wise hardness
parameters (K;.<o, [|A7]3).

We now list properties that are preserved by the permutation 7. In the following lemma, a
row j is said to be a weak CW for a given gap matrix if all entries in its row are nonnegative.
Lemma 6.D.2. For any X satisfying (6.107) and any 7 € II(X), we have

1. A = (AT (antisymmetry)
2. Vj # 1,A§7’rj) >0 (rowl is a weak CW)
8. Vi#1, Ki<o(A) = K; <o(A™) and K; <o(A) = K; <o(A™)  (same sign structure)
4. Vi #1,Vs < K, <o, Agz) = Ajs) (same ordered nonpositive entries)
In particular, if A has no ties (that is, Vi # j, A;j #0), then A™ € Dy, Moreover, for any

8, Hegplore(8,0) and H ceripy(8,0) remains unchained under any permutation m € 11(X%).

Proof of Lemma 6.D.2. 1. Anti-symmetry Let (i,7) € [K]? with i # j.

Assume that (o;; = —1) which is equivalent to j € ;. By the first line in Equation (6.109),
one has AZ(-Z) = AE?U) . Then, by the second line applied with (j,%) (0;; = —1), one has Ag-j;) =
i) = A

The case 0; j = 1 is treated similarly.

For (0;,; = 0), one also have 0;; = 0 and AT, = A; j = —A;; = —AT,. It proves the anti-symmetry
of AT,

2. CW row By definition, i* € X, for any ¢ # ¢* (and ¢* = 1 by assumption). In particular,
AY’? = Ar,1),; = 0, the non-negativity comes from the fact that m;(1) € X7, that is m;(1) also
beats i (or is even with ¢ in the case where A contains ties).

3. Sign structure. For every non-CW arm 4 # 1, the set of indices ;" contains only entries j such
that A; ; < 0, and (6.109) only permutes the entries in that set. Hence the multiset of nonpositive
entries in row 4 is preserved, and so are the counts K; o and K; <o.

4. Order statistics. Since the multiset of nonpositive entries in row 7 is preserved up to permutation,
(m)

i,(s

the ordered sequence (Ai,(s)) <K; <, 1s unchanged, which gives A

SX

) = A () for all s < Ki<o. In
()
,(s;

with A; (s,), 80 that Hexplore(8,d) and Heertify (8, 0) remain unchanged under any 7 € TI(X). O

particular, for any vector s with s; < K.« (a condition independent of 7), the gaps A ) coincide

Now we are ready to state Theorem 6.D.3, which directly implies Theorem 6.4.2 and provides

a more constructive formulation.

Theorem 6.D.3. Let A be a d-correct algorithm over the class Doy, with 6 < 1/12. Let A € Dy
be such that i*(A) = 1.
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Define x as the smallest positive number such that, for any sign convention 3 (satisfy-
ing (6.107)) and any 7 € II(X), one has Pa( 4(Ns > x) < §. Equivalently,

X = inf {w >0:sup sup Ppm 4(Ns > ) < (5} . (6.110)
T rell(x) ’

In other words, x is a uniform (1 — 0)-quantile of the budget, taken in the worst case over all
admissible sign conventions and permutations.

Then, x satisfies

1 K Ki<o ( 1 )
> <0 1og( =), 6.111
X2 Slog(4/3) 5 a2 B\ 6o (6.111)

K
X} 1 ) 1 Z Kz;foz )
1281log(4/3) log(2K) — 1A ]

%

(6.112)

We postpone the proof of Theorem 6.D.3 to the following Subsection 6.D.4, which is divided
between the proof of Equation (6.111) and Equation (6.112). We first explain how this result
directly implies Theorem 6.4.2.

Proof of Theorem 6.4.2. Let A be a d-correct algorithm over the class Dy, with 6 < 1/12. Fix
any matrix A € D¢, with CW ¢* = 1. Consider x as defined in Equation (6.110).

Combining the numerical bounds 8log(4/3) < 3 and 128log(4/3) < 37 with the definition of
x and the lower bounds (6.111) and (6.112), we obtain that there exist a sign convention 3 and
a permutation 7w € II(X) such that

1 Ko < 1 > 1 Ki.<o
Pac 4| N5 > = <0 Jog( — ) v —a | =9
Al ),A( 62 5 max A2 %8\ 65 371og(2K) Z; 1A

By Lemma 6.D.2, if A contains no ties, then the matrix A™ admits a Condorcet winner and
verifies all properties required of the matrix A from Theorem 6.4.2. This proves Theorem 6.4.2 in
the no-ties case. O

Remark 6.D.4. Observe that, by the second point of Lemma 6.D.2, it is possible that A(™ admits
no CW, when A admit some ties. Yet it still admits a weak Condorcet winner, in the same that
AT. admits only non-negative entries, while all the other rows admit at least one negative entry.
Then, one can construct a matrix A™¢ as close as we need to A and such that A™9) admit 1
as CW. We can for instance add a small constant ¢ > 0 to the first row of A9 [and —¢ to the
first column]. For € small enough, the given matrix A (™) ghares most properties of A.
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6.D.4 Proof of Theorem 6.D.3
6.D.4.1 Proof of Equation (6.111) in Theorem 6.D.3

Let § < 1/12. Let A be any d-correct algorithm over the entire class Dey,. Fix A € Dy, with
CW i*(A) = 1. Recall the definition

x:=inf<x >0:sup sup Ppam) 4(Ns>z) <oy .
T rell(X) ’

We prove Equation (6.111), namely

S bk Kico (1)
= X — .
X2 Blog(a/3) 2 A7 |2 "2\ 6o

Sketch of proof. We follow the three-step roadmap of Section 6.D.1. The arguments are very
similar to the proof of the quantile proof of Proposition 6.4.1 in paragraph 6.D.2.2, except that
we work with a local class of permuted instances and average over all permutations of A.

(i) Reference and alternative instances. We fix A € D¢y, with i*(A) = 1 and consider the local

class of reference (A(ﬂ-))WEH obtained by permuting, within each non-CW row, the positions of its

negative entries according to w. For each suboptimal arm k, we construct the alternative instance

A(™F) by lifting to 0 all negative entries in row k, so that rows 1 and k become nonnegative
and the instance has two weak CWs (hence lies outside Dy ). (ii) Separating event and total

variation. As in Subsection 6.D.2.2, we truncate A at the worst-case (1 — §)-quantile x to obtain
a fixed-budget algorithm A, and we use the event {Ns > x} as a separating event. This yields a

total-variation lower bound TV(IF’E{) , Pg’k)) > 1—34, hence a KL lower bound of order log(1/(64))
for each k. (iii) KL decomposition and extraction of Kj.<o/||AL |3 We decompose the KL along

pairs and use that A(™ and A(™%) differ only on duels involving k. Averaging over permutations
7 € I(X) symmetrizes the contribution of all negative entries in row k, and yields a lower
bound x > Kj.<ol|A; ||5%1og(1/6). Finally, choosing the row k that maximizes Ki.<o/||A; ||3 gives
(6.111). (iv) Tie-breaking convention. In the last step, we a tie-breaking convention to conclude.

Proof. Step 1: Reference and alternative instances.

For now, fix a tie-breaking convention fi, and a sign matrix 3 as in (6.107). The specific choice
of 3 will be made in the final step of the proof.

Fix a permutation 7 € II(X) (see Equation (6.108)), and consider the corresponding matrix
A defined in Equation (6.109). We denote by IP’EI) the distribution of the observations induced
by the interaction between algorithm A and the environment with gap matrix A,

Fix a suboptimal arm k € {2,..., K}. The precise choice of k£ will be made explicit in the last
step of the proof. We construct the gap matrix A(™F) by setting to zero all entries (k,j) with
je X, ={j€[K]:or; =—1}. Recall that, by the definition of X (see (6.107)), if j € £, then
A,(:J) <0, that is ¥, contains all arms that beat strictly k, together with some arms that are tied
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with k£. We define

AT, it i # kand j # k,
AT =8 APt (i = kand 03,5 = 1) or (j = k and oy, = 1), (6.113)
0, if (i =k and 03, ; = —1) or (j =k and 0, = —1).

The matrices A™ and A(™) differ only in row/column k. Moreover, by construction, rows 1
and k of A(™F) contain only nonnegative entries, so that A(™F) ¢ D.,. We denote by IP’EZ’k)
the distribution of the observations induced by the interaction between algorithm A and the

environment with gap matrix Ak,

Step 2: information-theoretic arguments.
This step is identical to Step 2 in the proof of the quantile bound (6.96) (Section 6.D.2.2).
Consider the event B := {N;s < x}, and define the truncated algorithm A as in that proof: run A

up to time Y, returning ¢ = i if A stops before y, and ¢ = 0 otherwise.
By the definition of x in (6.110)—a uniform upper bound on the (1 — §)-quantile of Ny under
)

any IP’EI —we have

PP (i =0) =P (N; > x) <6

Since A(™%) can be approximated by CW instances admitting 1 or k as CW (as in (6.99)-
(6.100)), we obtain
P (i £0) <20 .

Writing B := {i = 0}, this yields

k
TV(ET,PUY) > (1-20) -6 = 1-30. (6.114)
Remark 6.D.5. The result from Step 2 can be interpreted as a reduction scheme. Consider the
signal detection problem of testing Hy : p = 0 versus Hy(mg) @ u = (Ak,ﬂk(f))gez— in a bandit
B k

setting. Equation (6.114) shows that, for any permutation 7, A is 2d-correct for this signal de-
tection problem, with a budget bounded by x (independently of the permutation). This reduction
is the main novelty of our proof technique. The remaining arguments in Step 3 build upon the
literature on active signal detection (Castro, 2014; Saad et al., 2023; Graf et al., 2025).

Step 3: computing the KL divergence.

By the Bretagnolle-Huber inequality (see, e.g., Lattimore and Szepesvari, 2020), the conclusion
of Step 2 (6.114) implies

(k) () 1
KL(P; ™, Py7) > log<65) . (6.115)
We now compute KL (Pg’k) , IP’EZ;T)). Observe that we take the law under the alternative instance

A(™F) in the left side of the divergence: this ensures that the expectation Eg’k) [Nik,;}) appearing
in the KL decomposition (below) does not depend on 7, which will allow us to average over
permutations 7 € I (X).
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By the standard decomposition of the Kullback—Leibler divergence for adaptive procedures
(see, e.g., Lattimore and Szepesvari, 2020, Lemma 15.1),

KLU, P = STETY [V ] KLETY  B7)
i#]
.k m,k g
= > ET [N ] L@, BY)) (6.116)
jEE;

since the two instances differ only on pairs (k,j) or (j, k) with j € ¥, , by construction of ATk

Now fix j € ¥; . By the definitions of A and A™*) (Equations (6.109) and (6.113)), we
have

(mk) _ (m) _
Pri = B(%) v By = B(% + Ak,wk(j)) ,
where Ay, - ;) € [=1/4,0]. Hence, using the bound on kl from (6.104),

7,k s
KL ( ](i‘] ) P( )) 8]0g<3) Akﬂk(]) ;

Plugging these bounds into (6.116), we obtain

7,k T (k)
KLETY, P < 810g< ) > EF VNG A ) -
j627

A key property of our construction is that A(™F) does not actually depend on 7x: all entries

( k)

permuted by 71, in row k of A are set to 0 under A™F) . Consequently, E does not depend
on 7. Given ) € II;(X), we denote 7’ = (mg, ..., Th_1, ), Tht1,---) Where we only change 7.

Averaging the previous inequality over 7, € Hk(E) while keeping ()21 fixed, we get

1 (mk) () (4) 1
e Y KLETY P < Slog( = > Y BTV NG AL )
L2, sy oA 3/ ()], L€ (D) jexy,

4 1 (k) 9
=stos () ey | BTNl | | 3 Ak
k1 \jesy JED,
(6.117)

where we used Lemma 6.F.3 to symmetrize over all permutations 7, of X, .
By definition of ¥, , it holds that ¥, C {j € [K]\ {k} : Ay ; <0}, so that

> AL = AP

jes,
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Moreover, by construction, the modified algorithm A has a budget upper bounded by x, and

7,k
> ETINgpyl < x-
jesy
From there, we get
1 (k) () 4\ A 1P

] €TTL() X%

Finally, combining (6.118) with the Bretagnolle-Huber bound (6.115), we obtain

S TRWEY
> log( — ) . 6.119
X2 Slog@/3) 16, 7 6o (6:119)

Step 4: choice of convention 3 and conclusion.

It remains to choose an appropriate arm k, and a convention fi, in the definition of the sign
matrix X (see Equation (6.107)). Consider

K.
k* e argIL{aax k’_<02 ,
=2 A

as a suboptimal arm for which detecting a negative entry in its row is the most costly.
Fix a tie-breaking convention fiy, : [K]? — {—1,0,1} such that fi,(k*,i) = —1 for any i # k*.
For this choice, we have
|El€*| _ Ki+i<o — max Ki<o .
[Tl E FAved L SAl Fovl
Plugging this into (6.119) yields

S 1 Kz‘;go 1 (1)
> max ogl —= | ,
X2 Slog(4/3) i a7 "2\6s

which establishes the first inequality (6.111) on x. O

6.D.4.2 Proof of Equation (6.112) in Theorem 6.D.3

Let 6 < 1/12. Let A be any §-correct algorithm over the entire class Dcy, and fix A € Dey
with CW ¢*(A) = 1. In this subsection, we prove Equation (6.112) from Theorem 6.D.3, using
the same instance construction as in the proof of bound (6.111). Recall this bound:

1 1 K Ki.<o
> =
X2 64log(4/3) log(2K) g rSE

7
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Sketch of proof. We follow the three-step roadmap of Section 6.D.1, reusing the instance
construction from the proof of (6.111) but with a more refined separating event. The key differences
are (ii) a refined event By that also controls the number of duels involving arm k, and (iii) the
use of Pinsker’s inequality and Jensen to average over multiple arms simultaneously.

(i) Reference and alternative instances. As before, we consider the local class (A(ﬂ))wen(z) and,
for each k € {2,..., K}, the alternative A(™*). We define the row-wise hardness 52 = || A, [|2/|Z,],
assumed ordered increasingly. Let I be the index that maximizes (k — 1)/3%, corresponding to

the worst-case average hardness over the first k£ rows. (ii) Separating event and total variation.
Instead of {Ns < x}, we use the event By, = {N; < x, Ni. < 4x/(I —1)}, where Nj . counts duels
between k and opponents in ¥. Define a truncation Ay that outputs 1 By, using budget at most
4x/(I —1) on k. Under AT P(1z, = 1) < 26. Under A(™ we use a pigeonhole argument and
the average probability is larger than 3/4 — 0. This yields averaged TV larger than 1/2—the key

novelty of this proof technique. (iii) KL decomposition and extraction of the sum. By Pinsker’s

inequality, the averaged TV lower bound implies an averaged KL lower bound. Each KL is upper
bounded as previously, and now we average over k = 2,...,I and use the truncation constraint
Ni. <4x/(I—1) to get x = (I —1)/B%. By the definition of I, this gives x > YK, Ki<o/IA] 113,
up to logarithmic factors.

Proof. Step 1: construction of instances. Fix a tie-breaking convention fi, and a sign matrix X
(see (6.107)). Again, they will be chosen in the last step of the proof. Fix a permutation 7 € II(X)
and use A(™ as the reference matrix (see (6.109)). Define, for each k € {2,..., K}, the row-wise
hardness

AT 2
() = | |Z’“|| . (6.120)
k

Without loss of generality, assume that the arms are ordered so that 83 < 83 < -+ < B%(. Define

k-1
I == argmax

v 6.121
k=2, K D& ( )

the index that captures the worst-case average hardness over the first k rows.
As alternative instances, we consider the family {A(”’k)}k:%,’ I.

Step 2: information-theoretic arguments. In this step, we construct an event under which algo-
rithm A should behave differently depending on whether it interacts with A(™ or A™*) To
capture the sum lower bound (6.112), we need a more refined event than in the proof of (6.111).
For k € {2,...,I}, define

4
By = {Ns <x}n {Nk,. < I—Xl} (6.122)

where

Nk7. = Z N{k:,z}

i€xy

denotes the total number of duels involving arm £ against opponents in ¥, .
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Remark 6.D.6. The event By is designed as follows. The bound (6.111) shows that the quantity
6,:2 characterizes the budget needed to find a negative entry in row k of A uniformly over all
permutations 7. . Identifying the CW ¢* = 1 amounts to solving simultaneously K — 1 such signal
detection problems, one per suboptimal row. By the definition of I in (6.121) and Lemma 6.F.1, it
is natural to think of the simplified regime where (35 2 5;2) are of the same order, so that arms
2,...,1 are equally hard to eliminate. In that case, any reasonable algorithm should allocate its
samples roughly uniformly across rows 2, ..., I, and the event By describes this expected behavior
for a d-correct algorithm A.

We now compute the event By with a truncated procedure Aj that uses a total budget at
most X, and at most 4y /(I — 1) comparisons involving arm k against an opponent in 3, .

Define the following procedure Aj. For t = 1,...,x, run algorithm A. If A stops before time

X, compute Ny . and output ¢ = Lin, <ay/(1-1)}- Otherwise, stop at time ¢ = x and set ¢ = 0.
By construction, the binary decision v computed by Ay, satisfies 1, = 1 By -

. y:

] We write IF’EZ;;) (resp. IP’EZ;; )

A, and the environment with gap matrix A(™ (resp. A™*)). We now lower bound the total

) for the distribution induced by the interaction between algorithm

variation distance between ]P’E;k) and ng’k) using the event Bj.
First, By C {Ns < x}. Since A is d-correct over De,, and A(™F) can be approximated by
instances in Dy, as in the proof of (6.100), we obtain, for any k # 1,

.,k 7,k
PEM (B <PTH (N <) <20 (6.123)

(m)

Next, consider P i, and the complement Bi. We have

B ={Ns>x} U {Ns <x, Ng. >4x/(I-1)}.

Since A is d-correct and A(™ € Dy, the definition of y implies

P (N5 > x) = PP (N; > %) <6 (6.124)
We now average the second term of Bf, over k € {2,...,1}:
L 5 p @[ 1 §
1 > P, (Ns < xo Ni. > dx/(I-1)) = Ey 71 D LNy N /(-1 |-
k=2 k=2

Since Y4y Ni.. < Ns, on the event {Ns < x} at most (I — 1)/4 indices k € {2,...,I} can
satisfy Nji. > 4x/(I —1). Hence,

1 < 1
771 2 Lew M s/ -1} < o
k=2
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which yields
(6.125)

=

- Zpgj (Ns < x, Ni. >4x/(I-1)) <

1
— Z TV(P > 71 Z( ) - P (Bp))

k=2
12— LS p@g
I-157 Ak
> (1-26) — (5+i)
1
2 a
2

where the last inequality uses the assumption 6 < 1/12. Finally, we apply a data-processing
inequality. In this regime which does not depend on J, we use Pinsker’s inequality which implies
that

(mh) p p(mk) plr)
_IZTV]P’ P _12\/ KL(P i ), ~k). (6.126)

l\DM—l

Remark 6.D.7. We can again interpret this result as a reduction argument. Averaging (6.123), (6.124),
and (6.125) over 7 ~ Unif(II(X)), we obtain that there exists some k € {2,...,1} (independent
of m) such that Ay, is 1/2-correct, with budget at most 4y /(I — 1), for the active signal detection
problem

Hy:pu=0 vs Hy:p= (Akﬂrk(e))éeE;’ 7 ~ Unif (IT (X)) .

Step 3: computing the KL divergence. We now conclude by computing the KL divergence above.

Fix k € {2,...,I}. Given 7}, € II(X), we write ' = (w2, ..., Tk—1, T}, Tht1, - - -, ). Using the same
computation as in Equation (6.118), we obtain

1 (m.k) () ( )
> KLPV.PT’) <8log EjE N{k}ﬁ
A TA J
11 (3)] eI () : k jene
4 4x 2
< — .
NS 810g(3> I 1 T >

where the last inequality uses the facts that > jex- Egk’k) [Nik,j3] < 4x/(I — 1) by construction of
~ k: ’
Ag, and that, by our ordering assumption, ﬁ,% < B2 for all k € {2,...,1}. Averaging additionally

over all permutations © = (o, ..., 7x) € I[I(X), we obtain
1 4\ 4y
> —ZKL PTH ) < 810g(> L 7 (6.127)
Ap A = — I
IT(X)| e 3) I—-1
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Finally, combining Pinsker’s inequality (6.126) with Jensen’s inequality, we get

1 1 \/ Pk pm

S < — KL(P") | pU

2 S )| ﬁe%;) Z i Fi)
< 1 1 Z 1 3 KL(IP’(W k) P(W))
T2 ) Tell(S) -1

1 4 4y
< /= -8l Z) . =2 .32
\/2 8°g<3) 17

where the last inequality follows from (6.127). Rearranging yields

1 I-1 1 1—1
64log(4/3) (% ~ 6dlog 4/3) DK 52

X = (6.128)

where the second equality follows from the definition of I (see (6.121)). From Lemma 6.F.1, we
have

o > e > 5
max -5 — .
=2k 7 7 log 2K < 67 log( 2K 2 1A |12

Step 4: choice of convention X and conclusion.

We claim that there exists a tie-breaking convention fi, that satisfies

K L
2] |A ||2 S el (6.129)

=2

\ —

Then, the conclusion (6.112) directly follows from the (6.128) together with (6.129).

We finally finish with a technical construction of a tie-breaking that satisfies (6.129). Consider
any suboptimal arm i # 1. For any j # i, it holds that

(jeX) < (Aij<0)or (A;; =0, fin(i,j) = —1),

so that
K

|E = Z ]I{A”<0} T ]I{Al J—O}]l{ftb(lﬁj):fl} .

7=1
J#i
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Summing over ¢ = 2,..., K gives

K
Z”A ||2 ZZH ‘IP( @uy<0) + 120 L =-1))

=2 =2 j=1
J#l

_ZZ H 7”2 {Azj<0}+z” —”2 {Azl 0} {fe(3,1)=—1}
=2 j5=1
i

2 : L) =—1} | Lswtig=1}

1 - tb %] tb (%] 6.130

2<i<i<K {8:,5=0} < 1A ]2 1A ]2 ’ ( )
NAYE ? J

where the last equality follows from a simple reorganization of the sum.

We now choose fi, to make the second and third terms as large as possible. Let fi, be the
antisymmetric function fi, : [K]? — {—1,0, 1}, defined for any i < j by

1 ifi=1, j>1,
L if 2 <i<jand |[[A7] = [|AF].

The convention fi}, for the row of the CW implies that
Ko Ko
=A== i =—13 = D iz LA =0} - (6.131)
iz:; HAz 2 {A;,1=0} 4 { fin(3,1) } ; ”Az 2 {A;,1=0}

Moreover, the expression of fi,(7,7) for 2 < ¢ < j < K is chosen so that

Lt i=—1} | L{fwi)=1} 1 1
1 A= tb i + tb 77] — 1 A = — V, —
2. T, ”( A7 ISE 2. a0 ISR E

2<i<j<K 2<i<j<K
1 1 1
ZKKZKK = Ularz *ar)?
(6.132)

Finally, gathering Equations (6.130), (6.131), and (6.132), we get

SIS S !
D AT 22D AT A \Haw<or T =1 a0y + 5l a0,-0)
=2 H 7 H i=2 1 H H
Jj=
JF
2 =2 HAz H
which proves Equation (6.129), hence finishing the proof. O
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6.D.5 Proof of Corollary 6.4.4

Proof. Without loss of generality, assume i* = 1. Let s = (s;);21 with s; € [K/8] for all i # i*,
and let A = (A;)ix+ with A; € (0,1/4). Let € > 0 be small.

For simplicity, assume K is a multiple of 8, and set d = K/2. We construct the K x K
antisymmetric matrix M€ = M“(s, A):

A —-D
M= 6.133
where A, D, and A are d x d matrices defined below.
The matrix A is the d x d antisymmetric matrix with first row A;. = (0,¢,...,€) € R?, and
fori=2,...,d,
Ai.=(—¢€...,—€, 0 ,e,...,€) e RL
’ ~
i-th
The matrix D is the d X d matrix with nonnegative entries where D;. = (e,...,€) € R?, and for
1=2,...,d,

which is possible since s; < d.

To construct A, recall d is a multiple of 4 and s; € {1,...,d/4}. Define A as the block matrix:

Jo —AO a  AB

A©) Jo A a
—1 A g —AD

—-A®) —a A®

A:

where 1 is the (d/4) x (d/4) all-ones matrix, J¢ is the (d/4) x (d/4) antisymmetric matrix with e
above the diagonal, and for I € {0,...,3}, A® is the (d/4) x (d/4) matrix where the i-th row is

(28

A = (A, A6 ) €RYY j=—d+ 4,
N————r

s; times
The matrix M€ = M (s, A, €) is clearly antisymmetric. Its first row is (0,¢€,...,€), so i* =1
and M€ € Dey .
For each arm ¢ = 2,..., K, row ¢ of M€ contains exactly s; entries of magnitude —A;, with all

other negative entries equal to —e. For sufficiently small € > 0, the optimal sparsity s}, achieving
the minimum in (6.4) equals s, with associated gaps (Mf(si))i#* = (—=Aj)zi=. Moreover, M€ has
no ties since A; # 0 and € > 0.

Consider Corollary 6.4.4. Let 6 < 1/12. For A € D¢y, construction yields ¢ > 0 small such
that M¢(sx, A(s+)) € D(A) with no ties.
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Theorem 6.4.2 applied to M€ gives A € D(M¢) = D(A) satisfying

1 K¢, 1 0
Paa( M > 5 max 0 to( ) v Mo ) 55
A’A( 2 3 002 6 :mog (2K) Z [oRE

where K _, counts negative entries of row i. By construction, Ki_, > K /8 fori=2,... K. For
small ¢,

sTAF (o) S M) TIP < s7TAF (o) + (K — 57)€%, < 257 AF 1)

yielding

1 K 1 1 K
Px 4| Ns = maxlog()\/ > 0.
A, ( 48 it sin(s:) 66/  592log(2K) Z; S;‘kAi(s;‘)
This scales as Hexplore(s*) up to log K factors, proving the first part of Corollary 6.4.4.

The Heertity(s*,0) term follows from the quantile bound in Proposition 6.4.1: by construction
of M€, we have A; (1) = Ai7(5:) for all ¢ # ¢*, so

Hcertify(S*aé) = Z A - Z

i#i* i(s7) i#i* 2(

and the lower bound applies directly. ]

6.D.6 Lower Bounds Preserving CW Row Structure

Consider A € Dg,. For simplicity, assume that A has no ties.® Let ¥ be its sign matrix
as in Equation (6.107), and let 7 € II(X) (see (6.108)) with associated matrix A™ defined in
Equation (6.109).

By Lemma 6.D.2; A™ has the same gap structure as A: it preserves all signs (hence all pairwise
preferences) and gap magnitudes up to reordering. However, A™ may alter the Condorcet winner
row, so in general H.y(A™) # H.y(A), and the construction can even drastically increase it:
Hew(AT) > Hew(A).

In this section, we explain how the lower bound techniques from the proof of Theorem 6.4.2
can be adapted to also preserve the CW row.

To this end, define II(X) C II(X) as the subset of permutations preserving the CW row. For
each i € {2,..., K}, let I;(X) be permutations of ¥ that fix i* = 1

I;(X) = ={m :X; = X7 | is a bijection and m;(1) =1} , (6.134)

and set TI(X) = (%) x - x Mg (X). For 7 € (T), construct A(™ via Equation (6.109). In
addition to properties 1, 3, and 4 of Lemma 6.D.2, we have:

8. If A contains ties, we fix the convention fi, = 0, i.e., we never permute zero entries, hence keeping them
uninformative.
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Lemma 6.D.8. For any © € II(X), A satisfies:
2’ AY.) = Ay,. (CW row preservation).
We can then derive the following theorem, analogous to Theorem 6.4.2:

Theorem 6.D.9. Let A be a 6-correct algorithm over Dey, with 6 < 1/12. Let A € D¢y, have no
ties. Define

X=infqz>0: sup Ppam s(Ns>x) <5, (6.135)
nell(X)
Then,

_ 1 1 Ki.«o ( 1 )

S - B0 )y (1) 6.136
X2 T6log(4/3) i <A§*’i ||Ai||2> BT (6.136)
~ 1 1 1 Ki<o

> A <0 ) 6.137
X T3 Tog(a/3) g K) 2 (Aa,i HM\P) (6137

Similarly to Section 6.4, we define a subclass of D(A) (see (6.10)) that additionally preserves
the CW row Ay« .:

Corollary 6.D.10. Let A be a §-correct algorithm over Dy, with 6 < 1/12. Let A € D¢y,. Then
there exists A € Do(A) such that, with Pz 4-probability at least 6, the budget N5 satisfies

log(1/6) log(1/6) 1
> _ oA
ﬁﬁz* 7, 27(82') i T;o 1752* Az’*,z’ v TQO

where 2 hides logarithmic K factors and numerical constants.

Proof. The proof follows by taking M€ as in the proof of Corollary 6.4.4 (see Appendix 6.D.5),
except with the first row fixed as A;«.. This constructs M € Dy(A) where each row ¢ has
> Kj.<o negative entries. The corollary then follows from Theorem 6.D.9 and the quantile bound
in Proposition 6.4.1. O

Remark 6.D.11. This reveals the fundamental trade-off between eliminating suboptimal arms
against the CW versus finding better competitors among them. We identify three regimes.
When the CW is the strongest opponent (CW-SO), H., was already proved from Proposi-
tion 6.4.1 to be high-probability optimal, achieved by Algorithm (17) and Maiti et al. (2024).
Actually, Karnin (2016) proves that it is even optimal for expectation of the budget, at least in
the asymptotic regime of § — 0.
In the CW-uniformly-poor-opponent regime,

1A

. -k 2
Vi#d", AL, < A
;<0

(CW-PO)
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we have Hew = Heertify (8%, 0) + Hexplore(8*, 0). Our bound (6.4) improves Maiti (2025), and Corol-
lary 6.D.10 proves minimax optimality of Heertity(8*,0) + Hexplore(s*,0) over Dg(A).
In the CW-intermediate-opponent regime,

A2
Vi it ||K<||O <AL <A, (CW-10)

a transition occurs between constant-é (where the lower bound matches Hcy) and § — 0 regimes

(where it can be much smaller). A finer combinatorial analysis is needed to pinpoint the exact
trade-off.

Proof of Theorem 6.D.9. Assume without loss of generality that i* = 1. We start with the proof

of Equation (6.136), which follows the proof of Equation (6.111). From careful inspection, Steps
1, 2, and 3 apply verbatim, replacing y by ¥ and II by II.

Fix k # ¢*. With the same notation and construction, one constructs A with budget upper
bounded by ¥ such that

1 4 1
1 — ] <81 e
Og(ﬁé) s Og(:s) I, 2

(m,k) 2
(2)‘ Z EA [N{kvj}] k,mx(5)°

A (6.140)
T €l (2) jES,

with the only difference in the subsequent computation.

For 7 € Iy, we have m(1) = 1 and Wk‘z—\{l} is a bijection, so [I[;(X)| ~ &, where k; :=
k
|X; \ {1}| = Kj,<0 — 1. Separating the role of 1 and the rest of ¥, in (6.140),

1 (k) 2
|ﬁ (2)‘ Z Z EA [N{k’vj}}AkJFk(j)
k wkEfIk(E) JEX,
.k 1
E(g )[N{k,l}]A%,l T =

>y E

2
= 0 Ve A G-
Rl () jex \ {1}

7

where ]Egr’k) is independent of 7. By Lemma 6.F.3,

1 (k) 5 1 (k) ,
sty 2 5s) BT NpnIal t oy X BTN A
’ JeX {1} JE€S\{1}
IAGIP — A%y

< A? X

. ,k ~ - .
using Zjez,:\{l} E% )[N{kjj}] < x and Zjezg\{l} A%J =|Ag]I? - A%J. Finally,

1AL NP = A7, AL |12
JAN P R R —it <2 A2 oy ITRD )
k1 Ki,co—1 1 Ko

266



6.E. Proofs of Section 6.5

Taking the maximum over k # ¢* yields

X = 1 ! lo (1>
161og(4/3) iiir 2 o, 152 *°\65 )
kl Kk;<0
which is Equation (6.136).

The proof of (6.137) follows the proof of (6.112) step-by-step, highlighting differences below.
P p p-by-step, highlighting
Step 1: Define 3, = A7 ”A ” and [ := argmaxi_, kf;l

Step 2: The same event (usmg 1 ) bounds the probabilities, so (6.126) holds.
Step 3: The KL upper bound computation adapts as above, yielding

1 p(rk) plr 4\ 4% -
il Z 1 ZKL A g)) < 810g(§) I—fl - . (6.141)
TI'EH

which conclude from rearranging.

Step 4 is unnecessary since X avoids ties by convention.

6.E Proofs of Section 6.5

Comparison with Fixed Confidence lower bounds. The proofs for fixed-confidence and
fixed-budget settings are remarkably similar. This reflects the strong connection between fixed-
budget algorithms and fixed-confidence algorithms with high-probability budget bounds. However,
fixed-budget minimax lower bounds cannot be directly deduced from the instance-dependent fixed
confidence lower bounds derived earlier. We conjecture that obtaining instance-dependent lower
bounds in the fixed-budget setting is considerably more challenging—if not outright impossible.

The fundamental reason lies in the nature of the algorithms themselves. Any §-correct fixed-
confidence algorithm must incorporate an internal stopping criterion that checks that the identified
arm 7 is indeed the CW, under the assumption that such a unique CW exists in D.y. Consider
now what happens when applying this algorithm to a modified environment with two “weak”
Condorcet winner candidates i and 43, where both rows satisfy A;z. > 0 and A;; . > 0. The
algorithm cannot distinguish between these candidates with probability 1 — §, forcing an infinite
expected stopping time as the verification step never confidently resolves the ambiguity.

Fixed-budget algorithms fundamentally lack such stopping rules, rendering this infinite-budget
argument inapplicable. Instead, our lower bounds rely on symmetry arguments: for matrices where
multiple suboptimal arms have identical “difficulty profiles” (i.e., identical multisets of negative
gaps), any reasonable algorithm must select uniformly at random among the ambiguous best arms.
Deriving such lower bounds requires constructing highly symmetric matrices that exploit this ran-
domization, a significantly more restrictive condition than the instance-dependent constructions
used in fixed confidence.

In Sections 6.D and 6.E, we propose two complete constructions respectively for each setting.
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The proofs for fixed-budget results are similar to the fixed-confidence ones, except that they are
applied to specific highly symmetric matrices for the reasons described above.
In Subsection 6.E.1, we prove Theorem 6.5.1. Theorem 6.5.3 follows in Subsection 6.E.2.

Roadmap for Fixed-Budget Lower Bounds The proofs in this section follow the same
three-step change-of-measure pattern introduced for the fixed-confidence case in Subsection 6.D.1.
However, the fixed-budget setting requires three important adaptations, which we now describe
in detail. In the fixed-budget setting, we aim to lower bound the worst-case error

inf sup P a(ir # %),
A MeD
where the infimum is over all algorithms A with fixed budget T', and D is some class of instances.

Step 1: Reference and alternative instances. In the fixed-confidence setting, the reference
instance can be any arbitrary gap matrix A € D.y. Here, we instead construct a highly symmetric
reference matrix M € DD that serves as a “hard instance” for the minimax bound. For each
suboptimal arm k # i*, we construct an alternative instance M*) by setting all negative entries
in row k (and corresponding column entries to preserve antisymmetry) to zero. This ensures
M) ¢ Dy,

Step 2: Separating event and total variation bound. Unlike fixed-confidence algorithms,
which use a stopping time N to construct events on which the two distributions disagree, fixed-
budget algorithms have no stopping rule. Instead, we exploit the symmetry of the reference matrix
M, together with the recommendation rule.

Step 3: KL decomposition. This step is conceptually identical to the fixed-confidence proofs.
The KL divergence decomposes as

KL(Par, Pyro) = Y Ear[Npjy KI(Arj, AL,
k<j

where Ny i1 counts unordered duels between arms £k and j. The key difference is that the fixed
budget T' directly bounds 37, Ear[Nyx 1] < T, whereas fixed-confidence proofs require trunca-
tion at the (1 — §)-quantile y and reinterpretation. Combining the total variation lower bound
from Step 2 with this KL upper bound from Step 3 yields the desired lower bound on ep.

6.E.1 Proof of Theorem 6.5.1

Let A = (Aj);ex] be a K-dimensional vector such that Ay = 0 and A; € (0,1/4) for i # 1,
and assume without loss of generality that As < Az < -+ < Ag. Recall that ID)(I)(A) (see
Definition 6.13) denotes the class of gap matrices that admit a Condorcet winner whose row is
equal to A up to permutation.

Fix an algorithm A with a fixed budget T" € N*. Define the worst-case error probability of A
over the class D (A) as

= max P ) (M), 6.142
eri= ) e w,a(ir # i (M)) (6.142)
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where i1 denotes the recommendation of algorithm A after T' queries.
We aim to prove Theorem 6.5.1, namely that

S 1 T
er > —expl—4—7 71 |-

Sketch of proof. The proof follows the three-step roadmap of Subsection 6.D.1. (i) Reference
and perturbed instances M) M®*)Since we seek a minimax bound, we can construct a specific

reference matrix M) € DM (A) with Condorcet winner i* = 1, where arm 1 is the strongest
opponent of every suboptimal arm. For each suboptimal k # 1, M*) modifies row k’s negative
entries of M) to make k the CW while preserving M®*) ¢ DV (A). (ii) Separating event and TV
bound. Algorithm A is ep-correct over D) (A), so Py, (ir = k) > 1 — ep. The event By = {ir #
k} thus satisfies Py;1)(Bg) > 1 — e and P, (Bg) < er, yielding TV(Py;q0),Pyym) > 1 — 2er.
(iii) KL decomposition and computation. Similar computation as in the proof of Theorem 6.4.1.

Proof of Theorem 6.5.1. Step 1: construction of the reference instance M),

We construct within the class DY) (A) a highly structured instance. The key structural property
of this matrix is that the Condorcet winner k* = 1 is the strongest opponent of every other arm.
Define a gap matrix M) € D, by setting Ml(l) = A, and, for i,j # 1,

A, ifi <,

MY =3 —A;, ifi>

0, ifi=j

Thus MM has the form

0 Ag Az Ay o A Ag
~ Ay 0 As Ay o Agy Ax
—Aj —Aj 0 Ay o A1 Ag
o — | —a,  —A, -, 0 - Ay Ag
A1 —Ag1 —Ag1 —Ag_q - 0 Ag
—Ag —Ag —Ag —Ag - —Ag 0

By construction, we have M) € D(V(A), and its Condorcet winner is i*(M ™M) = 1.
For each k > 2, define the matrix M®*) as follows:

— For i,j # k, set Ml(];) =M,

Z!J
k)

— For j < k, set My") =

Aj+1 and M](f;;) = —Aj+1.
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— For j > k, set M) = M{!) and M%) = M),

The matrix M) can be written as

0 Ay o DApr —As Ay - Ag
SAY) 0 o A=Az Ay - Ag
A —Ap1 =Dy - 0 —Ap Appr 0 Ag |
AV Az Ay 0 AV} Ak
A A Y AV TR AV B O RAY °¢
“Ax  —Ax - —Ax  —Ax —Ag - 0

where the blue entries indicate the differences with respect to M1,

It is straightforward to check that, for each k, M(¥) € D.,. These matrices have three key prop-
erties: (i) M®*) does not have the same Condorcet winner as M), indeed i*(M®) = k; (ii) we
have M®*) ¢ D (A), indeed the k-th row M,gk) is equal to A up to a permutation; and (iii) the
environment with gap matrix M ®*) is difficult to distinguish from the one defined by M) in terms
of KL divergence.

For k > 2, denote by P®*) the distribution of the data when the underlying gap matrix is M *).
Step 2: TV bound.

Let A be a §-correct algorithm over ]D)(I)(A), and let 7 denote its output. For any k& > 1, when the
true gap matrix is M*) the Condorcet winner is k, and M®*) € DM (A). Then, the definition of
er (see (6.142)) implies

vk e [K], PHG#£E) <er.

In particular, we have
1—2er <PY G #£ k) — PG £ k) < TV(ERD, PR)
Then, with Bretagnolle-Huber inequality, we have

1—2ep < TV(PW PW)) < 1 — L exp{—KL(PW, P*)}.

Step 3: computing the KL divergence and concluding.

For i < j in [K], let Ny; ;1 denote the total number of observed duels between i and j under al-
gorithm A. Using the divergence decomposition lemma (Lemma 15.1 in Lattimore and Szepesvari,
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2020), we have

KL(PW,p®y = %" E“)[N{i,j}} KLY, PO

1<i<j<K h
= M) k)

=Y IE(U[N{,C,Z-}] KL(P,;,P}7) (6.143)
=1

since the two instances differ only on pairs involving arm k.

For all ¢ < k, the corresponding Bernoulli feedback distributions satisfy
1 k
PO = B(1-a), B =B(1+ ),
so that, with the same sequence of inequalities as in (6.94), (6.95), we obtain

VP = KI(-Ap + 4, Ayt +3)

1
(Pl(cw
2
- (—Ak + % — (Ai—i-l + %))

T (FAi+ ) (B + )
2
< B2 < gong,
3/16

where we used that (A;);cqo,.. x} is nondecreasing and k > 4 + 1, which yields Ay > A;y1. Also,
we use that A;4q € (0,1/4) and thus the denominator is bounded below by 3/16.
Now, from (6.143) and the last inequality, we obtain

KL(PW, p*) 2221{»3 /[Ny | AF

From Step 3, this bound implies
k—1
1 1
EW|N log—— .
; [ {k, Z}] 22A2 0g T
Summing over k > 2, and using that A has a budget T', we conclude that
K k-1 0 1 XK 1 1
T> EW [Npal > —=Y —log— |,
k; ; Vo] > 35 1; A? % her

which, after rearranging, is exactly the claimed lower bound. O

6.E.2 Proof of Theorem 6.5.3

Before proving Theorem 6.5.3, we extend the notion of Condorcet winner to a broader class
of matrices. Let A be an antisymmetric matrix. We denote as a weak Condorcet winner, an arm
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i* € [K] such that
A4 75 i*, Ai*,i > 0 and, V4 75 i*,m;én Ai,j <0 . (6.144)
j#i

Note that such arm is unique if it exists. Consider Dy as the class of dueling bandit environments
for which there exists such weak Condorcet winner

Dyew = {A €[4, 11 303 € [K] such that Vj, A > 0}. (6.145)

Observe that Dey C Dyew, and that naturally, any Condorcet winner is a weak Condorcet
winner. Moreover, for a matrix A € Dyey, the quantities (s}, A(s*)) defined in Section 6.4 are
still well defined. Indeed, the minimum in Equation (6.4) for which s’ is defined as the argmin is
still well defined under weak Condorcet winner assumption.

As a variant of the class D®)(A, s) introduced in (6.14), we introduce the class:

DA (A, 5) = {A € Dyew : 30 € G st sa = 0(s) and Ay = 0(A () |- (6.146)

The introduction of this definition is motivated by the fact that we want to consider in the
lower bounds, matrices where the Condorcet winner may have some ties. The following lemma
implies that this is feasible.

Lemma 6.E.1. Let A be an algorithm with a fixed budget T. Then, we have

max IP)A,A@T 75 ’L*(A)) = max PA,A@T 75 Z*(A))
AeDB)(A,s) AeD@(A,s)
Proof of Lemma 6.E.1. Let A € D®)(A, s), with a weak Condorcet winner i*. By definition, for
any ¢ # i, A;. contains at least one negative entry. Let € > 0. Consider the modified matrix A€
obtained from A by lifting to € > 0 all off-diagonal null entries of on CW row ¢* [and —e to (j,7%)],
so that, for € small enough, A admits i* as a (strong) Condorcet winner, and A€ € Dey,. Now,
for € small enough, it holds that s = sy and AES*) = A(y+). Then,

Panclir #7(A) < max  Paa(ir £ (A)).
AeD®)(A,s)

Since A has a fixed budget T', one can take the limit ¢ — 0 in the inequality above. Taking a
maximum over A € DG)(A, s), one therefore obtains

Paa(ir #i*(A)) < Paa(ir #i*(A)) .
AcE, Aalir #i°(A)) Ak Aa(ir #i°(A))

We have D) (A, s) € DB)(A, s), so the other side of the inequality is clear. O

Now, we are ready to prove Theorem 6.5.3. Assume that K is a multiple of 8, and denote
d=K/2.

Let (A,s) be such that A = (A;);e(x) with Ay = 0 and (Ag,...,Ag) € (0,1/4)571. Let
s=(s1,82,...,8k) with s =0, 1 <s; < K/4fori=2,..., K.
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Consider the class D®) (A, s) as defined in Equation (6.146). Fix an algorithm A with a fixed
budget T, and define the maximum error of A across D®)(A, 5) as

eri= , max  Paalir #1°(8)) (6.147)

The proof of Theorem 6.5.3 is divided in three lemmas, corresponding to the three terms in
the lower bound.

Lemma 6.E.2. We have

1 T
er = 7 %P (—1610g(4/3) dK) . (6.148)

maxg_, e

Lemma 6.E.3. If (A,s) are constants on the indices i € {2,...,d}, that is, I(u, s) such that, for
any i € {1,...,d}, A; = u, and s; = s, then

N |

T
er > — J 12810g(4/3) 5 - (6.149)

sp2
Lemma 6.E.4. With the same assumption as Lemma 6.E.3, then

1 T
er = 75%P (—32 log(4/3) K) . (6.150)
w2

Proof of Theorem 6.5.3. Recall that ey (see (6.147)) is the maximum error over D®) (A, s). From
Lemma 6.E.1, it is also equal to the maximum error over D(2) (A, s). Together, Lemmas 6.E.2, 6.E.3,
and 6.E.4 directly imply Theorem 6.5.3. O

Proof of Lemma 6.F.2. Recalling the definition of ey from (6.147), e = MAaX A ep()(A,s) Pa iy #
i*(A)), we want to prove the following bound, equivalent to (6.148)

pe 1 i K ( 1 )
> max og| —
161og(4/3) 125 5;A2 8\ dep

Step 1: reference matrix M™. For reference, we consider the same matrix as in Subsection 6.D.5,

taking € = 0. For completeness, we recall this construction here.
We assumed for simplicity that K is a multiple of 8, and denote d = K /2. Consider the K x K
antisymmetric matrix M defined by

M = (;T _AD> , (6.151)

where D and A are two d X d matrices specified below.

273



Chapter 6 — The Sampling Complexity of Condorcet Winner Identification in Dueling Bandits

The matrix D is the d x d matrix with nonnegative entries such that the first row is Dy . =
(0,...,0) € R% and for any i = 2,...,d,

Di7.:(Ai,...,Ai,0,...,0)ERd,
—_————

s; times

which is possible since s; < d for i =2,...,d.

To construct A, recall that d is assumed to be a multiple of 4 and that we assumed s; €
{1,...,d/4} for alli € {d+1,..., K}. Define A as the following block matrix:

0 —-AO@ ¢ A®)
A©) 0 —AD 0

0 A 0 —A@ |’
—A®) 0 A2 0

A:

where, for I € {0, ...,3}, the sub-matrix A®) is the d/4 x d/4 matrix such that, fori € {1,...,d/4},
the i-th row of A is

d
A = (A, A0,...,0) RV with j=d+ 141 . (6.152)
b ; 4
s; times
Overall, M is clearly antisymmetric by construction. Moreover, for each arm i = 2, ..., K, the

i-th row of M contains exactly s; negative entries of magnitude A;. The first row is equal to 0,
so that M € Dycyw (see(6.144)) and the (weak) Condorcet winner is ¢* = 1. Finally, since in each
row the negative entries are constant, we have s}, = (s1,...,sx) and M € DG)(A, 5).

We use the same permutation construction as in the proof of Theorem 6.4.2. We recall this
construction here. Let II be the set of permutations, where 7 = (my,...,my) € Il if 7; is a
permutation of {1,...,d} for any ¢ € [d].

From any 7 € II, define M™ as the matrix obtained by permuting the d first columns of D
according to 7 in the following way:

M — ((D?T)T —f”> , (6.153)

where, for any (i,7) € [d)?,
Df; = Dim() -

By construction, for any 7 € II, we still have M™ € D®) (4, s).

Alternative instance M(™*), Fix a suboptimal arm k € {2,...,d}.

Construct the gap matrix M (™) by setting to zero all entries in the k-th row and the k-th

column of M™. By construction, rows 1 and k of M (™) (k)

only scontain zero entries, so that M
does not admit a unique Condorcet winner. We denote by Pgr’k) the distribution of the observations

induced by the interaction between algorithm A and the environment with gap matrix M (k).
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Step 2: information-theoretic arguments.

Consider the recommendation rule 7 and the budget T of algorithm A. By definition of ep, A
can be considered as ep-correct over DB)(A, ).

Denote again by i the recommendation of algorithm A. Observe that we always have {i # 1}
or {7 # k}. Therefore,

1 (m.k) 1 1 (m.k) on 1
well well
Without loss of generality, we assume that
1 (k) -
= Y PTG £L) > - (6.154)
‘H’ well 2

In the other case, we should consider as reference matrix the matrix M obtained by exchanging
rows 1 and k of M so that i*(M) = k. Observe that we still have M € D®)(A, s). The rest of the
proof is the same up to minor modifications.

Consider the event

B:={1#1}.

For any 7, we have M™ € D®)(A,s) and i*(M™) = 1. We can then use the fact that A is
ep-correct over this class, by definition of er ((6.147)), to get

PY(B)=P(1 #1) <er . (6.155)

Now we use Lemma 6.F.4, a Fano-type inequality presented as Proposition 4 in Gerchinovitz
et al. (2020), to obtain
KL(PT P7) + log(2)
—log(P}(B))

Averaging over 7 € II and using (6.154) and (6.155), we get

T,k T
T Cren KLY, P3) + log(2)
] = log(1/er)

Observe that, for any 7 € I, M™ and M(™*) differ only in row k, and that that M™% does
not depend on the permutation 7. Denote as m(~%) the vector of permutations obtained from
7 = (m1,...,7q) € II by removing the k-th component— 7(=%) = (7w, ... 7p_1, Tpp1,...,7q)-
Denote as II(-%) as the family {W(*k)}ﬂen. Observe that M™% does not depend on . For a
fixed 7% € I we have M(™F) = MRk, Then, we write the inequality above as
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x(=F) & ’
1 TR Lonl-RelIh) o] Lo €6, KLY, PR) +log(2)
= log(1/er) ’

(6.156)

DO |

where inside the sum, we denote as 7’ for the permutation obtained from 7(¥) and 7}, by 7/ =

(7'('1, s ,7T]€_1,7T;€,7T]€+1, s 77Td)'
Step 3: computing the KL divergence. We now bound, for a fixed 7=k e 11(=k)

1

ﬂ(*k)’k i
‘6d| Z KL(PELX )7PA)'

7r;€€6d

This computation has already been carried out in the proof of Theorem 6.4.2, see Equa-
tion (6.118), and one has

7 k) 4) [ M|
— E KL ]P’( P ) < 81 - | —T 6.157
‘6d’ ( A ) A) Og(3 d ) ( )

where, by construction of M, we have || M_.|*> = spAZ.
Averaging over TI(-) (6.157), and combining Equation (6.156), we get

ra L (1)
= (6] s
1610g(4/3) spA2 2\ der
which holds for any k € {2,..., K}. This is exactly the desired bound (6.148). O

Proof of Lemma 6.E.3. Assume additionally that there exist © > 0 and s € [d] such that, for
every i € {2,...,d}, A; = p and s; = s. We want to prove Bound (6.149), that is

N

sp?
er > - — 12810g(4/3)ﬁT.

Step 1: reference and alternative instances.
Consider M as the matrix defined by

M= (ng ?f) , (6.158)

where A is as in (6.152), and D is the d x d matrix such that, for any i = 1,...,d,

D;.= (..., 11,0,...,0) eR? .
H./—/
s times
Observe that the first d rows of M are equal, and that M does not admit a Condorcet winner;

in particular, M ¢ D®)(A, s).
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Again, for any 7 € II, define M™ as the matrix obtained by permuting the d first rows of M
according to 71, ..., mq as in (6.153). For this part of the proof, we denote by P7 the distribution
of the observations induced by the interaction between algorithm A and the environment with
gap matrix M7.

Construction of perturbed instances M (™). Consider any arm k € [d].

We construct M(™*) as the matrix obtained from M™ by setting to zero all entries in the k-th
row and the k-th column. By construction, M(™F) € DB)(A,s) and i*(M™*)) = k. We denote
by IF’(X’k) the distribution of the observations induced by the interaction between algorithm A and
the environment with gap matrix M (™5)

Step 2: bound on the total variation distance.

Consider the recommendation rule 7 and the budget T of algorithm A, which is ep-correct over
D®) (A, s), by definition of the maximum error er.

Intuitively, under M there is no Condorcet winner among the first d arms, so algorithm A
cannot systematically decide in favour of a specific subset of them, and it must make a large error
on at least half of these arms. Indeed, it always holds that {7 & [|1;d/2|]} or {7 & [|d/2 + 1;d|]}.

Therefore,
1

Z P%(i & [1;d/2]) > 25 or Z PL(i & [d/2 + 1;d]) >
WGH 7T€H

l\DM—A

Without loss of generality ® we assume that

(6.159)

l\’)\»—t

Z P (i & [1;d/2]) >

7T€H
For any k € [d/2], consider the event
By = {i=k}U{Ngy >},

Nyj,.y denotes the number of duels involving arm k and an adversary in [d + 1; K] between time
t =1 and time T, that is,

Ny = {t € [T] : 3j € [d+1; K] with {I, i} = {k, j}}| -
Observe first that, for any fixed 7, P% does not depend on k, so that
L
dfm;m(% =k) = df/QP”( [1;d/2]) .
Averaging over 7 € II and using (6.159), we obtain

1 Y2

%;EWEZHPQ(%:!{:) < (6.160)

SHN

9. in the other case, we consider k € [d/2 + 1,d] and run the same arguments
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Now, by definition, the family (Ny.y)
for time-steps between 1 and T, so that

keld/2] counts duels with pairwise disjoint sets of arms,

d/2

> Nyy <T
k=1

From this upper bound, a simple counting argument implies that at most a fraction 1/4 of the

arms in [d/2] can satisfy Ny .y > 1T ;l/TQ Hence,

d/2

—_

d/2 Z e S

Taking expectation with respect to the probability ﬁ > rer P%, we obtain

1 Y2

1
16T 1
a2 2 § e N EEH: ]P’A<N{k ) > ) <7 (6.161)

Combining (6.160) and (6.161), and using d > 4, we get

/2

" 1
d/QZ Z]P’ (By) < SqT

(6.162)

Q.\P—‘
l\.')\r—t

Now, consider By under }P’Xr’k). Observe that B C {i # k}. The environment M(™*) admits
k as Condorcet winner and belongs to D) (A, s). Using that A is ep-correct over this class, by
definition of ep, we obtain, for any « € II,

Pgr,k)(Bg) < P%’k) (1#£k) <er. (6.163)

The event B, has the additional property that it is measurable by an algorithm which runs A
but uses at most % duels involving arm k. Define the following procedure Ay. For t =1,...,T,
run algorithm A. At each time ¢, compute Ny, 1 (t) as the number of duels involving k& before time
t, if Ny 3(t) > 16T /K, stop sampling, and return 1 = 1. If the algorithm has not stopped by
time T' ~that is, if Ny, ., = Ny 3 (T) < 16T/K — compute i and output vy = 1,

By construction, the decision 1), produced by Ay, satisfies ¢y, = 1 B,,- Moreover, for any envi-
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ronment v, we have P (By) =Pa,(By). From these observations, we deduce

/2 d/2
(d/gzm,z P EmE)

d/2 k d/2
d/2 Z \H[ Z d/g Z \H] Z Ak
d/2 d/2

1

P7 (Byg)
d/zz\mZ o) d/zz\mz .
Using (6.162) and (6.163), we obtain

1 £ wr 1L 11
TV | —= P, — Y P >l—er—-==—e¢p (6.164)
(S ks T m) - i)

Finally, using the convexity of the total variation distance together with Pinsker’s inequality
and (6.164), we get

well

) /2 L a2
i_eT\ (d/QZH—Hz ’;mzpﬁk)

d/2
”k) T
< . .
< Qd/2§j|n|§:KL 0 ) (6.165)

mell

Step 3: computing the KL divergence.

An important property of procedure Ay, is that the budget spent on duels with arm k is upper
bounded by 167"/ K; precisely, for any environment v,

d
16T
Ei, . Z N{k,i}] < - (6.166)
i=d/2
We now upper bound
Z KL(P; ™ PR ).
7r€H
As in previous proofs, we fix my,...,Tg_1, Tk11, ... and we average over the m’s. Hence, for any
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€ [d/2], we get

1 (m,k) om HMk: ||
&) > KL(P ,IPAk)éSlog( > g

4
TLEGy 3
A\ sp? 16T
<8log(=) 222
Og(?,) d K

where we use ||My..||? = su? and Equation (6.166).

Z N{kz}]

i1=d/2

Gathering Equation (6.165) with the bound above, and rearranging (using d = K/2), we obtain

2

- \/128 log(4/3)%T :

€T 2

DO | =

which is exactly the desired bound (6.149). O

Proof of Lemma 6.E.4. Consider again the constant case where there exist p > 0 and s € [d]
such that, for every i € {1,...,d}, A; = p and s; = s. We want to prove the following bound,
equivalent to (6.150):

r~_ 1 K. (1>
Z 321log(4/3) 12 B\lder)

Step 1. Again, assume that A and s are constant. Take the matrix M defined in (6.158).

Fix for now k € {1,...,d/2}. Consider M®) | the matrix obtained from M by setting to zero
the k-th row and the k-th column of M.

Recall that M does not admit a Condorcet winner, while M®*) € DG)(A, s) with i*(M®) = k.
We denote by P4 (resp. pt¥ )) the distribution of the observations induced by the interaction
between algorithm A and the environment with gap matrix M (resp. M*)).

Step 2: bound on the total variation distance.

Consider the event

B:={icd/2}.

As in the proof of (6.149), we can assume without loss of generality '° that P4 (i ¢ [d/2]) > 1,
so that

P4(B) < Pai € [d/2]) < (6.167)

l\D\H

Now, consider B under IP)(:). Observe that B¢ C {i # k}. By definition of the maximum error
er, A is ep-correct over DG, so that

PY(BY) < PP #k) <er. (6.168)

10. Otherwise, choose B = {i € [d/2;d]}, and take k in [d/2;d] everywhere.
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Now, by the Fano-type inequality from Lemma 6.F.4, it holds that

KL(P4,P{) +log(2)
—~log(P}y (B°))

]P)A(Bc) <

and using (6.167) and (6.168), we obtain

(k) (k)
1 KL(P4, P log(2 KL(P4, P log(2
= < Py(BY) < (Pa, A(k))+ 0g(2) < (P4, Py”) + log(2) . (6.169)
2 —log(P'y(B°)) — log(er)
Step 3: computing the KL divergence.
We now upper bound KL (PA, IP’EP).
From the decomposition of the KL divergence and the definition of M*), we have
k d -
KL (Pa,PY)) = > Ea[Npay]KI(3 + My )
i=d/2
d
< Y Ea[Npkqyl8log(4/3)
i=d/2
where we use the fact that the row Mj,. only takes values in {0, u}.
Combining (6.169) with the bound above and rearranging, we obtain
1 1 1 1 1 (k)
——— —log| — | £ ————~ = KL (P4,P
161og(4/3) 412 0g<4eT> 8log(4/3) 12 (Pa.)
d
< Y EalNpayl -
i=d/2
Summing over k € [d/2], we obtain
d/2 4
K 1 1
—— —lo (>< Ea[Nganl <T,
32log(4/3) p? & dep ];“:%2 Nk
which is the desired bound (6.150). O
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6.F Technical Results

6.F.1 Deterministic bounds

Lemma 6.F.1 (Section 6.1 of Audibert and Bubeck (2010)). Let x1,...,zx denote a decreasing
sequence of positive numbers. We have:

K
max kz; <log(4K) max ka?.
kell, K} K= g & ke{l,...,K} k
Lemma 6.F.2. Let x1,...x, denote a sequence of positive numbers such that r;1 < --- < x,.

Then we have for any p € (0,1)
n
Z 1

x(Mpn) i—1 Vi

Proof. We have - < ... < L Therefore
In 1

pn S[*anﬁ Z*SZ*

Lllpn Llpn 5=y i 55 i

Lemma 6.F.3. Let &, denote the set of permutations of {1,...,d}. Let ai,...,aq and by, ..., by
be two sequences of numbers. We have

ISHN

1zza’ -

Proof. The result is just a consequence of summation manipulation. We have

d d d d! d d d
) SENTES U WRTES o0 D SUBRUER iy I oI B
=1 o =1 =1 =1

o =1 =1

O]

Below we present a useful Fano-type inequality presented as Proposition 4 in Gerchinovitz et al.
(2020)

Lemma 6.F.4. Let P and Q be two probability distributions, and let A be an event such that
Q(A) € (0,1). We have
KL(P, Q) + log(2)

—log(Q(A))

More generally, for all probability pairs P;,Q; and all events A;, where i € {1,...,N}, with

P(A) <
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0< %Zf\; Qi(A;) < 1, we have

¥ ity KL (P, Qi) + log(2) ‘
~log (% ©L1 Qi(4))

Ly
— > Pi(4;) <
N

Lemma 6.F.5. For any x > 0, we have

1 _
2 ¢ L

< < .
log(l —e*) —log(e=®) 2z

T

0

Proof. Let y =e™* € (0,1) and define

1
h(y) = log(l;y) =log(1—y) —logy,  R(y) =73 (y#3) -

Let us start with a proof of the positivity of the middle expression. The function A is strictly
decreasing on (0,1) and satisfies h(1) = 0, hence sign(h(y)) = sign(3 —y). Therefore R(y) > 0 for
all y # % Aty = %, both numerator and denominator vanish, by I’'Hopital’s rule,

-1 -1 1
lim R(y) = = =—d.
y—1/2 ) W2 =+ e, 4

Thus the middle expression is well-defined by continuity and is strictly positive for all > 0.

Now let us sprove the stated upper bound. Since x = log(1/y) > 0, we need to show

1

B) < Siog(iyy) -

If y < 1 (so h(y) > 0) we need to prove that

210g(1/y) (3 —y) < h(y) -

which is equivalent to 2y log(1/y)+1log(1—y) > 0, define g(y) :— 2y log(1/y)+log(1—1y), therefore
we need to show that

vy € (0,1/2), g(y) >0.

Ify > % (so h(y) < 0), the same manipulation yields the equivalent condition g(y) < 0. Hence it
suffices to prove g(y) > 0 on (0, 3) and g(y) < 0 on (3,1).

A direct computation shows

pon 2 1
g(y)——i—(l_y)2<0 (y €(0,1)),
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so g is strictly concave. Moreover,

1
liﬁ)lg(y) =0 and g(1/2)=2- 510g2—|—10g(1/2) =0.
y

By strict concavity, this implies g(y) > 0 for all y € (0,1/2). Finally,

1
Since g is concave, ¢’ is non-increasing, so ¢'(y) < ¢’(1/2) < 0 for all y > 1/2. Thus, g is strictly
decreasing on [1/2,1), and hence g(y) < 0 for all y € (1/2,1).

Therefore, R(y) < 1/(2log(1/y)) = 1/(2x) for all z > 0, concluding the proof. O

Lemma 6.F.6. Let d be an integer greater than 1. Let M € R4 such that M is skew symmetric
(i.e., Yi,j € [d] : My; = —Mj;). Then, the number of lines of M with at least [*] (d+1)/4
non-positive entries is at least [x] (d+ 1)/4.

Proof. For i € [d] define
S; = ’{] S [d] : Mi,j < 0}| .

Since the matrix M is skew symmetric (i.e. M; ; = —Mj; for any i, j), for every unordered pair
{i,j} where i # j, at least one of the two quantities M;; or Mj;; is nonpositive. Therefore, the
number of off-diagonal non-positive entries is at least (g) We conclude by taking into account the

d
Zsiz<d>+d:d<d+1>.
=1 2 2

The conclusion follows by a simple contradiction argument. O

diagonal entries that

Lemma 6.F.7. Let n > 3 and M be an n X n skew-symmetric matriz, let E denote the set of
rows such that the number of non-positive entries is at least [n/4] + 1, then the intersection of E
with any subset of {1,...,n} of cardinality n — [n/8] is non-empty.

Proof. Assume n > 3 and set a := [n/8], b := [n/4]. Suppose by contradiction that there exists
S C [n] with |S| =n —a and SN E = @. Then each row ¢ € S has at most b non-positive entries,
hence at least n — b positive entries. Let P := [{(4,j) : M;; > 0}| be the total number of positive

entries. Summing over rows in S gives
P > |S|(n—0)=(n—a)(n—>0).

On the other hand, skew-symmetry implies that for each unordered pair {7, j} with i # j, at most

P < <n> :n(n—l).
- \2 2
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Thus (n —a)(n —b) < @ But for n > 5, using [z] <z +1,

D e 2 gtz -1 >

n(n—1)

n—aZ> 5

a contradiction; and the remaining cases n = 3,4 are checked directly: (n —a)(n —b) =4 > 3 and
9 > 6, respectively. Hence no such S exists, i.e. every S with |S| =n — [n/8] intersects E. O

Lemma 6.F.8. Let x > 103 and y > 8. Then

, log”(x) log*(y)

log(zy(log y)°) > log(wy)

Proof. Since z > 10% and y > 8, we have logz > log(10%) > 6 and logy > log 8 > 2. Hence
logx logy — (logz +1logy) = (logx — 1)(logy — 1) —1 >0,

=)
log x logy > log(zy) . (6.170)

Moreover,
log(zy(log y)°) = log(zy) + 5loglogy.

Since y > 8 implies logy > 2 > 1, we have loglogy < logy, and thus
log(zy(log y)°) < log(zy) + 5logy = logx + 6logy.
Therefore,

2logz logy — (logx 4+ 6logy) = (2logy — 1) logx — 6logy
>6(2logy — 1) —6logy
=6(logy —1) >0,
o
2logx logy > log(zy(logy)®). (6.171)
Multiplying (6.170) and (6.171) yields

2log?(z) log*(y) > log(zy) log(zy(logy)®).

Since log(zy(log y)) > 0, dividing by it gives the claim. O

Lemma 6.F.9. Let K > 2, H >4, and T > 8K logg 7(K). Define

T

1
= = A(logT + K) exp(— .
Pk (log Jexpf “log? (K) log(T)H)

T 1R
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Assume T > co Hlog®(H) for some numerical constant ¢y large enough (depending only on c).
Then there exists a numerical constant ¢ >0 (e.g. ¢ = ¢/2) such that

T

< —d — .
Pk = exp( ¢ log®(K) log(T) H>
Proof. Let us introduce the following notation
T
= 3 A pe— 1 T + K .
v log?(K) log(T) H o8

Then py < Ae™". Since T > 8K logg/7(K) and K > 2, we have A = logT + K < T, so
log A < logT and
pr < exp(—cx +1logT).

Thus it suffices to prove log7' < Sz, i.e.

T 2H log?(K)

g T 2 ; (6.172)

Since T' > 8K logg /7(K) > K, we have log?(K) < (log T)3. Therefore (6.172) follows from

T 2H
> “—(logT)?
(logT)? = ¢ (log T)" ,
which is equivalent to
T o
(logT)> = ¢

Let g(t) == t/(logt)®, which is increasing for ¢ > e®. Choose ¢y large enough so that T >
coH log®(H) > ¢® for all H > 4. Then, with Ty := coH log®(H), we have g(T) > g(T,) and

9(To) =

coH log® (H)
5

=
(log(coH log®(H)))
For H > 4, we have loglog H < log H, so

log(coH log®(H)) = log ¢y + log H + 5loglog H < log ¢y + 6log H
log cq
log4

§(6+ )logH:: Colog H .

Hence g(Ty) > é—%H. Taking ¢ large enough so that é—%, > 2 vields g(T) > g(Tp) > %, prov-

C

ing (6.172). Therefore pi < exp(—(c/2)x), i.e. the claim with ¢ = ¢/2. O

6.F.2 Concentration inequalities

Below is Hoeffding concentration inequality.
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Lemma 6.F.10. Let X1,..., X, be independent random wvariables such that a; < X; < b; almost
surely. Let Sy, = >i- 1 X;. Then we have for allt > 0:

2
B (S~ B[S,] < 1) < xp (—ét)) |

Below we restate two results on the concentration of the sum of independent binary random
variable from Buldygin and Moskvichova (2013). First, let us introduce some notation. Let &
denote a sub-Gaussian random variable, its sub-Gaussian standard is defined by:

7(§) := inf {a >0:Elexp (Af)] < exp <a22)\2> A E R} :

Lemma 6.F.11 (Theorem 2.1 in Buldygin and Moskvichova (2013) ). Let X denote a Bernoulli
random variable with parameter p € [0,1]. Then we have

where ¢(.) is the function defined by:

, pe€{0,1}
P p:%,

1
5P
me e P e O\ {3}

The lemma below gives a concentration bound on the binomial random variables.

= O

o(p) =

Lemma 6.F.12. Let X; for j € {1,...,n} denote a sequence of independent Bernoulli random

variables with parameter p € [0,1]. Define Sy, = 3774 (X;j — p). Then, we have for all z >0

—x2
P(Sn > z) < exp <2n¢(m> )

where ¢ is defined in Lemma 6.F.11. We also have for all x > 0

2
P (S, < —z) <exp <2n¢(p)> .

Proof. This is a direct consequence of Chernoff’s bound with Lemma 6.F.11. O
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CHAPTER 7

THE SAMPLE COMPLEXITY OF MULTIPLE CHANGE POINT
IDENTIFICATION UNDER BANDIT FEEDBACK

Abstract. We study multiple change point localization under bandit feedback. An unknown
piecewise-constant function on a compact interval can be queried sequentially at adaptively cho-
sen inputs, and each query returns a noisy evaluation of the function. The goal is to identify a
prescribed number of discontinuities, known as change points, within a target precision n and con-
fidence level 1 — &, while using as few samples as possible. We propose an adaptive algorithm that
first detects intervals likely to contain change points and then refines their locations to precision n.
We establish non-asymptotic upper bounds on its sample budget, together with corresponding lower
bounds. Prior work shows that jump magnitudes alone determine the asymptotic sample complex-
ity as 0 — 0. We reveal that this picture is incomplete beyond this regime. We demonstrate, both
empirically and theoretically, that for general § and n, the complexity is jointly governed by the
jumps and the relative positions of the change points.

Related publication. This Chapter is a joint work with Maximilian Graf!, available as a
preprint in (Graf and Thuot, 2026).

7.1 Introduction

Many scientific and engineering systems can be modeled as piecewise-constant functions of a
continuous input, and identifying the thresholds at which their behavior changes abruptly is a fun-
damental task known as change point detection. In materials science, one seeks the control param-
eters (e.g., temperature and pressure) at which a material undergoes a phase transition (Nikolaev
et al., 2016; Sebastian et al., 2011); in queuing and processing systems, one aims to detect abrupt
changes in waiting times or throughput (Hung and Michailidis, 2007); in machine learning, one
studies the sensitivity of black-box models to hyperparameter changes (Lan et al., 2009; Hayashi
et al., 2019). In all these settings, evaluations are costly or time-consuming, and the input domain
is continuous, so adaptive and sequential sampling strategies are particularly relevant. Moreover,
reliable guarantees are required in practice: both the estimation precision and the probability of
error must be controlled. This motivates a bandit formulation in which a learner queries the func-
tion at adaptively chosen inputs and aims to identify a prescribed number of change points, at a
given precision 1 and confidence level 1 — ¢, while minimizing the total number of evaluations.

1. Equal contribution—Institut fiir Mathematik, Universitdt Potsdam, Potsdam, Germany
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In this manuscript, we consider the multiple change point detection problem, as introduced
in (Hayashi et al., 2019) and recently studied in (Lazzaro and Pike-Burke, 2025b). To fix notation
before discussing related work (a more detailed presentation is deferred to Section 7.2), we consider
a piecewise-constant function f : [0,1] — R with m (m > 1) change points at positions 0 < z7 <
- < xf < 1,s0that fis constant on [z} ,,z}) forl € {1,...,m+1}, with 2§ =0and =, = 1.
The learner sequentially and adaptively queries points z; € [0,1] and observes y; = f(z;) + &4,
where ¢; is sub-Gaussian noise; in particular, each new query may depend on past observations.
Given a target number of change points N < m, a precision n € (0, 1), and an error rate 6 € (0, 1),
the goal is to output N estimates within distance n of true change points with probability at least
1—4. The sample complexity, denoted by 7T, is the total number of evaluations required to achieve
this guarantee.

In (Lazzaro and Pike-Burke, 2025b), the authors propose MCPI, a method based on the stop-
ping conditions from (Garivier and Kaufmann, 2016), and prove its asymptotic optimality in
expectation. Their analysis is conducted in a discrete action space with K arms, which corre-
sponds to a precision of 7 ~ 1/K in our continuous setting. They provide non-asymptotic upper
bounds, which contain at least a linear > dependence on K, while the focus of their analysis lies

on the asymptotic regime 6 — 0. Indeed, MCPI identifies N change points with expected sample
(N)

complexity satisfying limg_,q % = 8H,,  ,lizes Where
(V) -1

Hlocalize = Z A%) ) (71)
=1 l

with A; = f(zF) — f(x}_,) for i € {1,...,m} denoting the jump at the i-th change point, and
Ayl = -+ = |Agy)| denoting the decreasing rearrangement of jump magnitudes. Thus, the
complexity is driven by the N-largest jumps in the asymptotic regime § — 0, while dependence
on K disappears in the limit. The analysis of large-scale problems (K large) remains open.

For comparison, consider the batch change point detection problem, in which the learner
evaluates f once at each point of a fixed grid (Lai, 2001; Yu, 2020). In that setting, the relevant
difficulty measure is the energy of each change point, defined as £? := s;A?, where s; is the minimal
spacing to neighboring change points (see Equation 7.4 in Section 7.2). One of our contributions
is to show that energy also matters in the active setting. For instance, the guarantees in (Verzelen
et al., 2023) imply a uniform-sampling detection threshold, and hence a sample-complexity term

1

(m) _
Hd:tl:ect - Z:I{I’axm ?7 (7.2)

2

of order

which is always at least as large as %Hl(o]:;)dize? it can in fact be much larger. For instance, consider

change points with comparable jump size A and local spacing s (with s < 1/m). Then H((igl ot <

ﬁ, whereas Hl(ojg:llize = %. When s is small, detection may dominate the budget, showing that the

rate (7.1) can miss an important non-asymptotic effect. This suggests a richer interplay between
jump magnitudes and local spacings than what is captured by the asymptotic jump-only rate

2. Additionally, a quadratic dependence on K (namely, K 2) appears to be hidden in the non-explicit terms of
their Prop. 5.6.
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in (7.1).

We consider a continuous action space that avoids the restrictive assumption n < min}*; s;
required by discrete methods such as (Lazzaro and Pike-Burke, 2025b). In the discrete setting,
this induces a linear dependence on 1/7, which can become prohibitive when high localization pre-
cision is required. Our algorithm adapts to local spacings s;, which is practically significant when
change points may be arbitrarily close and the spacing is unknown. By decomposing detection and
localization, we show that the dependence on precision 7 is logarithmic, namely log(1/n), which
is exponentially better than the linear dependence on the discretization grid K ~ 1/n inherent to
discrete approaches. Deriving guarantees that explicitly capture the optimal dependence on both
1 and J in all regimes is an open question and a key motivation for our work.

We illustrate the energy-based complexity in Experiment 1 (Figure 7.1) with two change
points (A; = —Ag = 1), standard noise, and varying spacing s. We compare our Algorithm 20
(LCP) to MCPI from (Lazzaro and Pike-Burke, 2025b).3 The results validate the theory: as s
increases, sample complexity of LCP decreases roughly as 1/s, matching the prediction Hgetect =
1/(sA?). In contrast, MCPI is insensitive to s because its rate is dominated by a constant term
proportional to 1/7. Then, adaptation to local spacings is essential, as it allows us to outperform
MCPI for moderate values of s.

le6 Figure 7.1 — Experiment 1. We consider two
g 34 —m— LCP change points. We set z} ~ U(0,1/2) for each
§ 5 —e— MCPI Monte-Carlo run and x5 = z]+s with s varying
c « 1/s and 1000 Monte Carlo runs. We chose Ay =
g1 %‘—0—0—0 —Ay = 1 and compare LCP (Algorithm 20) with
Z oA e - SLhLLLLLELE e T

. . T parameters 7 = 2711, § = 0.05 and dexplore = 1
0.00 0.05 0.10 0.15 0.20 0.25

i to algorithm MCPI.
plateau size s

Open questions. These observations motivate the present work and raise the following fun-
damental questions, relative to the sample complexity of multiple change point identification:

— How does the sample complexity depend on jump magnitudes and the local spacings between
change points? When is it governed by the energies &; rather than only by the jumps A;?

— What is the optimal achievable dependence on the precision 7 and confidence level 67 How
does the problem scale for high precision (1 small)?

Contributions. In this manuscript, we answer these questions.
1. We propose LocalizeChangePoints (Algorithm 20), a new algorithm for multiple change
point identification under bandit feedback. It decomposes the task into (i) detecting intervals
likely to contain change points and (ii) sequential refinement by binary search. We prove

3. In Appendix 7.D we show how to transform our setting into a discrete problem, for comparison with the MCPI
Algorithm.
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non-asymptotic sample-complexity guarantees that depend on both jump magnitudes and
local spacings through &; and A;. In particular, Theorem 7.3.1 states that the budget 7T for
localizing N change points among m is bounded, up to logarithmic terms independent of §
and 7,4 as

m 1
E[T] < H™  +H Y. og () , see (T.1), (7.2)
log 07

m 1 1
T < H((M‘)sct log (6) + Hl(ojghze log (5) w.h.p. 1 —04.
log n

2. Additionally, we derive information-theoretic lower bounds (Theorem 7.4.1). On a local-
minimax class of instances, we prove that the bounds above are rate-optimal in all parame-
ters, including § and 7. This shows that the asymptotic rate in (7.1) is overly optimistic.

3. Finally, we validate our results numerically on synthetic data.

Batch change point detection. Change point detection is one of the classical problems in
statistics, with a rich literature spanning cumulative-sum (CUSUM) procedures (Hinkley, 1970),
binary segmentation (Scott and Knott, 1974), wild binary segmentation (Fryzlewicz, 2014), and
penalized least-squares methods (Wang et al., 2020; Verzelen et al., 2023); see (Lai, 2001; Yu, 2020;
Truong et al., 2020) for comprehensive reviews. Our algorithm is directly inspired by two classical
ideas from this literature: multiscale testing, to identify candidate intervals likely to contain a
change point (Kovécs et al., 2023; Pilliat et al., 2023), and binary search, to localize it to precision
n. It is also well established that the relevant difficulty measure is the energy &2 = s;A? of each
change point (Yu, 2020; Verzelen et al., 2023), an observation that we extend to the bandit setting.
The problem has also been studied in the multivariate setting (Wang and Samworth, 2018) and
in kernel-based frameworks (Arlot et al., 2019).

Change point detection in piecewise-stationary bandits. A related but distinct stream
of literature studies piecewise-stationary bandits (Garivier and Moulines, 2011), where the re-
ward distributions of a multi-armed bandit change at unknown time steps. Two main tasks are
considered: quickest detection, which aims to raise an alarm as soon as possible after a change
occurs (Veeravalli et al., 2024; Zhang and Mei, 2023; Xu and Mei, 2023), and regret minimization,
where the goal is to adapt to the new environment in order to minimize cumulative regret (Cao
et al., 2019; Besson et al., 2022; Mukherjee, 2022). Our setting differs from this line of work in
two fundamental respects: our model is stationary, and the change points are spatial features of a

fixed function f rather than temporal.

Active change point detection. Active and sequential change point detection studies set-
tings in which the sampling locations are chosen adaptively rather than fixed in advance. Early
foundations for this perspective appear in adaptive change-point estimation (Hall and Molchanov,
2003; Lan et al., 2009), where multistage sampling is used to improve localization rates. In the

4. Typically, < hides here at most a log(H\™) ) multiplicative factor.
log
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bandit setting, (Hayashi et al., 2019) formulates active change point detection explicitly, and
recent fixed-budget and fixed-confidence analyses for piecewise-constant bandits (Lazzaro and
Pike-Burke, 2025a,b) provide instance-dependent guarantees based on jump magnitudes. In par-
ticular, (Lazzaro and Pike-Burke, 2025b) combines this formulation with Track-and-Stop ideas
from (Carivier and Kaufmann, 2016) and proves asymptotic rates proportional to S, 1/ A%l).
Our work complements this line by focusing on non-asymptotic guarantees and by highlighting
the additional role of spacing between CP. We highlight the strong connection to other structured
bandit problems, such as monotone bandits (Cheshire et al., 2020) or clustering with bandit (Yang
et al., 2024; Graf et al., 2025).

Outline. The rest of the paper is organized as follows. In Section 7.2, we introduce the formal
setting and notation. In Section 7.3, we present our algorithm and its guarantees. In Section 7.4,
we derive information-theoretic lower bounds. In Section 7.5, we illustrate our results numerically
on synthetic data. Finally, in Section 7.6, we discuss the implications of our results, possible
extensions, and limitations. All proofs are deferred to the appendix.

7.2 Problem formulation and notation

We consider an unknown piecewise-constant function f : [0,1] — R with m > 1 change points
at positions 0 < z] < --- < zj, < 1. The change points are the discontinuities of f, so f is constant
on each interval [z} _,,x]) for [ € {1,...,m+ 1}, with the conventions zf = 0 and z7, ,; = 1. Both
f and the true number of change points m are unknown to the learner.

We parametrize f as m
i=1
where g9 € R is the baseline level and A; = f(z}) — f(z_;) for i € {1,...,m} is the jump

at the i-th change point. For any compact interval I = [I(]), ()], we introduce the notation
A(I) = f(r(I)) — f(I(I)) for the jump magnitude across the interval I. We assume A; # 0 for all
i, so every change point is identifiable. Let [A(y| > --- > [A(;,)| denote the decreasing ordering
of jump magnitudes. These jumps govern asymptotic sample-complexity rates in (Lazzaro and
Pike-Burke, 2025b), through the complexity Hl(o]::glize =N, 1/ A%i) (Equation 7.1). Additionally,
we assume that the jumps are bounded by 1, i.e., |A;| <1 for alli € {1,...,m}. This assumption
is without loss of generality, as one can always rescale the problem by a known bound on the
jumps. It is made for clarity of presentation and to avoid unnecessary constants in the bounds,

but it can easily be removed.

Spacing between change points also plays a central role. For i € {1,...,m—1},let ¥; = zj  —x}
denote the spacing after the i-th change point. By convention, define ¥9 = ¥,,, = 1. We then define
the local spacing by s; = 9;-1 Av; for ¢ = 1,...,m, and the associated energies by

EF = 5;A? fori=1,...,m. (7.4)

The quantity s; plays the role of sparsity level, and the quantity &; captures the effect of local spac-
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ing on the difficulty of detecting change point i, in line with the batch literature (Yu, 2020). The

m)

interplay between these quantities is captured in the complexity term H (g = maxX;=1,.m 1/ E?

etect 7

(Equation 7.2). Observe that for m = 1, one has Hgetect = Hiocalize-
We work in a bandit setting: at each round ¢ > 1, the learner chooses z; € [0, 1] and observes

yr = f(xe) + &,

where (g¢),»; areii.d. 1-subGaussian random variables, i.e., E[e;] = 0 and E[exp(Ae)] < exp(A?/2)
for all A € R. This includes, for instance, Gaussian and bounded noise. > The pair (f, ) defines an
environment, denoted by v.

Sampling is sequential and adaptive: each query x; may depend on past observations. An
algorithm 7 consists of three components: (i) a sampling rule for choosing next query, (ii) a
stopping rule, and (iii) a decision rule that outputs estimated change points. These components
may be randomized. The (random) sample complexity of 7, denoted by 7, is the total number
of evaluations of f. We write P , and E, , for probability and expectation under environment v
and algorithm 7.

The learner is given a precision n € (0,1), a confidence parameter § € (0,1), and a target
number of change points N € {1,...,m}. The objective is to identify N distinct change points
within distance 7 of true change points with probability at least 1 — 4§, while minimizing the sample
complexity. Note that the learner can select any of the m change points, as long as it localizes NV
distinct change points.

Definition 7.2.1 ((d,7, N)-correctness). An algorithm 7 is (d,n, N)-correct if, for every environ-
ment v with at least N change points,

Pry (31 <in < ooe <in <m: VIEN] i — 2| <n) >1-0, (7.5)

where Z1,...,2ZN are the estimates returned by .

7.3 Algorithmic method and guarantees

7.3.1 Detection of Change Points

We describe the detection subroutine at the core of our method. Given a confidence level § and
a budget T', DetectIntervals (Algorithm 19) returns a set Z of intervals with disjoint interiors.
Using multiscale endpoint tests, the procedure guarantees that every returned interval contains
at least one change point, with failure probability at most § (Lemma 7.B.1).

Procedure. For each depth d € {1,...,dmnax} (With dyax defined in Line 1), the domain is
partitioned into ng = 2¢ dyadic intervals of equal length. Each endpoint is sampled T); times
(Line 3). Interval [i/2%, (i + 1)/2%] is flagged when the empirical jump between its endpoints ex-
ceeds the Hoeffding threshold S, (Line 8), which accounts for the multiple testing across depths,

5. The analysis extends to o-subGaussian noise by a standard rescaling.
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intervals, and endpoints. ¢ Flagged intervals are aggregated across depths; if a newly flagged in-
terval is strictly contained in an existing one, the larger one is removed (Line 10). This pruning
keeps Z disjoint while favoring the finest detected intervals.

Algorithm 19: DetectIntervals
Input: § confidence parameter, T" budget
Result: 7 set of disjoint intervals

1 Z <+ 0, dmax < [logy(T/log(1/5))];

2 ford=1,...,dyn.x do > Multiple-scale loop
s | mae 2t T [ e o (M),
4 for i =0,1,...,nq do
5 sample Ty times from xgd) = i/ng, store means as @Z(d) > Sample uniformly at
endpoints
end
fori=1,...,nq do
8 if ’f/l(d) —@Z-(i)ﬂ > 4 then > Test for presence of jump between adjacent
endpoints
9 remove from 7 any set containing [ng)l, xl(d)] > Pruning step
10 add [xgi)l,xgd)] to Z, > Update Z
11 end
12 end
13 end

Guarantees and energy scaling. The threshold 5; in Algorithm 19 is set so that, with
probability at least 1 — §, every flagged interval I satisfies A(I) # 0 and therefore contains at
least one change point. Moreover, Lemma 7.B.1 shows that if T > 5[2 log(1/6§) (up to logarithmic
factors in &, 2), then change point i is detected with probability at least 1 — . For intuition,
consider for change point i its natural depth df =< log,(1/s;): at this depth, one dyadic interval
isolates 7 and has left-right jump |A;|. Detection requires |A;| 2 Bar, i.e., Tar 2 A;?log(1/9).
Since Ty < ;T up to logarithmic factors, this yields 7' 2 52-_2 log(1/4), which explains the H, fﬂlct
term in the upper bound. Precise statements are given in Lemma 7.B.1 (Appendix).

7.3.2 Main algorithm and guarantees

Algorithm 20 takes as input the target number of change points NV, the confidence level §, and
the precision 7). In addition, it uses a tuning parameter Jdexplore; Which controls the probability of
failure of the exploration phase and, therefore, the budget. No other problem-dependent parameter
is required.

The algorithm follows a doubling schedule. At stage k (initialized in Line 1), it is given budget
T}, = 2*2 and runs four steps that mimic the oracle strategy described above. If, at the end of the

6. If Ty = 0, B4 is set to +00 by convention.
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stage, all N candidates are certified with error probability at most 8% the algorithm returns the
estimates C = {cgk), ... ,cg\l,c)} (Line 13). Otherwise, it moves to stage k + 1, doubles the budget,
and repeats (Line 17). Before stating the main guarantees of Algorithm 20, we describe each step.
At a generic stage with budget T}, the four steps are the following.

(i) Detection. In Line 3, DetectIntervals (Algorithm 19) constructs a set Z of disjoint intervals,
each certified to contain at least one change point. This step is run with confidence level dexplore /4
and is described in Subsection 7.3.1.

(ii) Jump estimation. In Line 5, EstimateJumps (Algorithm 21) estimates the jump magnitudes
on the candidate intervals and keeps the N most informative ones. The procedure is designed so
that, with high probability, these estimates are accurate up to a constant multiplicative factor. It
returns N intervals J*) = {J k o ]\f } together with the corresponding jump estimates G (k) —
{Agk), e AS\’;)}, where A estimates |A(Jv )\ The intervals are ordered by decreasing estimated
jump, so that Agk) > Aék) >z Ag\,) EstimateJumps is a standard adaptive estimation routine.
We defer its description to Appendix 21; its guarantees are stated in Lemma 7.B.3.

(iii) Refinement of localization. We use SHB (Sequential Halving with Backtracking) from (Laz-

zaro and Pike-Burke, 2025a), which localizes a single change point up to precision 7 under a fixed
budget constraint. The method consists of a binary-search procedure, with a backtracking mech-
anism as in (Cheshire et al., 2020). In particular, when applied to an interval containing a single
change point of jump magnitude A, a budget of order A~2log(1/(dn)) suffices to return an es-
timate within distance 7 of the true change point with probability at least 1 — 6—(Lazzaro and
Pike-Burke, 2025a). For completeness, we restate these guarantees in Lemma 22, and the routine
itself in Algorithm 22.

In Line 9, we apply SHB independently to each selected interval. The budget is allocated
proportionally to the inverse squared estimated jump, so interval ngk) receives budget T, ng) with

TP = o) - 25| V1, with o) = N (7.6)
Zv’:l (Av’ )

(iv) Verification. In Line 10, VerifyCP (Algorithm 23) tests whether the candidates (cl(,k))ve[ N
lie within distance n of N distinct change points. For each v, it performs a two-sample test at the

points
1) .= max (min J{F), B — ), {8 .= min (max J®) B 1), (7.7)
using confidence level §(F) = 27r23Nk2 It draws Tv / 2 samples at each endpoint and compares the

empirical jump to the threshold (k) log ( W)) If the test is positive, then cq(,k) is certified to

be within distance 7 of a change point with probability at least 1 — 6(*). The routine is given in
Algorithm 23, and its guarantees are stated in Lemma 7.B.5.

Theorem 7.3.1. Let N <m,0 < <1/4,0 <n <1/4, and Sexplore < 1/4. Consider any environ-
ment v with m > N change points, and run Algorithm 20 with input parameters (N, 8,1, dexplore)-

1. (Correctness) Algorithm 20 is (6,m, N)-correct (see (7.5)). With probability at least 1 — 0,
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Algorithm 20 returns N points 0 < ¢1 < ¢g < -+ < ey < 1 such that |¢; — l‘i| < n for

i=1,....N,and 1 <1 <lp < - <Iy <m.

2. (High-probability bound) If we set dexplore = 0, then there exists an event & of probability at

least 1 — & on which the output is correct (Definition 7.5), and the budget T satisfies

m 1 1
T<c: (le(getht (log (5) + UJ2> + Hl(()]\clzz,lize <10g (577) + W3>> :

3. (Expectation bound) If we set dexplore = 1/4, then the expected budget E[T] is bounded by

m 1
E[ﬂ S c- (lec(ietzectw2 + Hl(o]Zzilize (log (577) + w3)> .

In these bounds, ¢ > 0 is a numerical constant, and wi,ws,ws are logarithmic terms depending on

the environment, defined as w; = log(HéglCt), wp = max;’,; {log (log (514*2) Y e) + log (l/si)},

and w3 = log (N . (log (H(N)

localize

) \V, 1)) See (7.2), (7.1) for definitions of Hé:é)

ect

and H(N)

localize

Algorithm 20: LocalizeChangePoints

Input: N number of change points, § confidence parameter for correctness, 1 precision

parameter, Jexplore confidence parameter for budget control
Result: C estimated change points

1 k + [logy(2N)] > Initialize doubling schedule
2 while true do

3 Z") + DetectIntervals (6‘9"‘3%,2]‘) > (i) Detect candidate intervals
4 | if |Z®| > N then

(j(k),g(k)) < EstimateJumps (I(k), 66"‘3%, 2k N) > (ii) Estimate jumps

6 if ]j(k)| > N then > If N intervals detected and estimated
7 Order J®) = (Jl(k), . J(\f)) according to estimate jump from G*)

8 forv=1,...,N do

9 cg,k) < SHB (quk), 15“,77) > (i%%) Refine to preciston 7n; for TZ(;M

see (7.6)

10 Okz(}k) < VerifyCP (ll(,k),rf,k),d(k),Ték)) > (iv) Verify; for l,,r, see (7.7)
11 end

12 if Vv € [N], Okgk) 1s true then > If all change points verified

(k) (k) .

13 return C + C1 .-y CN > Stop and output estimates
14 end

15 end
16 end
17 k< k+1, and 6 % > Double budget and retry
18 end
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Intuition. To interpret H (v

locahze

(A;)™, and the midpoints ¢f = (z]_; + x})/ 2 This yields N disjoint intervals, each containing

one target change point. Running N parallel binary searches with budget proportional to A(_Z)Q

=N, A_ , consider an oracle that knows the true jumps

then incurs a total cost of order Hl(ocghze log(1/(dn)) — the cost of pure localization. The main
challenge is that these intervals are unknown. Our key message is that they can be acquired adap-
tively, at an additional cost: detecting that a region contains a change point requires &; —2 log(1/6)
samples rather than A, 2. The total complexity therefore splits into a detection cost Hy P
localization cost H")

localize
Section 7.B.

etect and a

log(1/(dn)). We provide here proof sketch, complete proofs are given in

Sketch of proof. By step (iv), each stage-k acceptance via VerifyCP fails with probability at
most 6*) (Lemma 7.B.5), so the union bound ", N6} < § implies (6,7, N)-correctness.

We now sketch the budget bound by following the four-step procedure at stage k.

(i) Detection. By Lemma 7.B.1, if T}, 2 leégiCt(log(l/éeXplore) + wy), then with probability at
least 1 — dexplore/4, DetectIntervals returns m disjoint intervals that isolate each of the m CP.
(ii) Jump estimation. On the same event, and with the same budget, Lemma 7.B.3 implies that

EstimateJumps returns IV intervals and constant-factor accurate jump estimates Therefore, the
allocation weights ai(,k) are within constants of the oracle proportions A / Hlocahze
(iii) Refinement. Given these allocations, Lemma 7.B.4 (from (Lazzaro and Pike-Burke, 2025a))

yields that the v-th change point is localized to accuracy n once it receives budget of order

Aaﬁ log(1/(6%)n)). Summing over v € [N] gives a sufficient condition for the refinement step to

succeed with probability at least 1 — §(): T3, > gy (log(1/(6%®)n)) + ws).

localize

(iv) Verification. By Lemma 7.B.5, when [lq() ),n(,k)] contains the v-th change point, with jump

magnitude A, as long as T 2 A(_U% log(1/(6%)n)), VerifyCP returns True with high proba-
bility. Thus, once (i)- (iii) hold, the stage is successful with high probability, and the algorithm
stops.

Combining (i)- (iv), a sufficient stage condition, implying both bounds is

Tj, 2 wiH)  (108(1/dexplore) + wa) + H  (log(1/(6%n)) +ws) .

7.4 Lower Bound

In this section, we derive information-theoretic lower bounds for the budget 7 of any (d,7n, m)-
correct algorithm 7 for the active change point detection problem in the case where N = m.

Consider an environment v with m > 1 change points, for which we have to estimate every
change point (i.e., N =m). As we consider different environments obtained by modification of v,

(see 7.2) and H, (m.1) (see 7.1) to indicate their dependence on the environment v.

(m
we use Hd locallze

etect

Theorem 7.4.1. Let 6 € (0,1/4) and n € (0,1/8), and consider m = N. There exists an en-
v) < H(mu) < 4H(m7’/) 1H(m v) < H(va.,) < H(va) and such

(m
vironment v such that Hdetect = detect detect’ localize localize localize’

298



7.5. Numerical experiments

that
Pro | Te 2 $Hilt og (1> + SH) log (1> F1> o log ( 6 ) >5
T,V T = 4-"detect ]y 2 ""localize 8¢ 2i21 AZQ + 1677 =z

Sketch of proof. The proof is information-theoretic. The high-probability statement combines two
ingredients, proved separately in Theorems 7.C.1 and 7.C.2 .

(i) Detection term. To obtain a (1—4§)-quantile lower bound of order H, ézze?t log(1/4), we reduce

the problem to signal detection. For intuition, consider an instance with two opposite jumps +A
separated by spacing s, and compare it with a null environment with no change point. If an
algorithm detects a change with probability at least 1 —§ using budget quantile T', it must sample
sufficiently often inside the true plateau, whose location is unknown among about 1/s candidates
shifts. This yields T 2> ﬁlog(%), which is exactly the energy-driven detection scaling. Our
reduction extends this intuition to the general case.

(ii) Localization at precision 7. To obtain the term Y A;?log(s;/n), we construct a family of

alternatives by shifting each change point x over «; < s;/8n candidate positions. Distinguishing
these alternatives induces the factor log, (s;/n) in the quantile bound. We exploit symmetry
techniques to reveal this multiple-testing cost. The term Hl(ofalﬁ)ze log(1/6) follows from standard
change-of-measure arguments, as in Theorem 5.2 in (Lazzaro and Pike-Burke, 2025b).

By standard Markov-type arguments, the high-probability lower bound of Theorem 7.4.1 implies
the expectation lower bound stated in the following corollary. See Appendix 7.C for the full

proof. O

Corollary 7.4.2. Let § € (0,1/16) and n € (0,1/8). Assume that all change points of v are
spaced by at least 2n (Vi = 2,...,m —1, ¥; > 2n). Then, there exists an environment v’ such that
H(m’y) < H(m’y) < 4H(m’y) fH(m’V) < H(m’y) < H(m’y) and such that

1
detect X ““detect detect’ 2~ "localize X ““localize X ““localize’

m,V m,v 1 Ui 1 S;
Eﬂ’vl’/ [7;"] Zc <H(getec)t + Hl(ocali)ze log (45) + 1221 KZQ 10g+ (1677>> ’

where ¢ > 0 is a numerical constant.

7.5 Numerical experiments

Our theoretical findings are supported by simple numerical experiments on simulated data,
where we model the underlying noise to be standard normal. In the following two experiments, we
consider an environment with two change points, z7 ~ ¢(0,1/2) and =5 = z} + s with s = 1/4,
and jump sizes A1 = —Ay = 1. Each experiment is averaged over 1000 Monte-Carlo iterations.
We compare our method, LCP, to MCPI from (Lazzaro and Pike-Burke, 2025b). Recall that MCPI
is designed for discrete bandit change point problems, so we apply it to a discretization of the
continuous problem (see Appendix 7.D). MCPI follows a track-and-stop approach with a forced
exploration phase. We will see that while the number of arms, here of order 1/7, does not affect
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(a) Experiment 2. Average budget and (b) Experiment 3. Average budget and
(0.05,0.95) quantiles for localizing two CPs (0.05,0.95) quantiles for localizing two CPs
with varying 4. with varying 7.

Figure 7.2 — Numerical experiments

the asymptotic sample complexity as § — 0, it strongly influences the algorithm’s performance in
practice.

In Experiment 2, we set 7 = 278, With these configurations, we run LCP (again we treat
dexplore s tuning parameter and set dexplore = 1) and MCPI on a discretization for varying values
of 4, that is, log(1/0) € {20, 30,...,120}. We plot the averaged budget in Figure 7.2a. We can see
that in this setting, the slope of the budget for LCP with respect to log(1/d) is larger than the
very small slope of the budget required for MCPI. Still, it takes § ~ e~ 110
of our method is larger.

until the average budget

In Experiment 3, we choose § = 0.05 and run LCP (again, with dexplore = 1) and MCPI for
n=2"%14=5,6,...,11. We plot the results of our experiment in Figure 7.2b. For LCP, there is
only a small increase of the budget when 1 decreases, compared to MCPI. For the latter, we can
see that for small values of 7, the budget increases nearly proportionally to 1/7.

Both experiments illustrate that for moderate choices of §, asking for a small precision (or
considering many arms in the discrete case) does not limit the performance of LCP, in contrast to
MCPI.

In Experiment 4, illustrated in Figure 7.3, we consider one change point ] and A; = 1.
Again, we consider standard normal noise. In 1000 Monte-Carlo runs, we run LCP (with dexplore = 1)
and SCPI with precision n = 277 and varying §. SCPI is an adaptation of MCPI, also provided in
(Lazzaro and Pike-Burke, 2025b) for identification of a single change point. Like in Experiment 2,
we can see that while the budget of our method increases stronger for log(1/d) growing, we still
achieve better performance for moderate choices of 6.

In Experiment 5, illustrated in Figure 7.4, we consider a problem with m = 10 change
points and A; = 1 for ¢ odd and A; = —1 for i even. The noise is again supposed to be standard
normal. We run MCPI and LCP (with Jexplore = 1) with varying log(1/d) € {20, 40,60,80,100} and
n = 0.0025 -2 ¢ = 1,2,3. For LCP we observe that only the choice of § has a visible but mild
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Figure 7.3 — Experiment 4. Average budget for localizing one change point with varying 4.

effect on the average budget. For MCPI, increasing n by a factor 4 leads to a decrease of the budget
by a factor 1/4. Meanwhile, the slope seems to depend almost linearly on log(1/6).

All experiments were run on a MacBook Air (Apple M1, 8 GB RAM), using 4 parallel worker
processes. The runtime is documented in table 7.1.

Table 7.1 — Computational resources used for each experiment (runtimes in sec.)

# MC iterations Total runtime Runtime LCP Runtime MCPI

Experiment 1 1000 6667.64 433.76 26277.82
Experiment 2 1000 1035.69 145.15 3987.08
Experiment 3 1000 1634.18 37.19 6487.09
Experiment 4 1000 599.06 37.31 2354.73
Experiment 5 100 2619.28 163.92 10281.14

7.6 Discussion

Comparison with (Lazzaro and Pike-Burke, 2025b). Prior expected-budget bounds of
order HY) log(1/4) effectively decompose the problem into N independent single-change-point

localize
localizations. This reduction misses a key phenomenon when m > 2: estimating several closely

located jumps induces an additional detection cost. Our analysis isolates this term as H, m) and

detect?
shows that in expectation it enters additively and does not depend on J; in moderate-confidence
regimes, it can dominate the total budget. We also sharpen the dependence on precision: the
localization component scales as Hl(o]lglize log(1/n) rather than polynomially in the number of arms

K = 1/n in (Lazzaro and Pike-Burke, 2025b). More generally, the guarantees are non-asymptotic
in both (n,0) and adaptive to local spacing s;, in contrast to approaches that require a global
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Figure 7.4 — Experiment 5. Average budget for localizing 10 change points for three values of 5
and varying 9.

separation condition min; 9; > 7.

Optimality. When N = m, our upper and lower bounds match up to logarithmic factors,
yielding order-optimal sample complexity. In the limit 4 — 0, our expectation bound scales as
g

localize 108(1/0) up to a numerical constant, so the algorithm is rate-optimal in this regime. The

case N < m is open: we expect the detection-localization trade-off to persist, but characterizing
the optimal rate would require new lower-bound techniques.

Fixed budget setting. Our procedure targets the fixed-confidence setting, but one stage of
the doubling schedule in Algorithm 20 could potentially be adapted to fixed-budget. Doing so
would require a parameter-free exploration phase, whereas the current method relies on a tuning
parameter dexplore to control failure probability. We leave this extension for future work.

Extension to multi-dimensional change point detection. Our framework extends to mul-
tivariate change-point and kernel-based models by replacing the one-dimensional test at each
stage (including in SHB) with an appropriate two-sample procedure (Wang and Samworth, 2018).
Adapting to sparse multidimensional change points, however, requires a careful exploration-phase
design, which we leave for future work.

Limitations. Our lower bounds are limited to the case N = m, so the optimal trade-off when
N < m is still an open question, which is highly non-trivial. Algorithmically, our procedure relies
on a doubling schedule, which is not always desirable in practice. Adaptations are required to
derive fully-adaptive counterpart of the method.
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Appendix of Chapter 7

7.A List of Notation

Table 7.2 — Summary of notation.

Description

6explore

(N)
localize

1), r(I)
A(I)

Unknown step function

Total number of change points

Location of the i*" change point

Location, chosen by a learner at time ¢

Sub-Gaussian noise at time ¢

Feedback y; = f(xt) + &; that the learner observes at time ¢
Number of change points the learner wants to localize
Precision parameter

Confidence parameter for correctness

Confidence parameter for exploration

Sample complexity / budget

Jump at the it" change point, A; = f(z}) — f(zF_;)
Jump ordered by its magnitude [A(q)[ > -+ > [Apy)|

Spacing after the i*" change point, ¥; = z}; — 2} for i =
1,...,m — 1, with convention ¥g = ,, =1

Local spacing between the i change point and its neigh-
boring change points, s; =%;,_1 A¥Y; fori=1,...,m,

Energy of the it change point, £2 = s;A?

Complexity term for change point detection, Hc(lgict

max 5{2
i=1,....,m
. : o (N)
Complexity term for change point localization, H, ... =

i1 1/A7,
Boundaries of a compact interval I = [[(I),r(])]

Jump between interval boundaries, A(I) = f(r(I))— f(I(1))
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7.B Proofs of upper bounds

7.B.1 Multiple Change Point Detection

Lemma 7.B.1. Let 0 < § < 1/4. On an event § with P(§) > 1 —§, Algorithm 19 only outputs

intervals that contain at least one change point.

In addition, for any change point x} (with i € {1,...,m}), if
1
g2

)

T>c wi(d) =,

with

£(5) = (log(E; wnl.(”fﬂ}“>,

then on the same event &, there exists an interval I € T such that xj € I and [I| < 3.

In particular, if T > max]", ¢ - wl(9) - then on the event &, for any change point i € [m],

52 )
there exists a unique interval I € T contammg x}, and this interval has a length smaller than 3.

Proof of Lemma 7.B.1. We refer to Section 7.3.1 and Algorithm 19 for the introduction of the
notation used in this proof. Fix one depth d € {1,...,dnax} and one index j € {0,...,n4}. Let
(d)

y; = f (azgd)) be the true function value at :cg-d). By assumption, the noise is 1-sub-Gaussian, so
Hoeffding’s inequality yields, for any € > 0,

~(d Td€2
P<|y()—y] |>E)<26Xp< 5 )

From a union bound, first over all ngy + 1 endpoints of depth d, and then over each depth
d=1,...,dnax, we obtain an event £ with P(§) > 1 — § such that for all d = 1,...,dpax and all

7=0,...,ngq,

. 2 2dmax(ng + 1
9 - @Ws¢%mq:(;))—mm. (7.8)

First, on &, intervals without change points are not added to Z. Indeed, consider any depth d

(d) () (d) (d)

and any interval [z T, | that does not contain a change point. Then Y;21 =y, ,and therefore,

on & (see (7.8)),

~(d) d d ~(d
95 — 2 < 185 — o\ + 1 — 0l < Ba

and the interval is not added to Z (Line 8). This guarantees that every interval in Z contains at
least one change point, which proves the first part of the statement.

Second, on &, change points are detected if the budget is large enough. Fix any change point
xf, with i € {1,...,m}, jump size A;, and minimal spacing s; to the other change points. Recall
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that dmax = [logy(T/log(1/9))], nqg = 2%, and define the change point-specific depth

2
dr = {1og2 <Sﬂ < i (7.9)
The latter inequality ensures that depth d is considered by the algorithm. It follows from

2e - log(1
T> % €2 log(1/5) > e(;g</5> 7

recalling that £2 = s;A? < s;.

Consider depth d; and the index j such that 2\

7—1

(d7)
J
si/2, so the definition of s; ensures that no other change point is contained in [z

yj(-d;) — yj(cill) = A,;. Moreover, on &, using (7.8) and the reverse triangle inequality,

. By (7.9), we have 274 <

(@) (df)
-1

<z <=z

], and

(d)
Iy](- D *yj(‘f1)| > |Ail = Bar -

Now, if T' is large enough to ensure A; > 234z, then the test in Line 8 of Algorithm 19 is positive,

and [mgd_:l) , x§-d;)

an interval of Z with length at most 27% < s;/2. Besides, at the following iterations at depth

| is added to Z during the iteration at depth d. In particular, } is contained in

*

d > d, the algorithm maintains in Z exactly one interval containing x7,

and whose length is at

most s;/2.

Indeed, consider any depth d > d; and an interval [xg-d_)l, mgd)] included in [xéuﬁl) , x§di )]. If it does
not contain a change point, it is not added to Z, as the event ¢ holds (Equation 7.8). Otherwise,
;) _ (d7)
=0T
in which case the interval from Z containing z is removed. Therefore, at the end of Algorithm 19,

[z ] contains z} (as it is the unique change point in that interval). It may be added to Z,

x} is contained in exactly one interval of Z, with length at most 274 < s;/2.

(2
It remains to determine a condition on T that guarantees A; > 2f:.

Intuitively, by definition of d, we have Tgx = s; T up to logarithmic factors, so A; > 284+
1 Og k2

is roughly equivalent to T > cSi_Q log(1/9) up to logarithmic factors. The precise formulation is
given in technical Lemma 7.B.2, which concludes the proof. O

Lemma 7.B.2. Let 0 <6 <1/4, A; <1.If

-2
LE72

-2
T >74-10° - (log(& *) V1) -log (W)

then Td;f = 1, and Al = Qﬁd:.

—2
Proof of Lemma 7.B.2. Assume that T > ¢ (log(£;2) V1) - log (log(ia)vl> - &2 for a constant

c we want to determine.
First, we want to verify that Ty > 1. By definition of the budget allocated to depth d, we
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have

T

T * — _—_—
& \‘dmax(nd;‘ + 1)

We have (since 0 < 1/4)

log(T)
< <
dmax 10g2(T/ log(l/d)) — 10g(2>
and
lo =
nd%+1:2[ g2(3i>—‘ —i—1<E ,
K SZ
SO

dmax(ng= + 1) < 5 log(T')
T ~ log(2) s-T

Note that s; < 1/2 (otherwise, we could simply pick any 7' > 60, which could be relevant in the
cases i = 1 and i = N). Observe that £ = s;A? < s;, so that by assumption on T, we have

T>c - logsm (7.10)
7

Then we obtain from log(z)/z being decreasing for x > e that holds

5 log(T) _ 5 log(c1) +log (L) +loglog (&)

log(2) s;i-T ~ log(2) crlog (1)

(
5 log(er) +2
. <
log(2)? €1 N

< L,

where the last inequality holds for ¢; > 65.

Now, if ¢; > 65, then Ty: > 1, in which case [4: is well-defined. Then, x| > /2 for z > 1,
we can therefore obtain
32 dmax(ngs + 1) < 320  log(T/log(1/9))

<64
Ty — T ~ log(2) si-T

The objective A; > 2,8df is equivalent to the condition

2 2dmax ngx + 1
i Ty )

7
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which holds as long as

320  log(T/log(1/5))- &2 ' 101log(T"/ log(1/9))
log(2) T o ( log(2) - 5; - 6 ) =1

Note that since § < i, we have

320 log(T/log(1/4))- & ° ¥ <1010g(T/ 1og(1/5)))
log(2) T log(2)-s; -6

_ 320 log(T/log(1/d)) - £
~log(2 ) T
+

X Klo ? I 1) log(1/§) + log ( ! ) + loglog(T'/ log(l/é))}

Assume first, that 5{2 > e. We want to determine co, c3, ¢4 > 0 such that

1600 + 32010g(2)2 log(T'/ log(1/6)) .5;2
log(2)* ' T -log(1/6) < 1/3 (7.11)

for T > co- &% - log(E;2) - log(1/6) ;

and
320 log(T/log(1/6)) - &2 ( 1 )
. (| — )1 <1 12
log(2) T ©8 si) — /3 (7.12)
for T > c3- &2 -log(&;?) - log (3) -log (e V log (;)) ;
and

LET?
1Oiagz((;)_1og(T/105-§(T1/5)) & -loglog(T/log(1/6)) < 1/3 (7.13)

for T > ¢4 - &2 - log(&72) - log(log(&;72) Ve) .

By the monotonicity of log(x)/x for > e, bounding T in inequality (7.11) yields

log(ca) + log(&;%) + loglog(&;2)

log(7/ log(1/6)) - &
. log(1/6) < ¢y - log(&?)
los(e) +2 _ log(2)’
2 4800 + 960log(2)?

for co > 2.3 -105.
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A similar approach for inequality (7.12) yields

LE72
o1/ logl1/0) 1 (1)
T i
_92 —2 1 1
log(cs) + log(&; %) + loglog(€; %) + log log (8—) + loglog (e V log (;))
< - :

cs - IOg(E'Z-_z) -log (e V log (;11))
< log(cs) + 4 < log(2)

c3 - 960
for c3 > 2-10%
In the same way, we obtain for inequality (7.13), using
loglog(zy) < log2(logz Vy) <loglogx 4+ 2logy forxz >e, y>2 (7.14)
that for ¢4 > 2
los(T/lo8(1/0) - &% |\

T
_ [log(64) + 310g(5i_2)} : [5 loglog(&;%) + 2log((:4)}
- cy - log(&;72) -log(log(&;2) Ve)
- 2log(cs)? + 111og(cq) + 15 < log(2)
- c4 - 960

for ¢4 > 7.4 -10°.

In the case 5;2 < e, we want to prove

(1600 + 32010g(2)*)e log(T/log(1/9))
log(2)* T

-log(1/6) <1/3 (7.15)

for T > ¢, - log(1/6) ;

and
320e log(T'/log(1/9)) 1
og(2) T -log (s) <1/3 (7.16)
for T > ¢4 - log <sll> -log (e V log <sll>) ;
and
13?826) e I;g(l/d)) -loglog(T/log(1/6)) < 1/3 (7.17)
for T > ¢ .
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Indeed, for inequality (7.15) we have

log(T/log(1/9)) log(c5) log(2)*
T log(1/9) < 0’22 = 30.(1600 + 320 1og(2)?)

for ¢, > 5.7-10°.
For inequality (7.16) we obtain

o/ 10(1/0) (1)l +2 _ o)
T si) — ch — 960¢

for cy > 4.9- 10,
We finally observe that inequality (7.17) is true for ¢} > 1.1-10°, since § < 1/4.

—2
All together, we have shown that if 7 > ¢ - (log(£;2) V 1) - log <log(;€26)v1) &2 for ¢ >

max{ci, c2, €3, ¢4, Ch, ¢, ¢y }, then Tyr > 1 and A; > 2. O

7.B.2 Estimation of the Jumps

Algorithm 21 takes as input a set Z of candidate intervals, a confidence level §, a budget T,
and a target number N of jump estimates. It outputs a subset J C Z of accepted intervals, and
a set G of estimated jump magnitudes for the accepted intervals.

Description of the procedure The procedure proceeds in rounds. At round k, each active

interval I € 7\ J receives 2¥~1 samples at each endpoint x;(I) and z,.(I) (Lines 3-4), allowing to
(k)

compute empirical means 7, (I) and g]?(nk) (I). The empirical jump estimate is

(Line 5).
An interval is accepted when this estimate exceeds a confidence threshold

2 2
frna (5

(Line 6). When I is accepted at round k, its estimate A®)(I) is added to G and the interval is
added to J (Line 7), so it is no longer sampled in later rounds. The running budget counter 7

is updated after each batch of samples (Line 9), and the while-loop (Line 2) stops once either
more than N intervals are accepted (|G| > N) or the next round would exceed the total budget
T (r+|Z\J|-2F>1T).

This classic design yields an adaptive multiple estimation strategy: large jumps are typically
accepted early, while smaller jumps receive additional rounds of sampling, under a global budget
constraint. This procedure is quite standard, and is very similar to existing elimination algorithms
for TopM identification in multi-armed bandits, see e.g., (Bubeck et al., 2013; Kalyanakrishnan

309



Chapter 7 — The Sample Complexity of Multiple Change Point Identification under Bandit Feedback

et al., 2012).

Algorithm 21: EstimateJumps

Input: 7 set of intervals, § confidence parameter, T" budget, N number of desired
estimates
Result: J subset of Z, G estimated jumps for intervals in J
1 A(I)eOforIeZ,k%l,r<—0,g<—®,\7<—®;

2 while |G| < N and 7+ |Z\ J|- 2k < T do > Sample until N estimates or budget
exhausted
3 for [z;(I),z,(I)]=1€Z\ J do > Sample active intervals
4 sample 2~1 times from z;(I) and z,.(I), store means as gjl(k)(l) and gj,(,k)(l)
5 A®) (1) + |Q7(ak) (1) — Ql(k) (D)] > Estimate jump at endpoints
6 if A(k)(f) > \/2_(k_5) log (%) then > Accept if estimate exceeds
threshold
‘ g+ gu {A(k)(f)}, J +— JU{Il} > Add to accepted set
end
T T4+2k > Update budget
10 end
11 k<+—k+1 > Double samples for next round
12 end

Lemma 7.B.3. . Let M = |Z| and number the intervals I € T in a way, such that if I = [I(I),r(I)]
and A(I) = f(r(I)) — f(I(Q)), then |A(L1)] > |A(I2)| > ... |A(Ip)|. Let § < 1/2 and consider
the output of Algorithm 21 J ={J1,...,JJn} and G = {A (J),...,A (JN/)} such that A (Jy) >
> A(Jy).

Then there exists an event of probability at least 1 — § such that, for everyv=1,...,N’,

1.

0< SA(L) <|A(L)] < A(J,) .

DN W

and

Additionally, if

L M - (log(1/A(1,)?) V 1
T>c- U§_1:A(Iv)2.log( (log( /5( )*) V ))
- (lo 2
+(M—N).A(11N)2_log<M (1 g(l/?(IN) )v1)>] |

for ¢ > 223, then on the same event N' > N.
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Proof of Lemma 7.B.3. Let k > 1 be some loop iteration of the algorithm. We define the quantity
B = \/2 (k=3) Jog (%) for twice the threshold in Line 6.

2k—1

For a given interval I, the empirical means ﬁl(k)(f ) and gj,(nk) (I) are computed from inde-

pendent samples from f(I(1)) and f(r(I)), respectively (Line 5). By Hoeffding’s inequality, using
the sub-Gaussian noise assumption, for any fixed interval I and iteration k, we have

. k—2 2
P( 2 Bk> 66
2

®) (1) — _
A1y A(I)‘>ﬂk)§26><p< ) = e
Since > j>4 l%? = %, a union bound yields on an event { with P(§) > 1 — 4, on which

AW(T) ~ A < i (7.18)

for all iterations k& and all intervals I considered still active at iteration k.

First, we want to show that on &, for every accepted interval J, € J, we have %A(Jv) <
|A(J,)] < 3A(Jy). Note that if J, € J, then there exists an iteration k*(.J,) where the algorithm
stops considering the interval and accepts it. In particular, at iteration k*(.J,) the condition in

line 6 is satisfied, so A(J,) = AF ())(J,). By inequality (7.18), we know from line 6

A

v) 2 2B (1,)
= |A() — 1AW <

A(J ) . (7.19)

N

This proves the second inequality of Lemma 7.B.3 and if |A(J,)| = |A(Ly)], this coincides with
the first inequality.

So assume that |A(Jy)| < |A(Ly)|. Then by inequality (7.19), we know that

~

A( v) <A < |A(L)] -

On the other hand, the condition |A(J,)| < |A(I,)| means that there exists an w < v such that
either I, ¢ J or A(ly,) < A(Jy). If I, ¢ J this means that the condition in line 6 is false for any
iteration, in particular at iteration £*(.J,). By the concentration inequality (7.18), we obtain

AL < |ATL)] < JAUL)F D = A(L)] + A(L) ¥ D <36y, <

A(J,) .

[\CR V]

If I, € J but A(I,) < A(J,), then there exists an iteration k*(I,) where Algorithm 21 stops
considering the interval and the condition

A(1w) > 2By (1)

holds. If k*(I,) > k*(J,), we can use the same argumentation as for the case I, ¢ J, so assume
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without loss of generality that k*(I,,) < k*(J,). Then again by inequality (7.18) we know that

(1)
A(J)

>
>

[A(L)] < |A(Lw)] < [A(lw) = A( w)| +
<

which proves the claimed inequality.

We can prove the claim in the case |A(J,)| > |A(I,)| with the same arguments. Note that in

this case, there is w > v with A(L,) > A(J,).

Now, let us prove the second part of the Lemma. Consider some interval I € Z. Assume that

38, < |A(I)|. Together with inequality (7.18) this implies A(I) > 23;. This means, that if we
reach the smallest k, such that

32 w2 M - k?
22 Jog | ) < A(D)?
9-2k0g< 30 >— (1)

before the algorithm terminates, we will have I € J and I will not be considered in later sampling

steps. We have assumed, that § < 1/2, so we can rewrite

w2 M- k? M
N ——— < -
log< 35 ) 2log2(k:) —|—3log< 5 )

(lo 2
log (M ( g(l/(SA(I) )V1)>
k= |logy | c- INGE

for some ¢ > 0 large enough, we obtain with inequality (7.14) and
log,([logs(x)]) <1+ @ log(log(z) V 1) that

g2 log ()

If we choose

9-A(I)2 2k
Jog ((M:Uoe/A(NHvV1)
. 410g( ) + 1og( 3 -log (log (c~ ( A(I;S? ) v
S _
9 (1og( ) + log (log(1/A(I)?) v 1))

'32(4log( ) +4)log ( ) + 2log(log(1/A(I)?) v 1) + 41og(c)

91og(2) - ¢+ (log (4 ) + log (log(1/A()?) v 1))
128(log(2) + 1) 1 + log(c) -1
9log(2) c -

for ¢ > 223.
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So for sampling the arms corresponding to interval I, we use a budget of at most

(Mlog1/AUP VD)
0
A(I)?

log
4c -

and spend the remaining budget on the intervals in Z \ J. The algorithm stops, when we added
N arms to J, which yields the claimed bound of the total budget. O

7.B.3 Single Change Point Localization

Once we have detected an interval I containing a change point, we want to localize it, at a
precision of 7. We adapt for that the Sequential halving with backtracking (SHB) algorithm
introduced in (Lazzaro and Pike-Burke, 2025a) as their Algorithm 2, and recall their optimal
guarantees for single change point localization, with fixed budget.

Description of the procedure The algorithm takes as input a compact interval I = [I(]),r(I)],
a budget T', and a precision parameter 17 > 0. It outputs a potential change point c.

The algorithm maintains a tuple of five point arms (I([), 14, cq,74,7(I)), where the boundary
arms [(I) and r(I) are fixed throughout. At each round d, it collects 7 samples from each arm
and compares the resulting empirical means to decide whether to zoom into the left sub-interval
(lg,cq), the right sub-interval (cg,74). It may also backtrack to the parent window when the
evidence suggests the change point lies outside the current candidate region (Lazzaro and Pike-
Burke, 2025a). The procedure runs for dyax = [61og(]1]/n)] rounds, distributing the budget evenly
across rounds and arms.

The only (and minor) difference with the original SHB algorithm is that we stop the procedure
early if [I| < 27, and return the midpoint of the interval as the change point estimate. This is
because in this case, we are already guaranteed to be within 7 of the true change point, so there
is no need to further zoom in. Moreover, we adapt the procedure to an interval of size |I| instead
of [0, 1], which only requires a rescaling of the arms and the precision parameter 7.

Lemma 7.B.4 ((Lazzaro and Pike-Burke, 2025a)). Assume that x7_; < I(I) <z} <r(I) <z} 4.
If |I| < 2n, Algorithm 22 will return ¢ = M with |z} —¢| <.

Else, for a budget
600 1 |
> _
T> 2 <log <6) + 131log (417))

Algorithm 22 will return ¢ with |z} — c| < n with probability at least 1 — 0.

Proof. The first part of the lemma is immediate from the definition of the algorithm. For the
second part, we can directly apply Theorem 1 from (Lazzaro and Pike-Burke, 2025a), which
states that under the given budget condition, the algorithm will return an estimate ¢ such that
|z} — ¢| < n with probability at least 1 — . O
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Algorithm 22: SHB (Sequential Halving with Backtracking)

Input: I = [I(I),r(I)] compact interval, T' budget, n > 0 precision parameter
Result: potential change point ¢

1o« WA (1), = (D)

2 if |I] < 27] then

3 return c; > Return interval midpoint if target precision already achieved

4 end

5 else

6 dmax (610g(|I|/nﬂ, 7 |T/5dmax ), At < (I(I),11,c1,7m1,7(D));

7 ford=1,...,dun.x do

8 sample 7 times from arms in A%, store means as yl(( I)) yl(j), gﬁ;"), gj,(fll), yfn?});

) if Ay el max( iy | [yt ) then b It
Jump seems outside middle region

10 ‘ AdFL P(.Ad) > Backtrack: retreat to parent region

11 end

12 else if |g]ld A(d L] < |@ @7(-3)| then > Jump seems closer to right

13 ‘ AdFL R(Ad) = (l( ) Cd, (Cd + Td)/Q,Td,T(I)) > Zoom right

14 else > Jump seems closer to left

15 ‘ A+ L(Ad) = ( ( ),ld, (ld + Cd)/Q,Cd,T(I)) > Zoom left

16 end

17 end

18 return cq > Return final midpoint

19 end
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7.B.4 Verification of the Localized Change Points

Description of the procedure. VerifyCP is given in Algorithm 23, and is a very standard
two-sample test. It takes as input a candidate change point location x, an interval I containing
x, a confidence parameter §, a precision parameter n, and a budget T'. It performs a simple two-
sample test to check for the presence of a change point in the neighborhood of z, given by the
interval [x_,zy] where x_ = (xr —n) Vmin/ and x4 = (z + 1) A max I, which corresponds to
an 7n-neighborhood around z included in I. As we see in Lemma 7.B.5, if there is no actual jump
(f(zy) = f(z-)), the algorithm correctly returns False with high probability 1 — ¢. Conversely,
if there is a jump of size A = |f(x4) — f(x_)|, and the budget T is sufficiently large (scaling as
1/A?), the algorithm will correctly return True with high probability.

Algorithm 23: VerifyCP
Input: z_ left point, 4 right point, § confidence parameter, T' budget
Result: detection (boolean)

1 sample |T'/2] times from z_ and z, store averages as §_ and §;

if 7> 2 and [§4+ — §-| > /% log(2/6) then

2

3 ‘ detection < True
4 else

5 ‘ detection < False;
6 end

Lemma 7.B.5. Let 6 < 1/2 and consider the output of Algorithm 28 with input x_, x4, §, and
T. Let A := f(zy) — f(z-).

1. If A =0, with probability at least 1 — § Algorithm 23 returns False.

2
2. IfA#0 andT > 64 - logA(f), Algorithm 23 returns True with probability at least 1 — 4.

Proof of Lemma 7.B.5. By Hoeffding’s inequality, we know that for

5=/ los(2/6)

P(|(gy —9-) — (yr —y )= B) <o .

holds

So if y; = y_, then |§+ —g§—| < 5 and Algorithm 23 returns False, with probability at least 1 —9.
If on the other hand A = |y — y_| > 2/ this guarantees, that g4 — y_| > § and Algorithm 23
will return True. This yields the condition

6 log(2/6)
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7.B.5 Proof of the Main Theorem

Proof of Theorem 7.3.1. In this proof, we gather the guarantees on our four subroutines through
the following Lemmas: (i) Lemma 7.B.1 for DetectIntervals, (ii) Lemma 7.B.3 for EstimateJumps,
(iii) Lemma 7.B.4 for SHB, (iv) Lemma 7.B.5 for VerifyCP.

First, we justify the correctness guarantee in point 1 of the theorem. Then, we fix a stage index
k in the doubling schedule and analyse the four steps of the procedure at this stage, deriving
conditions on k£ under which they provide an accurate estimate of N change points and the
stopping condition is reached. Finally, we derive a high-probability bound on the required budget
when dexplore = 0, and an expectation bound when dexplore = 1/4.

Consider 6,7 and N as in the statement of the theorem, and any environment v with m >
N change points. We run Algorithm 20 with input parameters (N, 6,7, dexplore); With Oexplore €

{5,1/4}.

Correction The correctness guarantee relies only on the verification step and is independent of
the choice of dexplore- Let us verify that if Algorithm 20 stops at some stage k, the set C (k) returned
by the algorithm contains N points cgk) < < cg\l;)

points 1 <y <lo < -+ <y <m.

with |z — cik)\ < n for N distinct change

If not, then there exists a stage index k, and some estimated change point cq(,k) € quk), with

quk) e J (k), such that [cz(;k) -, cl(,k) + 7N quk) does not contain any change point, but okfjk) =
VerifyCP (ll(,k),m()k), 6(k), {a&k) . QkJ V 1) is True.
Consider such a cz(,k). Then, in VerifyCP, for ll()k) = (cg,k) —n)V min(ngk)) and m(,k) = (cq(,k) +

n) A max(]ék)), we have f(lf,k)) = f(m(,k)). By Lemma 7.B.5, there exists an event §5§3ifyﬂ} with
(k)

probability at least 1 —d®) such that VerifyCP in line 10 returns False for ¢, ’. By a union bound,

the probability of returning an incorrect set C'®) in step k is therefore bounded by N§®*) = %-ﬂz( BER

Now, since

=56 1
Z 4 72 (k)2 < 15 ’
k’=[logy(N)]

another union bound tells us that, with probability at least 1—4, the set C returned by Algorithm 20
contains estimates of IV distinct change points at uniform precision 7. This proves the correctness

guarantee in point 1 of Theorem 7.3.1.

Construction of a good event for a fixed stage index k£ Fix for now a stage index k in the
doubling schedule (the index of the global while loop), at which the budget used is T}, = 4 x 2F.
We analyse the four steps of the procedure at this stage, and we derive conditions on k£ under
which they provide an accurate estimate of N change points and the stopping condition is reached
with probability at least 1 — dexplore-

(i) Detection of changes in intervals of interest.
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7.B. Proofs of upper bounds

For a fixed stage index k, consider the set Z(*) of intervals returned by DetectIntervals in
line 3 of Algorithm 20, with confidence parameter dexplore/4, and budget T /4 = 2*.

Consider W (dexplore/4), and ¢ = 7.4-10° numerical constant from Lemma 7.B.1. By Lemma 7.B.1,
under the condition

J
2F > ¢+ max W ( eXplore> CE72 (7.20)

- i=1,..N " 4

there is an event fc(llzzect with P ({é’gect) > 1 — dexplore/4, on which the set Z®) consists of m

disjoint intervals, each containing exactly one change point. Denote by Ii(k) the interval in Z(%)
with x} € Ii(k); it follows from the lemma that ]Ii(k)] <5

Note that since dexplore < 1/4 we have

Sexpl 1
a ( Qexplore | o—2 - (m)
z:Hll,a},(N Wi ( 4 ) gz — 2 (wl H, detect IOg 6explore + w2 ’

so that the condition (7.20) is satisfied as soon as

1
2k > 9¢; - le(getict <log <5explore> + w2> . (7.21)

Assume for what follows that the event ﬁélzzect holds, and that condition (7.20) is satisfied.

(ii) Estimation of the jumps.

Consider the subset J*) < Z(*) of intervals returned by EstimateJumps in line 5 of Algo-
rithm 20, with confidence parameter dexplore/4 and budget T}, /4 = 2% and number of arms N. Let
G denote the set of estimated jump magnitudes on the intervals in j k) = ={Jy (k) ,1, ordered
decreasingly, so that A(Jl( )) >z A(J](V,)), with N’ = |7®)|. On fdetect, the intervals in Z(*)
are disjoint and each contains exactly one change point. In particular, the true jumps on these
intervals are exactly the jump magnitudes of the m change points of f.” Therefore, we can apply
Lemma 7.B.3 to the set of intervals Z*) returned by DetectIntervals and to the corresponding
jumps Aq,..., Ap,.

with P(EE)L ) > 1 — Sexplore/4, S0 that, with

estimate estimate
co a numerical constant from Lemma 7.B.3, under the condition

2 > ¢y - [i - log <4m - (log(1/A) v 1)>
= A0

By Lemma 7.B.3, there exists an event §

5exp10re

+(m—N).- A%N) log <4m (log(iﬁ:e m)V U)] (7.22)

EstimateJumps returns a set G%) = {A(ngk))7 v=1,...,N'}, with N’ > N, with A(Jl(k)) >

7. Recall that we defined A(I) = f(I) — f(r) for the jump across an interval I = [I,r].
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Ay >

<> A(J](\]f,)), and such that forv=1,..., N,

A(I) (7.23)

3
< —
=2
gA(ng) : (7.24)

(k)

These inequalities will allow us to verify that the proportion oy ’ of the budget allocated to interval

(k)

v is proportional to A(v), which we interpret as the optimal allocation for localizing the change
point in Jé’”.

Let us now examine condition 7.22. Naturally, estimating the jumps once they have been
detected is less costly than the detection step itself. First, the energy £? is the product of A? and
a spacing term, so A 2 < 5;2 for all 4. This implies that all logarithmic terms in the condition 7.22
are upper bounded by 2(w2 + 10g(1/(dexplore))), With wo defined in the statement of the theorem.
Secondly, one has

N
1
L

m _9 m
<X xr <X are s (o) Lo <2l
i= ? j
where the last inequality holds since /", s; < 2, and H, éetict = nzn;zrifc &

All together, condition 7.22 is implied by

25 > 25 - Hit) o, - (w2 +108(1/dexplore)) (7.25)

Now, we assume that both events §detect and 5 hold, and that conditions (7.20) and (7.22)

are satisfied. We are now in a position to analyse the last two steps of the procedure.

estlmate

(iii) Localization of the change points.

Let v € {1,..., N}, and consider the interval quk) returned by EstimateJumps, with the v-th

largest estimated jump A(quk)) From the guarantees on DetectIntervals, we know that g

contains exactly one change point, with jump A( 1@), and that the if this unique change point is
o7, then [A(LM)| = A, ], and [JY] < s5,.

(k)

Consider the proportion cp ’ of the budget allocated to interval Jék) for localization, defined in
Line 9 of Algorithm 20. Let 01(, ) denote the output of the SHB algorithm (Algorithm 22) applied
to Jé ) with budget Lozq(, ) ij V 1, where aé’“) is defined in 7.6.

If \Jvk)\ < 2n, Algorithm 22 takes the midpoint of the interval as the change-point estimate
(k)

¢y, and we have the guarantee |c7(Jk) — .| < n. Otherwise, by Lemma 7.B.4 from (Lazzaro and

Pike-Burke, 2025a), there exists an event {ffc) , of probability at least 1 — dexplore/4N such that,
under the condition

7200 N
(k) . ok
oy’ 27| V1> lo ) 7.26
L J Ai 8 <77 ) 6exp10re) ( )
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7.B. Proofs of upper bounds

an estimate cg,k) € Jﬁ’“) with ]c&k) — x}*v\ <.

Let us now find a condition on £ that 1mphes the condition (7.26) for any v=1,...,N. From
Equations (7.23) and (7.24), we have ]A( v )] > %A( ék)) > f%A( ) = A(U), Where A(v) is the
v-th largest true jump. In particular, this implies that

1 Y _
locahze Z A(w § Z A J(k)
w=1

Moreover, from inequality (7.23), we also obtain for any v =1,..., N,

oo (BT eay? 1A
SV (AGW) T BN (24,) T O A

Now, under the assumption

N Mo N AR
2% > 1263600log [ ————— | > —5— > 140400log | ———— | > -
n- 6explore w=1 () - 6explore we1 Ajw
we obtain
k) ok 7200 N
A lo
\‘ v J a Ai} & n'dexplore
By a union bound, we obtain an event §l(fc)ahze 1510CU with P(glocahze) > 1—4§/4, on which
]cg,k) — 23 | <n. This yields following sufficient condltlon for localization:
1
2k > 1263600 - H"). - (log tws| (7.27)
5explore77

using w3 = log (N . log(H( ) )) as defined in the theorem.

localize
For now, assume that we are on the event 5((;;26“ gestlmate N Elocahze
(iv) Verification of the localized change points.

Finally, we seek a condition on k such that, if the previous steps go well, the verification step
also succeeds and the algorithm stops. This will hold under the following condition:

v (oot ) ) o

o AL

(w)

ok = ¢/ . log
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where ¢’ > 0 is computed later. If we can show that

log 4W2'N'k2
agff)-2’f2128-<Af5) , i=1..,N,

then

and Lemma 7.B.5 together with a union bound show that, on the event f(k) with P(f(k) ) >

verify verify
1-— % (already introduced in the correctness proof), VerifyCP in line 10 returns True for all

i=1,...,N.

Note that we have by the inequalities (7.23) and (7.24) that

N 1
- (g (2 51 ) V1) 5

(k) s

a;’-c -log 2
0 w=1 A(w)
1 N 1

()

~ oAz %% 5

o [ es(=hsp ) V)
= 18A2 8 5

The last inequality follows from the fact that for § < 1/4 and « > 0, we can bound

log (N . (1og(5},x) Vv 1)) N %log (N : (log(s(x) Vv 1)> |

since

o o

= %log (](;7) + log (log (;x> Vv 1) - %log (log (z) V1)
> log(2) + log ((log (z) —log(9)) v 1) — %log (log (z) V1) = g(x).

log (N - (log(3z) v 1)) ~ %log (N - (log(x) V 1)>

The function ¢ is continuous [0,00) with g(x) = log(2) on [0, €], g(x) decreasing on (e,9e) with
9(9e) = log(2) — 3 log(1 +1og(9)) > 0 and increasing on (9e, ), so we have indeed g(z) > 0.
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7.B. Proofs of upper bounds

Therefore, we obtain

log (47r2 Nk;2) 1821og (%) + 102 log <log( w1 AQ ) > + 72log(c’)

® ) =
g, - 28 AT c - [log <log (Zw 1 AQ > % 1> +log % }
< 182 + 721og(ca) < 1
- c4 — 128

when ¢4 > 1.4 -10°. For the second inequality, we used Equation (7.14) to obtain
|
loglog(2¥) < log (1 —— | V1
oglog(2") < 0g<0g (Z A%w)> )

w=1
N - (1og (£ 5 v1)
(w)
1)

N
< 2log (j(\;) + 3log (log (Z T; ) V 1) + 2log(c/) .
w=1 )

(w

+2log | ¢ - log

All together, using wz = log (N . (log (H (N) ) \% 1)), we have shown that under the condition

localize

N
localize °

2F > 1.4-10° - (w3 + log(1/6)) - H, (7.28)

then on the event f VerifyCP in line 10 returns True for all v =1,..., N.

verify’

Bound in high probability. Now, we are ready to derive a high probability bound on the
required budget when dexpiore = 6. We have a constant ¢ such that for any k& > [logy(N)], if k

satisfies
k> ™ (1og (X HY. (1og (2
2" zc W detect | 108 g tw2 )+ localize | 108 517 + w3 ’ (7'29)
then all conditions (7.21),(7.25),(7.27),(7.28) are also verified (with 6exp10re = ¢). From the previous
paragraph, under this budget, on the intersection ¢*) := <(ietect N §est1mate N §locahze §Venfy, the

stopping condition at the k-th stage of Algorithm 20 is reached. It is in particular sufficient to
choose ki as the smallest 1nteger such that this bound (7.29) holds. Now, on the event £ =
((i]z:gct N fesmmate ﬂflocahze N (ﬂllz,* lgvmfy) then the algorithm stops at stage k. (or before), and the

output is correct.

Finally, one has P(¢(*<)) > 36 Ek, 1 Qk,Q . 4 > 1 — 4. Moreover, on &, the total budget
used by the algorithm can be bounded as Zk/:ﬂogQ (M) 4.2% < 8.2k which gives us the claimed
bound on the total budget. This concludes the proof of the high probability bound in point 2 of
Theorem 7.3.1.
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Bound in expectation. Finally, we can also derive a bound on the expected budget. Fix
Sexplore = 1/4.

From the analysis of the four steps of the procedure, there exists a universal constant ¢ such
that for any k > [logy(N)], if k satisfies

28 > ¢+ (wiHighe, (108(4) +wn) + Hinly,. (log(4/0m) +w3)) (7.30)

then all conditions (7.21),(7.25),(7.27),(7.28) are verified. Under this budget constraint, on the
)

intersection &) = §gztect N Eestimate N Elocalize [ ggify, the stopping condition at the k-th stage of
Algorithm 20 is reached. Moreover, P(¢%)) > 1 — % . % — Zﬁ/:[logQ(Nﬂ # . % > %, as 0 < 1/4 and
Jexplore = 1/4.

Now, consider kg, the smallest integer such that condition (7.30) is satisfied. Then, on the event
¢ko) for any k > ko, the stopping condition at the k-th stage of Algorithm 20 is reached, and the
output is correct with probability at least %. Therefore, if we denote by K the random variable cor-
responding to the stage at which the algorithm stops, then (K — kg) V0 is stochastically dominated
by a geometric random variable with parameter 3/4, and E[2E—k0)V0] < 70 9l(1/4)!(3/4) = 3.

Moreover, the total budget used by the algorithm can be bounded as

K
T< Y 42K <g. 2k oEkoVO
k'=[logy (N)]

and
E[T] < 8- 2k . E[2(K—k0)VO] < 12 gko
2ko < 9¢. (le(gZiict (log(4) + w2) + Hl(oj\cghze (log(4/dn) + w3)>
This concludes the proof of the bound in expectation in point 3 of Theorem 7.3.1. O

7.C Proofs of Lower Bounds

7.C.1 Proof of Theorem 7.4.1 and Corollary 7.4.2

Before proving Theorem 7.4.1, we first state two lemmas, which are the main building blocks
of the proof. The first is a lower bound showing the optimality of the localization complexity
ngsilizea and the second is a lower bound scaling with H, é:éict.

Fix § € (0,1/4) and n € (0,1/8). For both lemmas, we consider any (4,7, m)-correct algorithm
7 for the active change point detection problem, and any valid environment v with m > 1 change
points. We consider the case where all change points have to be localized, so that N = m. In all
this section, we may omit the superscript (m) in H, égict and ngnga)hhze
write Hyeteet and Hioealize- We will add the dependence of these quantities on the environment v

for readability, and simply

3 14 14
when needed, and write Hj ., and Hy, _ j,e-
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Lemma 7.C.1. There exists an environment V' such that (1) V' and v have the same jump
magnitudes A1, ..., N, — so that gD ppimay) (2)Viel,...,m, isi < st < %si — S0

localize localize’ 7

that 40, < Hiew) < AHG) : and

etect etect

v 1 L il
Pry (’ﬁr > 10w () + 3 a7 log: (1677)> -
=1 "1

Lemma 7.C.2. Assume that v contains at least 2 change points, N = m > 2. Then, there exists
an environment v such that Hé:tl’el;{ < H(g::g;t) < 4H(m’y) lH(m’V) < H(m’y) < H(m’y) and

detect’ 2~ “localize X ““localize X ““localize’

1 (mw 1
P, <7; > ngctCC{ log (6(5)) >5 .

From these two lemmas, we can now deduce Theorem 7.4.1.

proof of Theorem 7.4.1. The proof is a direct consequence of Lemmas 7.C.1 and 7.C.2.
First, assume that N = m = 1. Recall that in this case there is a single change point with
energy &1 = A% and sparsity s1 = 1, s0 Hgetect = Hiocalize- We apply Lemma 7.C.1 to obtain an

: / (mal’) _ (m7yl)
environment v’ such that Hy_ ). . = H 2 .

1 1 1 1
/ 7 > — —_— —_— —_— >
Pr ( A2 log (8(5) + A2 10g+(1677>> 20

and the claimed bound follows from the fact that Hgetect = Hiocalize in this case.

(and similarly for Hgetect) and such that

Second, assume that N = m > 2. We apply Lemma 7.C.2, and Lemma 7.C.1 to obtain an

environment v/ such that H{y2) < Hige) < 4HG, SHOUD < Himw) < H{w . and
Pﬂ',l// (7; = X) > 0, with
1 (m,v) 1 (m,v) 1 LA | S;
X = mnax <2Hd7eq;zbel;t log <6(5> ’Hl:clall/ize lOg % =+ ; Kg 10g+ ﬁ
1 (m,v) 1 1 (m,v) 1 131 S;
>1Hdzelét log (85> + QngZa'fize loglg5) 13 ; A? log | ﬁ :
which concludes the proof. O

Now, we can deduce Corollary 7.4.2 from Theorem 7.4.1, and Theorem 5.2 from (Lazzaro and
Pike-Burke, 2025b).

Proof of Corollary 7.4.2. First, observe that for any environment v with m > 1 change points,

the condition ¥; > 2n for i« = 2,...,m — 1 allows us to apply Theorem 5.2 from (Lazzaro and
Pike-Burke, 2025b), which states that for any (8,7, m)-correct algorithm 7,

localize

Er,[T2] = 4H™Y) log (415> . (7.31)
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Second, we obtain the lower bound in E[7;]| independent of § by applying Theorem 7.4.1 with
d = 1/16, observing that v is in particular (1/16,n, m)-correct, as § < 1/16. From Theorem 7.4.1,
there exists an environment v/ such that Hégez)t < H é:é’eyct) < 4H é:ieygw %H (m.v) < H (m.v) <

localize localize
, 1(0725111)%, and such that

moq S;
P (n > LH) log (2) + SHIS), Jog (2) + 1) 1y logs (:7)) >1/16 .
. 3

Now, from Markov’s inequality, we can lower bound E . /(7| as

1 (1 _ muw) 1 (muw) 1 1 ( S; )
E, [T > — | ZH™ log (2) + ~H™") log(2) + =3 — 1 L 7.32
W [T] 16 (4 detect Og( ) + 9 localize Og( ) + 9 ; A? 0g4 167] ( )

Now, the final lower bound from Corollary 7.4.2 follows from Equations (7.31),(7.32), and the
standard inequality max(a,b) > (a + b)/2 for a,b > 0.
O

7.C.2 Proof of Lemma 7.C.1

Proof of Lemma 7.C.1. Proof roadmap. The proof has four steps.

First, we construct a family (v;),, indexed by J = (j1,...,Jm) € [[;=1{0,...,; — 1}, by
shifting each change point z} over a; ~ s;/8n candidate positions. We pay attention to preserve
roughly the length of the change points, so that the complexities Hc(lzzeg is preserved (up to
a numerical constant) under any of the considered shifts. Second, for each i € {1,...,m}, we
define an alternative environment v ;) by removing from v; the i-th gap. Third, we compare
the behavior of the algorithm under v; and v ;. For that, we consider the event &; ;, = {Tx <
X, |&i — x| < n}, where z7 is the position of the i-th change point in environment v, and x is
the largest (1 — 0)-quantile of the budget under the family of environments (v;) ;. We show that
&i,j; is likely under v; and unlikely on average under v j-;. These bounds allow us to lower bound
the KL between the respective probability distributions, thanks to data-processing inequalities.
Finally, we compute the KL divergence between the probability under v; and v, which leads
to a lower bound on the quantile budget x, which translates Lemma 7.C.1.

Reference class of environments.

Consider the parameters of the environment v given by the gaps Ay, ..., A,,, the initial mean
1o, and the change point positions z7,...,x},, and the function f defined by Equation 7.3. Recall
that x5 = 0 and xz;,,,; = 1. Consider the length of the change points ¥g =1, fori=1,...,m -1
Vi =z —x;, and ¥y, = 1.

Fix ' > n, which will be used to shift the change points. For ¢ = 1,...,m, define

as the number of possible positions for the change point ¢ in the environments that we will
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construct. Observe that a; > 1 foralli=1,... m.

Let J = (j1,...,Jm) be a vector of size m, so that for each i =1,...,m, 0 < j; < a; — 1. For

each i = 1,...,m, define
1
z] = ixf +ji - 20/ (7.33)
By convention, x{ := 0 and 357{1-&—1 =1
For each J = (j1,...,Jm), define v; as the environment with the same gaps as v, and where

the position of the change points are given by the vector (x;] )ic1._m- Note that v; has also m
change points and that the gaps are unchanged. Moreover, for each ¢ = 1,...,m — 1, the change

points z; and z/ ; are spaced by at least ¥;/4 and at most (3/4)V;, so that the complexities
H(mzy)

detect
to Lemma 7.C.3 for a formal statement of this fact.

are preserved (up to a numerical constant) under any of the considered shifts. We point

Denote as P, ;j the probability distribution induced by the interaction between an algorithm
7, and the environment is v, and by E. ; the associated expectation.

Alternative environments.

Let i € {1,...,m} and fix for now j; € {0,...,; — 1}. Fix any J € [[}.,{0, ..., — 1}, such
that j; is the i-th component of J. Denote as J(= the vector obtained from J by removing the
i-th component j;. Define v ;i) as the environment obtained from v; by pulling to zero the gap
A;, so that v has m — 1 change points. Note that v, and v; only differ for arms in the
interval [z}, 27 ;), and are identical elsewhere. Observe moreover that v ;i does not depend on
the index j;, as the change point ¢ is pulled to zero.

Denote as P, ;i the probability distribution of the observations when the algorithm is m,
and the environment is ;i) and by E_ ;i the associated expectation.

Bound on total variation.

Let m be an algorithm for this problem, which is (,n)-correct, and let #1,...,&,, be the
corresponding estimates of the change points. Denote as T, the stopping time of 7. Define x as
the supremum of the (1 — §)-quantile of the budget over the family of probability distributions
Py j for J € T2 {0, ..., a; — 1}. Namely,

x=inf{t >0:VJ € [[{0,..., i = 1},Pr s(Tx > t) <6} . (7.34)
=1
Let ¢ € {1,...,m}. Let J be a vector of m indices, whose i-th component is j;. Define the

event
iji = {Tn <X |2 — 2| <} .

J

Recall that the environment v contains m change points, and the i-th change point is z; .

Then, it follows from the (d,n)-correctness of 7 that
Pr(|&; — x| >n) <6 .
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Moreover, by definition of x (see (7.34)), it holds that

]P)7T,J(7;T 2 X) g 0 .

Therefore, by union bound, we have that, for all J such that j; is the i-th component of .J,

Pr(&igi) 21-26 . (7.35)

Consider now the environment v s, which differs from v; by the fact that the gap at change
point i is pulled to zero. Under this environment, the change point ¢ is not identifiable, and the
algorithm should not be able to identify it in finite time. In particular, we have the following
bound, stated as Lemma 7.C.4, whose proof is deferred at the end of this section, and which hold
as long as n < 1/8.

For all J©9 it holds that P ;o (7x < x) <20 . (7.36)

Let j; € {0,...a; — 1} and recall that the position of the change point ¢ in the environment
vyis o) = ¥ + j;- 2. In particular, for any j; € {0, ..., o; — 1}, with ; # j;, if J is such that its
i-th component is 7;, then, one has |z — xlj | > 20’ > 2n. Therefore, the events &; ;, and & j, are
disjoint. Moreover, observe that the environment v;i) does not depend on the index j;, as the

change point ¢ is pulled to zero.

Therefore, we can write, for a fixed i and for a fixed vector of indices J(=%,

1 a;—1 1 a;—1 1 a;—1
o > P seolig) = PO Dol | = PRRENED L] &
v =0 ' 4i=0 v §i=0
1
< E]P)ﬂ,J(*i) (7;1' < X)
(3
28
g D)
Q;

where we use that, Vj;, &, C {Tr < x}, and the last inequality follows from Equation (7.36).

On the other hand, it follows from Equation (7.35), averaging over j;, that,

a;—1

1
— Y Prg(Gig)=1-26,
& Ji=0

where we point out that the distribution P; ; on the left sum depends on the index j;.

From these two bounds, using monotonicity of kl(-,-) in each argument (valid as soon as
26/a; < 1 — 26, which holds for § < 1/4 and a; > 1), and joint convexity of the kl divergence
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(e.g., Section 4.1 in (Polyanskiy and Wu, 2014)), we write

0
kl <1 — 25 2) ( Z PWJ gl,jl Z ]Pﬂ' J(=1%) ‘Sz,]z))

(0%
v JZ_ Z 0
al—l

Z kl( w0 (&igi)s Py (&,ﬁ)) : (7.37)

Observe that the bound (7.37) holds for any components J(=9 = (), ;- In particular, we
can average over J (=) to write

a;—1
kl (1 — 20, ) Z H > kl (PW,J(gi,ji)7P7r7J(—i)(f’i,ji)>
k#i Ok J(—Uer#i{O,...,akfl}

1
= m Z kl (PmJ(fiJ‘i )7 PW,JH> (fm))

Jel T {0, —1}

=Eju [kl (PW,J(fi,ji),PmJ(fi) (§i7ji)):| ;

where the last equality is the notation for the expectation over J when J is uniformly distributed
in [T {0,..., o — 1}.

Now, &; j, is measurable with respect to the observations of m up to time yx, so that the
probability of & j, under Pr ; and P, ;i) only depends on the distribution of the observations
up to time . Consider then the procedure 7 defined as follows: for t = 1,...,x, 7 behaves like
m. If at time ¥, the algorithm 7 did not stop, then 7 stops anyway and returns an error. For any
environment, the distribution of the observations of 7 up to time x is the same as the distribution
of the observations of m up to time y. Moreover, the algorithm 7 stops at time y at the latest,
so that the budget of 7 is at most x. Therefore, we can rewrite the above inequality, and use the
data-processing inequality for the KL divergence, to write

Kl <1 — 25, 25) <Ejeas [KL (P, Py yn)] (7.38)
(2

Bound on the KL divergence.

Fix i € {1,...,m} and J € [[}4{0,...,ar — 1}. We want to bound the KL divergence
KL Pz, Py i) )

Now, observe that the environments v; and v ;- only differ by a constant magnitude A; on the
interval [z, 2}, ), and are identical elsewhere. Denote as f; for the reward function characterizing
vy, and f ;i for the reward function characterizing v ;—. One has

f1=Fyen = Az € [z, 2]1)} .

Recall that the noise is assumed to be Gaussian with variance 1.

Therefore, we can use the decomposition of the KL divergence for bandit problems, under a
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continuous action space, to write

KL (Pﬁ,J,Pfr,ﬂ—i)) =ExJ ZKL (fr(@e), 1), N(f gy (21), 1))]

—E., % (fs(ze) = gj(—w (th))2]

AQ
’LEWJ

Tz
Zﬂ{mt € ‘Tz 7x;]+1)}]

t=1

Now, let average over J uniformly distributed in [];~,{0,...,ar — 1}, from Equation (7.38),
we obtain

Ez s

T
> Hare [x;‘]>$%]+1)}]]

t=1

2 26
—kl|1—-20, — ) <Ej.
A? ( ’%’) I~

Observe that the averaging measure E;.y/Ez ; is the same for each index i. Then, we sum over

1=1,...,m
2 Tz 1]
272 (1 —2(5 ) Z]E]Nu Eﬁ-,] Z]I{xt S [x;],:v;]H)}
i=1 "1 t=1
ZEJ~u[ 7 Zzﬂ{l‘t € xz7x1+1)}
t=11=1

By [Ez,7 [T7]]
X

)

NN

where the second inequality follows from the fact that the intervals [z}, 27 ;) are disjoint, and the
last inequality follows from the fact that, under 7, the budget 7z is at most .

By definition of y as an infimum, this means that there exists J € [["{0,...,a; — 1} such
that

PW,J< QZA k1(1—2525)>>5,

=1
in particular, there exists an environment v/ = v; such that the above holds. Moreover, by
construction, the gaps of v/ are the same as the gaps of v, and for each i € {1,...,m — 1},

(1/4)9; < 9, < (3/4)¥;, as verified in Lemma 7.C.3.
Finally, use the bound kl (1 — 26, i—‘f) 1log (§i) from technical Lemma 7.C.5, and with the

bound log(«;) > log +(%’h,>, which follows from the definition of ;. As ' > n is arbitrary, we
can conclude by taking the limit 7" — 7. O
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Lemma 7.C.3. For all J € T[721{0,...,a; — 1}, it holds that v; is a valid environment with
m change poz’nts with the same jumps at v, and with spacing (1/4)9; < 9] < (3/4)Y; for each
Hﬁ)calize’ and %H(li/etect < Hyl 4H(liletect‘

1=1,.. — 1. In particular, H}’

ocalize — detect X

Proof. First, we verify that the environment v is valid and contains m change points. For validity,
we only need the posmons of the change points (z7);", to be dlstlnct and to belong to (0,1).

Consider z;}, = me + Jm - 2n". One has jp, - 27’ < am - 217 < < 1/4, and =}, < 1, so
that z;, < 1.
Moreover, for each i = 1,...,m — 1, the change points m;] and x;] 1 are spaced by at least 1J; /4

and at most (3/4)9;. Indeed, one has ;2] = (27, —27)+(iv1—25:) 20" = 395+ (i1 —3i) 21
We will show that |ji41 — js| - 27 < %, which will conclude the proof.

By assumption on J, we have that ji+1 — ji € {—(o; — 1),..., 41 — 1}, so that |jiy1 — 7i -
2n" < ((; — 1) V (i1 — 1)) - 217'. Now, by definition of «; and ai+1, we have a; V a1 — 1 =

1v {ﬂi_S;/AﬂiJ v Lﬂg }+1J 1<0V (:nl’ — 1). Therefore, |ji+1 — jil - 27 <0V ( 2n) < %,
which conclude the proof.
O

Lemma 7.C.4.
For all J™%, it holds that P, ;o (Tx < x) <20 .

Proof of Lemma 7.C.4. We can prove it by considering two environments, with one vanishing

(1)

change point of jump magnitude e. Denote as ve ’ the environment obtained from v ;) by adding
a signal of magnitude € on the interval [z}, 4+ ', 1), and as 1/6(2) the environment obtained from
v~ by adding a signal of magnitude € on the interval [1 — ', 1). Here, we take 0 < 1" < 1/8 — 1,
which is possible by assumption on 1 < 1/8. These choice imply that the m-th change point under
1/6(1), and the m-th change point under V€(2) are spaced by at least 2n. Indeed, =3, +1'+n < 1—-10'—n,
which hold for x}, < 3/4 <1—1'—2n. Note that v and v® have m valid change points.

Consider the decomposition of the event {7, < x} as

(@ + 1)} ULTe <y, B > %(x,’;+1)} . (7.39)

l\DM—l

T<x}={Tx<x, 2

Under Ve( ). the change point m is at position z, + 1’ < (x + 1) — . Then, by the (d,7)-
correctness of 7, it holds that

A 1 * A, *
P (xm > @+ 1)) <P, (Em — (wh + 1) > ) <6 . (7.40)

Similarly, under 1/6( ). the change point m is at position 1 — 1’ > (:1: + 1) +n, so that

1
P e <azm < e+ 1)) <P o (lim = (1=1)[ > 0) <6 . (7.41)

Moreover, when € goes to zero, the total variation distance between IP’ e and P ;-i), goes
to zero when we restrict to events measurable with respect to the observatlons up to the finite
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time y. Consider any event A measurable with respect to the observations up to time y. Then,
we can write, by decomposition of the KL divergence,

KL(P_ o) (A), Py j-0(A) SE_ o) [ZKL PO @), 1), N (-0 <xt>71>>]

1 lz ]I{.Tt S [Llfj;l + l/, 1-— l,)}]
t=1

\5X7

Now, from the Pinsker’s inequality, we have that

1
B (4) ~ By s ()] < LKL 0 (4). By i o(4)) < eyR/2

€

which goes to zero as € goes to zero. We proceed similarly for V€(2).

Now, using the decomposition of the event {7 < x} given by Equation (7.39), we can write

Py o (Te <) =Py oo (Ta <X B < 4@ + 1)+ Py o (Tr < X6 & > Ll + 1))

where the last inequality follows from the bounds (7.40),(7.41) we obtained under v and v?.

€ €

This proves Equation (7.36). O

Lemma 7.C.5. For 6 € (0,1/4) and a > 1, one has

26 «
kl <1—26, a> —log (8(5>
Proof of Lemma 7.C.5. We can write
N (1_25 25) Kl (1/2 25)

1 1/2 1 1/2

Z1lo | Y

2 (25/ )+2 0g<1—25/a)
S
—2%\85) T2\ 1" 26/0)

1

2



7.C. Proofs of Lower Bounds

where the first inequality follows from the fact that 1 — 26 > 1/2 > 26/«, and the last inequality
follows from the fact that 1 —20/a < 1. O

7.C.3 Proof of Lemma 7.C.2

Proof roadmap. The proof proceeds in four steps. First, we construct a family of environments
(17(5)) s€[0,1/4] from v, and show that Hgetect and Higealize are preserved up to absolute constants
(Lemma 7.C.8). Second, we introduce an alternative environment v (with two removed gaps).
Third, we consider the event £ = {7, < x}, where x is the maximum (1 — J)-quantile of the
budget under all the environments #(*). This event has a probability at least § under v/ = (%)
for all s € [0,1/4]. We show in Lemma 7.C.9 that it has a probability smaller than 2§ under
v, because v contains less than m = N change points, so that the algorithm should not stop.
Fourth, we convert this total-variation lower bound into a KL lower bound using the Bretagnolle-
Huber inequality. Finally, we upper-bound the averaged KL by the expected number of pulls in
the interval where 7 and () differ, which yields a lower bound on y; the conclusion follows by
selecting v/ = (%) for a suitable s.

Proof of Lemma 7.C.2 . Reference class of environments.

Consider an environment v with m > 2 change points, with parameters pg, Aq,..., Ay,
90, ..., .
Observe that,
(my) r 1 1
Hicteet = Hietecr = _Hllaxmg—f = X 9 ATAAZ,

The quantity 19 ATAAT, measures the difficulty of detecting a point in the interval between

/\A2

r; and z7, . Consider i* = arg max;—1 , and assume without loss of generality ®

1 1
,...,m—l 191, A?/\A?+1

that |Az*’ < |Ai*+1’7 so that deetect = ﬁAlg* '

From v, we construct a family of environments 7(*) parametrized by some s € [0, 1/4]. Define
A= \/§(|A2*| AN |Ai*+1|) = \/§|Az*| and 9 = 19@*/2

Let s € [0,1/4], define the environment 7(*) with parameters Ay, ..., A,,, the initial mean pq
and the length of the change points denoted as 19(5) ,197(73), where

— the initial mean is pg and initial position is Z} = z7/2;

— forie{1,...,m}\ {i*,i* +1}, Ay = Ay

— A= —Apg = A

— forie{l,. —1}\{i*—1,i*,i*+1}, D) = 9, /2;

9 = 191*/2 0 =0 /24 s and O = 01 /24 1 — s

For notational purposes, denote as [ = Z’ 19( ) for the position of the change point *

under 7(9). Observe that by definition, | = Z* 119 /2 = 2% /2. Recall that § = ¥4+ /2. Define

8. The other case follows from a symmetric construction
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also 7 = [+ 9 + 1/4 for the position of the change point i* 4+ 1 under #(1/4). Observe that
7= E?:o 91/4) = Z;;O'ﬁj/Q +1/4 = 2%_,/2 + 1/4. Moreover, one has |F — | = 9 + 1/4. We
denote as IP; s the probability distribution induced by the interaction between algorithm 7 and
the environment 7(8). We will also denote by Er s the corresponding expectation.

Remark 7.C.6. The family of environments (ﬂ(s)) . is designed to preserve, up to a multiplicative
constant 2 the complexities Hietoct and Hiocalize, that is H gé:ict and Hféf;hze are of the same order
as Hj ... and HY .. . respectively. This is proved in Lemma 7.C.8 and is a direct consequence

of the construction of 7(*) and the definition of Hyeteet and Hiocalize-

Alternative environment. Define 7 as the environment obtained from #(°) by pulling to zero
the gaps A+ and Ai*+1, so that 7 has m — 2 change points. Note that © does not depend on the
parameter s. Interestingly, the environment 7(*) and 7 only differ for arms in the interval [l~ , T

Denote as P, the probability distribution of the observations when the environment is 7 and
by E, the associated expectation, with some algorithm 7.

Remark 7.C.7. This construction is a reduction scheme. We reduce the problem of detecting m
change points to the signal detection problem of detecting the presence of a signal of magnitude
A, on an interval of length ¢, planted somewhere in the interval [I, 7].

Bound in total variation. Let 7 be an algorithm, which is (9, n)-correct for the m-change point
detection problem, and let &1, ..., Z,, be the corresponding estimates of the change points. Denote
as Tr the stopping time of 7. Define x as the supremum of the (1 — d)-quantile of the budget over
the family of probability distributions P,  for s € [0,1/4]. Namely,

N

x = inf {t >0: sup Pro(Tr>1) 5}
s€[0,1/4]

Define the event
E={T-<x} .

By definition of x, it holds that Pr () < 0 for all s € [0,1/4]. Then, under v, the algorithm
is not able to identify m change points in finite time, as  only contains m — 2 change points. In
particular, one can prove the following bound, proved in Lemma 7.C.9 on the probability of the
event £ under v:

P.(£) <20 . (7.42)
This bound is a consequence of the fact that, under v, the algorithm 7 should typically not
stop, as it cannot identify m change points. In particular, the event £ is an event on which 7 stops,
and therefore should have a small probability under . The proof follows from proving that v is
as close as possible to two different environments with m change points, under which the position
of the change points are different.
Now, observe that the event £ is measurable with respect to the first x observations. Consider
the modified algorithm 7 defined as follows. For ¢ = 1,...,x, 7 uses the rules of 7. If at time Y,
the algorithm 7 did not stop, 7 stops anyway and returns an error. Observe that £ is exactly the
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event on which 7 does not return an error. In particular, the event £ is measurable with respect
to the observations of 7, and has the same probability under = and 7 (facing any environment).
Therefore, Pz (&) < 26 and P 4(¢) = 1 — 4§ for all s € [0,1/4].

We can bound the total variation distance between Pz and P; ¢ for s € [0,1/4] as

TV (P#,Pr,s) = Pz(£°) — Pz 4 (£°)
1

>
>1-20-6=1-35.

Data processing inequality. Classically, one can bound the total variation distance between Px
and PPz 5 by the Kullback-Leibler divergence between these two distributions, using the Bretagnolle-
Huber inequality as

_ 1 _
TV(P#, i) <1 - 5 oxp (~ KL(P#, Prs) )

Rearranging this inequality,and using the previous bound on the total variation distance, we
obtain, for any s € [0,1/4],

] 1 1
KL (s, Ps.e) > 1 ] e (L) s
(o) = o (2(1 - TWM,P;T,S))) % (5) (7.43)

Lower bound on the budget. Finally, we can bound the Kullback-Leibler divergence between
P and P s, using the decomposition of the KL divergence for bandit problems, under a continuous
action space. Observe that the environments 7 and 7(*) only differ by a constant magnitude A
on the interval [ZN + 5,04 s+ 15), and are identical elsewhere. For notation, denote as f and f(*)
the mean reward functions of 7 and (%), respectively. Recall that the reward distributions are
Gaussian with variance 1. Denote also as a; the arm pulled at time ¢ by #. Then, the reward
distribution at time ¢ under o is A'(f(a¢),1) and the reward distribution at time ¢ under 7% is

N(fP (ar), 1).

Therefore, we can write

KE
KL(Pz, Pz ) = Ex ZKL (N(f(at), 1), N(f(ar), 1))]
=1
S B )
Ca NS P (ar) = far)
=Ex ; 5
A2 T# ~ B 5
— ?Eﬁ > Hare[l+s,l+s+17)}
t=1

333



Chapter 7 — The Sample Complexity of Multiple Change Point Identification under Bandit Feedback

Now, let average over s uniformly distributed in [0,1/4], we obtain

1 1/4 B 1 A2_ Tz r1/4 5 _ N
— [ KL(P, P )ds = — — E. i [+s,i 9)}d
1/ ( s)ds 1712 ;/0 {as € [l +s,l+ s+ 1Y)}ds

= 2A%E-

Z/ I{s e at—l—ﬁat—l)}dsl

< 20A%E; (T3]

)

where the last inequality follows from the fact that the length of the interval [a; — [ — ¥, a; — 1) is
at most 9. Now, using the fact that, under 7, the budget 7z is at most y, we can write

1 1 v .
log (6 5) < i), KL(Pz, Pz ¢ )ds < 20A%y (7.44)

where we used the bound on the KL divergence from Equation (7.43) in the first inequality.
Rearranging yields

1 ! 1 1 1\ _ 1, |
> —= = _ _— . ) ‘
X2 o5A2 log (66) 20+ AL NAZ log <65) 5 Hdetect 108 <65> (7.45)

By definition of x, this means that there exists s € [0,1/4] such that

1
Pr s (T Hdetect log (65)) >4 .

The proof of Lemma 7.C.2 is concluded by observing that, by Lemma 7.C.8, the environment
7(8) has the desired properties. It remains to prove Lemma 7.C.9 and Lemma 7.C.8. ]

Lemma 7.C.8. For all s € [0,1/4] it holds that 7(8) is a valid environment with m change points
spaced by at least 2n and that
v () v 1 (5)
Hdetect Hdetect 2Hdetect and 2Hlocahze =X Hlocahze =X Hlocahze :
Proof of the Lemma 7.C.8. Tt is clear that 7(*) is a valid environment with m change points, and

that the change points are spaced by at least 27, because 19 >9;/2>=2nforalli=1,...,m—1.
By definition of 7(9), it holds that Ap = —Ap 11 = fAz* and 19@(-*) = ¥;+ /2. Then, one has

TN I S o S S o N S
localize — — AZ - = AZQ AQ - = Azz A%*
#1071 T+

Moreover, it holds that % (AQ + AQ > <-4 < A% + A%, because |Aj+| < |Aj41]. Then,
i* 41 i* i*41
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1 v ()
one has §Hlocalize H Hlocahze

localize X

Recall that we assumed that A+ < Aj«41, so that

11

me10; AZAAZ T 0 AZ
~(s) 1 1

H(li/etect - ¢:1max X2 ~ A2

v
Hdetect - e Hl

We consider the different cases for : =1, .. — 1 to control

J S> AQ/\AQ
Assume that i #£ i* — 1,4*,4" + 1, so that 555) = ¥;/2 and A; = A; and Aiﬂ = A;y1. Then, one

h
as 1 1 1

2
IO AINAZ, Ui ATAAY

g 2Hcli/etect :

If i =4 — 1, one has 1§§f)_1 =U+_1/2+ s, Ay = Aje_qy and Aje = 20+ Then, one has

1 IR 1 1 L2 1

2Hdetect )

as s > 0 and v/2|As| > |As
If i = %, one has 792(5) =9;+/2, Ay = V2A; and Ajoi = —v/2A;. Then,

1 1 1 11
~ ~ pr— R — HV )
@Ef) AlQ* A A%*Jrl (?92* /2) (\/iAZ*)Q 191* Az%‘ detect

Finally, if i = ¢*+1, one has ﬁ(*zrl =U;»11/2+1/2—s > 1 because s < 1/4. Also, Apey1 = =20
and A; i*+2 = Aj+y9. Then,
1 1 _ 1 1
gz(fzrl Al NAG s (D1 /2+41/2—5) (—\[Az‘*)Q NAZ

4
< oy — < Anlix o5 <4HYe
AZAAZ, S A?

1 .
where one uses that mrglx 5 < Hpgeer because 9; < 1foralli=1,...,m— 1.
1= <
(2
The inequality HY . .; < Hgézlct < 2H] o follows from the previous inequalities, observing

that the case ¢ = ¢* gives the lower bound and the other cases give the upper bound. O

Lemma 7.C.9. It holds that
P(§) <26 .

Proof of Lemma 7.C.9. Let e = (1/8 —n) > 0, which is positive because n < 1/8. By definition of
[ and 7, one has 7 — [ = 0 + 1/4 > 21+ 2e. In particular, the points [ + e and 7 — e are spaced by
at least 21, so that [ +e+n < (l—l—r) <F—e—n.
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(1)

Let € > 0 and consider ¢’ as the environment obtained from v by adding a plateau of height
€, and length e on the interval [l~ A+ e]. That is, we consider a change point of jump magnitude +e

(2)

at [, and another one of jump —e at [+ e. Consider also ¢~ as the environment obtained from o

by adding a plateau of height €, and length e on the interval [# — e, 7]. Note that Dél) and 55(2) have

(1)

m valid change points. Moreover, when € goes to zero, the total variation distance between e

(2)

and v, and between v¢~’ and U goes to zero?. Denote as Pgl) and IP’EQ) the probability distributions
of the observations when the environment is De(l) and 96(2), respectively, and when the algorithm
is 7.

Consider the decomposition of the event & as

gz{ﬁng Tix + Tjx41 gi—‘rf}u{ﬁgx, Tix + Ti*41 S i;f}

2 2 2

—

Under De(l), the change point i* 41 is at position [+ e. Moreover, it holds that [ + e+ n < ;F.

Then, by the (J, 7, m)-correctness of 7, it holds that

=

i
ey <$z + Tix41 S +

@) (4. [
. 5 5 )g]?e ($Z+1>(l+e)—|—n)<5. (7.46)

Similarly, under 176(2), the change point ¢* is at position 7 —e. Moreover, it holds that 7F—e—n > ‘g .

Then, by the (4, n)-correctness of , it holds that

il

Ai* Ai* Z r N ~
P (x e < ;) <P (i < (F—e)—1) <6 - (7.47)

Overall, we have that, taking the limit € — 0,

_ B T l~ r . A l~ .
PM{)-Iim{PE” (7;<X’£I?z T L +T>+Pg2) (7;<X’a:z + & 1 —gr)}

e—0 2 2 2
< i p() (B B [+7 i p® ((Fe R [+7
S0 € 2 2 =0 € 2 S2
<20,
which concludes the proof of Lemma 7.C.9. 0

7.D Relating the Continuous and the Discrete Bandit Change
Point Problem

Assume we have an algorithm that is able to localize N change points in a K armed bandit
change point problem. This means that if we have K arms with corresponding 1-subGaussian

9. Using the same argument as in Lemma 7.C.4
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distribution 7} and mean fig for k € [K] and there is C = {1 < k} < k3 < --- < kf, < K} such
that fig # fig+1 for k € C, the algorithm is able to identify a subset of C with cardinality m.

When we are now dealing with a continuous bandit change point problem as introduced in
Section 7.2, we can still tackle it by using such an algorithm.

If we want to localize change points in [0, 1] with precision 7, let us first build a discrete bandit,
by considering 7y = v(;_1), for k =1,...,[1/n] + 1. If we now localize a change point k*, it means
that fig« # fig~+1 and therefore pi(g«_1y, # pr=y. This implies, that in the continuous setting there
must be a change point z* with (k* — 1)n < z* < k*n, and using ¢ = (k* — 1)n guarantees that
|z* —¢| <.

While we use this discretization throughout our experiments, we want to remark that con-
versely it is possible to transform a discrete change point identification problem for K arms to
a continuous problem by constructing a respective step function. Here, localizing change points
with precision n < 1/2K leads to exact change point identification in the discrete case.
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Titre : Apprentissage actif non supervisé

Mot clés : bandits, exploration pure, apprentissage non supervisé, clustering, vainqueur de Condorcet,

détection de ruptures

Résumé : Cette theése étudie I'apprentissage actif
non supervisé dans des modéles de bandit. Elle
examine plusieurs probléemes d’exploration pure
dans lesquels I'objectif est de retrouver une struc-
ture cachée dans un environnement de bandit,
avec un niveau de confiance prescrit. Le fil conduc-
teur est la quantification du co(t d’exploration né-
cessaire pour identifier des observations informa-
tives, ainsi que du co(t requis pour reconstruire la
structure inconnue tout en en certifiant la correc-
tion.

Nous analysons cing problémes : le cluste-
ring actif paramétrique, le clustering non paramé-
trique, le clustering avec sélection adaptative de
variables, I'identification du vainqueur de Condor-

cet en dueling bandits, et la localisation de mul-
tiples points de rupture. Pour chacun, nous propo-
sons des algorithmes efficaces avec garanties en
espérance et en quantiles, ainsi que des bornes
inférieures sur le budget d’échantillonnage.

Laccent est mis sur des régimes de grande
dimension et de grande échelle. Nos résultats
mettent en évidence des phénomenes invisibles
dans les analyses asymptotiques : un compromis
fondamental exploration-certification, des écarts
structurels entre bornes en espérance et en quan-
tiles, et des gains significatifs dus a I'adaptation,
a la fois en budget d’échantillonnage et en com-
plexité computationnelle.

Title: Unsupervised Active Learning

Keywords: bandits, pure exploration, unsupervised learning, clustering, Condorcet winner, change

point detection

Abstract: This thesis studies unsupervised active
learning under bandit feedback. It investigates sev-
eral pure-exploration problems in which the goal is
to recover an underlying structure in a bandit en-
vironment with a prescribed confidence level. The
common thread is the quantification of the explo-
ration cost required to identify informative observa-
tions, together with the cost required to recover the
unknown structure while certifying correctness.
We investigate five problems: parametric clus-
tering with bandit feedback, non-parametric clus-
tering via kernel embeddings, clustering with adap-
tive feature selection, Condorcet winner identifica-

tion in dueling bandits, and multiple change-point
localization. For each setting, we design compu-
tationally efficient algorithms with expected and
high-probability guarantees, and derive matching
information-theoretic lower bounds.

The focus is on high-dimensional and large-
scale regimes. Our results reveal phenomena that
are hidden in asymptotic analyses: a fundamental
exploration-certification trade-off, structural gaps
between expectation and quantile guarantees, and
significant gains from adaptivity in both sampling
efficiency and computational complexity.
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